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ON THE SPECTRUM OF DERANGEMENT GRAPHS
OF ORDER A PRODUCT OF THREE PRIMES

MODJTABA GHORBANI* AND MINA RAJABI-PARSA

ABSTRACT. A permutation with no fixed points is called a de-
rangement. The subset D of a permutation group is derangement if
all elements of D are derangement. Let G be a permutation group,
a derangement graph is one with vertex set G and derangement
set D as connecting set. In this paper, we determine the spectrum
of derangement graphs of order a product of three primes.

1. INTRODUCTION

Let G be a permutation group, we say that S C G is intersecting
if there exists at least an integer ¢ € {1,---,n} such that for two
permutations «, 5 € S, we have «a(i) = (). A derangement is a
permutation with no fixed points. The subset D of a permutation group
is derangement set if their elements are derangements. Suppose G is a
permutation group and D C (' is a derangement set. The derangement
graph X¢ = C(G, D) has G as it’s vertices and two vertices are adjacent
if and only if they do not intersect. Since D is a union of conjugacy
classes, X¢ is a normal Cayley graph.

Here, our notation is standard and mainly taken from [2, &, 9]. In
the next section, we introduce some basic definitions which will be
used in the continuing of this paper and in Section 3, we determine the
eigenvalues of derangement graphs of order a product of three primes.
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2. DEFINITIONS AND PRELIMINARIES

Let X be a graph with vertex set V(X) = {vy,vq, -+ ,v,}, the ad-
jacency matrix A = A(X) of graph X is the square symmetric ma-
trix [a;;] such that a;; = 1 if v; and v; are adjacent and 0, otherwise
(1 <i4,j <n). The characteristic polynomial of graph X with adja-
cency matrix A is defined as ¢(X, \) = det(A] — A). The eigenvalues
of X are all roots of ¢(X,\) and the spectrum of X is the multiset
{IM]f, - [N}, where A’s(1 < @ < r) are eigenvalues of X with
multiplicity ¢;’s, see [3, 1].

Let F be a field and consider the representation p : G — GL(n,F)
with p(g) = [g]s, for some basis 3. The character x, : G — C afforded
by p is defined as x,(g) = tr([g]s). The character x corresponded to
an irreducible representation is called the irreducible character and y
is linear if x(1) = 1. The set of all irreducible characters of group G is
denoted by Irr(G).

For the finite group G, the subset S is symmetric if 1 ¢ S and
S = S71. The Cayley graph X = C(G, S) on G with respect to S has
the vertex set V(X) = G and edge set E(X) = {(g,s9)|lg € G,s € S}.

Theorem 2.1. [10] Let S be a symmetric subset of abelian group G.
Then the eigenvalues of the adjacency matriz of X = C(G,S) are given

by
)\90 - Z (10(5)7

seS

where ¢ € Irr(G).
The following corollary is implicitly contained in [5, 10].

Corollary 2.2. Let G be a finite group with a normal symmetric subset
S. Let A be the adjacency matriz of Cayley graph X = C(G,S). Then
all eigenvalues of A are

N, x e Irr(@)
where A, = ﬁ Y oees X(5).

For the subset S of G let S by S9 = ¢g~'Sg, where ¢ € G. A
transitive permutation group G' < Sym(n) is called a Frobenius group
if G contains a subgroup H # {e}, where HNHY = {e}, forall g € G\ H
and the Frobenius kernel of G is K = (G \ UgecH?) U {e}. It is not
difficult to see that the derangement elements of G are non-identity
elements of K.
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Theorem 2.3. [12] (Frobenius Theorem) Suppose H is a proper non-
identity subgroup of G such that for all g € G\ H,
HNHI = {e}. (2.1)

Let K = G\ Ugeq(H \ {e})?, then
K <G, G=KH and HN K = {e}.

Theorem 2.4. [2] Let G1,Gs,...,Gy be finite groups and G = G X
-+ X Gi. Then

XG:XGlx"'XXGk;

where X¢ denotes to the complement of graph Xc.

3. MAIN RESULTS

The aim of this section is to compute the spectrum of derangement
graph of order a product of three primes. We denote a complete graph
on n vertices by K,. The spectrum of this graph is {[-1]"7!, [n — 1]'}
and if G = Uj<;<; K, then spec(G) = {[—1]*™=Y [n — 1]t}, see [3].

Theorem 3.1. [2] Let G = KH < Sym(n) be a Frobenius group with
the kernel K. Then the derangement graph Xq is a disjoint union of
|H| copies of K,,.

A non-abelian group of order pq has the following presentation (p is
a prime number and ¢|p — 1):

Fpg=(z,y: a? =y'=e,y oy =a"), (3.1)

where 7 = 1(mod p), see [9]. One can see that this group is a Frobenius
group.

