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ON SELBERG-TYPE SQUARE MATRICES INTEGRALS
M. ARASHI

ABSTRACT. In this paper we consider Selberg-type square matrices integrals with
focus on Kummer-beta types I & II integrals. For generality of the results for real
normed division algebras, the generalized matrix variate Kummer-beta types I & 11
are defined under the abstract algebra. Then Selberg-type integrals are calculated

under orthogonal transformations.

1. INTRODUCTION AND SOME PRELIMINARIES

Selberg-type gamma and beta integrals involving scalar functions of positive definite
symmetric matrices as integrand are considered by several authors, for examples see [1]
and [11]. Mathai [11], (p. 231, 4.1.2) lists Selberg-type gamma integrals containing a
positive signature symmetric matrix. Recently Gupta and Kabe [10] presented some
results on the Selberg-type gamma and beta integrals where the integrand is a scalar
function of squared matrix. They also covered skew symmetric matrices. In this note,
we extend the existing results in the literature for real normed division algebras to
cover real, complex, quaternion and octonion spaces simultaneously. We mainly focus
on Selberg-type square matrices Kummer-gamma and Kummer-beta integrals.

The hypercomplex multivariate analysis distribution theory developed by Kabe [12]

in order to consider real, complex, quaternion and octonion spaces simultaneously.
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Afterward many researchers extended the results in many directions. Among them, the
works of Prof. Jose A. Diaz-Garcia and his colleague should be acknowledged. The
reader is referred to [7], [3], and [0].

A vector-space is always a finite-dimensional module over the field of real numbers.
An algebra F is a vector space that is equipped by a bilinear map m : F x F —
F termed multiplication and a non-zero element 1 € F termed the unit such that
m(