3.1. Groups of order pqr. Let p > q¢ > r be three distinct prime
numbers. In [0] the structures of all groups of order pgr were verified
as follows:
L4 Gl - qum
o Gy =Fpq(qrip—1),
o Gy =17y X Fpqlqlp— 1),
o Gy =17, X F,,.(r|lg—1),
o Gy =1Zy X F,,.(rlp—1),
o Gs.qg={(a,byc:a? =11 =" =e,ab=ba,cbc="b"clac =
a“d>, where r|p —1,¢ — 1,q|p — 1,0(u) = r in Z} and o(v) = r
in Zy (1<d<r-1).

Theorem 3.2. Groups Gy and Gsiq (1 < d <r —1) are Frobenius.
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Proof. Let a,b be generators of group G, and consider two subgroups
K = (a) and H = (b) of Ga, where o(a) = p and o(b) = ¢r. Then, K
is a normal subgroup of G5 and hence Gy = K H is a Frobenius group.
Let G = Gg (d = 1) with subgroups K = (z,y) and H = (z), where

1,7,z are generators of G. Let g = 2'y/2F € G\ H and suppose on
the contrary that H N HY # {e}. So there exist 1 < [,t < r — 1 such
that 2 *y=dx~iztziyizk = 2! Hence, z Fttg=v'itiyi—u'izk — -l and so
Zlgvt vyt =u'd) — 21 This yields that

i —v'i =0 (mod p)

j—u'5 =0 (mod q) ,

t=1
and so ¢ = j = 0, which means that ¢ € H, a contradiction. Hence,
H N HY = {e} and Theorem 2.3 implies that G is a Frobenius group.
By a similar method, we can prove that Gs.4 (2 < d <r—1)is a
Frobenius group. U

Theorem 3.3. Suppose G is a group of order pgr and D is a derange-
ment. Then the spectrum of derangement graph X = C(G,D) is

(1) SpeC(XCh) = {[_1]pqr_17 [pqr - 1]}7
(i) Spec(Xa,) = {[=1]7@, [p— 1]},
(iii) Spec(Xg) = {[—l]pq’”_l, [pgr — 1]}, where G € {G3, Gy, G5},

(IV) Spec(XGs+d)(1 < d <r-— 1) = {[_1]r(pq—1)’ [pq - 1]T}

Proof. We can consider the following cases:
(i) Since G is cyclic, the derangement graph X, is a complete
graph and its spectrum is as desired.
(ii) By Theorem 3.2, G5 is a Frobenius group and by Theorem 3.1,
Xg, is a disjoint union of gr copies of K.
(iii) By using Theorem 2.4, the derangement graph X¢, where G €
{G3,G4, G5} is a complete graph and its spectrum is as given.
(iv) Let G = G544 (1 <d <r —1), by Theorem 3.2, X is a union
of r copies of K, and this completes the proof.
O

3.2. Groups of order p?q. According to [11] the structures of groups
of order p?q, where p < ¢ are as follows:

L] Ll = Zp2q7

o Ly =172y X Ly X Ly,

o Ly =17y x Fyy (plg—1),
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o Ly=Fyp (p*lg— 1),
o Ly =(a,b:a” =b=e,a"ba =", v’ =1 (mod q)) (p*|g—1).
Also, the structures of groups of order p?q, where p > ¢ are as follows:

g Ql = Zp2qa

® (Vo =7y X L X Ly,

o ()3 =7, xF,, <Q‘p2_ 1),

e Qy={a,b:a?=b" =1,aba =0 ol =1 (mod p?)) (qlp —
1),

e Qs = (a,b,c|la’=W = =1,a"ba=caca=0b"'c*bc=
cb, (a++va?2—1)1 =1 (modp) ), (qlp+1), a*—1 is not perfect
square. _

® Qs = {a,bc|lal =W =c”=1,a"1ba = b’,a  ca = ' bc =
cb, 1 =1 (modp)) (qlp—1), B= {1,2,3,...,‘1—;1 and q—1}.

Theorem 3.4. All groups Ly, Q4, Q5 and Qs4; (i € B) are Frobenius.

Proof. With respect to the presentation of Ly = F 2, it has two gen-
erators x,y and consider two subgroups K = (x) and H = (y), where
o(r) = q and o(y) = p*. It is not difficult to see that L, = KH and
thus it is Frobenius group. Let Q = Q4, H = (a) and K = (b). Similar
to the last case, )4 is Frobenius group. Now consider the group Qs
with two subgroups K = (b,c) and H = (a). We conclude that Q5 is
a Frobenius group. By a similar method, Q5.;(i € B) is a Frobenius

group. ]

Theorem 3.5. The spectrum of derangement graph X = C(G, D),
where G is a group of order p*q is as follows:

(i) Spec(Xp) = {[=17"17, [p*qg — 1]}, where L € {Ly, L, Ls},
(i) Spee(Xy,) = {[-1]7"0D, [q — 1"},
(iii) Spec(Xy,) = {[~1]77", [pg — 1]},
(iv) Spec(Xg) = {[=17*17, [p2g — 1]}, where Q € {Q1,Qs, Qs},

(v) Spec(Xq) = {[‘Hq(p%l)v [p* — 1]q}; where Q € {Qa, Qs, Qs }
(i € B).

Proof. In [7], it is proved that the derangement graph X, is isomorphic
with a complete graph, and so its spectrum is as given. The proofs of
the rest cases are similar to the proof of Theorem 3.3. O
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3.3. Groups of order p®. Let p > 2 be a prime number. Then there
are three abelian groups of order p*, namely Z,3, Z, X Zy2, Zy X Ly X Ly,
and two non-abelian groups with the following presentations:

Ky = (a,bla? =" =e,a " ba = ¥+,
K, = <a,b,c]ap =V =cc=e, [a,b] =G [CL,C] = [b,C] = 6).

One can see that the derangement graph X of an abelian group G
of order p? is isomorphic with the complete graph K,s and thus

Spec(X¢) = {171 [p* - 1]}.

Theorem 3.6. [9] Let K; = {a"b°z" : 0 < r,s,t < p— 1} be a non-
abelian group of order p*. Write € = €2™/P. Then the irreducible char-
acters of K1 are

Xup 0Su<p—1,0<v<p-1)
and
Pu (1 <u<p-— 1)
where for all r,s,t, we have Xy, (a"bz") = €T and

(rbst) {pG 7“_8_0.

0 otherwise

Theorem 3.7. Two graphs Xk, and Xk, are co-spectral with the fol-
lowing spectrum.:

_ (p—1) _
([P +p— 1P [P [p— 1P D [ — p? +p— 1]}

Proof. In [7, Theorem 3.13|, it is proved that the derangement set of
group K is D, = K1 —{e,a’’}, where 1 <i<p—1land j=tp (0 <
t < p—1). This yields that X, is a regular graph of order p*—p?+p—1.
Let xu.’s be all irreducible characters of K; as given in Theorem
3.6 and let A ={1,...,p> =1} —{kp | 1 < k < p—1}. The degree
of xuo(0 <u <p—1,0<wv < p-—1)is 1 which yields that the
multiplicity of Ay, , is 1. By Corollary 2.2, we can conclude that

M wa (b) +Z§jxw (a'd?).

=1 jeA

It is clear that \,,, = |S| and the second eigenvalue of X, is

X0,0

p—1
Auo = p—l—l—p—pZez 11<u<p-1).
=1
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We also have
p?—1 p—1

Ao Zs +pY —e=p—1(1<u<p—1,v#£0).

1=1

p2—1 p—1
On the other hand, A, , = Z e'+p(p—1) Z "= —p*+p—1(v#0)is
i=1 i=1
the smallest eigenvalue of Xg,. Now let ¢, be an irreducible character
of K; as given in Theorem 3.6. If 1 < k < p — 1, then ¢, (b*) # 0.

The degree of these characters is p and so

Since ¢, (id)* = p?, the multiplicity of eigenvalue -1 is p*(p — 1).
Now, we compute the eigenvalues of derangement X,. By [7, Theorem
3.17], the derangement set of group Ks is Dg, = Ko — {e, a’c*}, where
1<i<p—1, 0<k<p-—1. Hence Xk, is a regular graph of degree
p> —p*>+p—1. Suppose Y., is an irreducible character of K, as given
in Theorem 3.6. The multiplicity of )\Xu , is 1 and we have

p—1 p—1 p—1p p—1

7 )t t

)\Xu,v = Xu,v bjc )+ E Xu,v(bjc )+ § Xu,v(c
i,j=1 t=0 j=1 t=0 t=1

One can see \,,, = |S| and thus the second eigenvalue of Xy, is

p—1
Mo =@ =)D e +p—1=p-1(1<u<p-1)

=1

Also we have
p—1 p—1

Mww =PI 4Py e 4p—1=p-1(1<u<p-1,v£0)
i=1 i=1

On the other hand, the smallest eigenvalue of Xk, is
p—1
Moo =P°Y e+ (p—1)=—p"+p—1(v#£0).
i=1
Now, let ¢ be an irreducible character of K5 in the Theorem 3.6.
It is clear that ¢,(c') = pe"*. Similar to the last case, the degree of
these characters is p Hence, A\,, = ¥7_ 15 —1 and the multiplicity

of eigenvalue -1 is p?(p — 1).
U
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Remark 3.8. If GG is a graph with adjacency matrix A, then by G ® J,,
we denote a graph with adjacency matrix A ® J,, and by G ® J,, we
denote a graph with adjacency matrix (A+ 1) ® J, — I, see [13]. If G
has v vertices with spectrum {[s]9, [~1]™, [r]/, [k]}, where m is greater
than or equal zero, then G ® J,, is a graph on vn vertices with the
following spectrum:

{[sn+n—1)9,[-1]"""" [rn+n — 1)7, [kn +n — 1]}.

A strongly regular graph is a k-regular graph on n vertices with
parameters (n,k, A\, ) such that every two adjacent vertices have A
common neighbours and every two non-adjacent vertices have u com-
mon neighbours. We can prove that two graphs Xy, and Xk, are
isomorphic with G® J,,, where G is a (p?, p? — 2, p? — 2, p? — p)-strongly
regular graph with the following spectrum:

{[=pl" ", [0PP® Y, [p* — p]}.
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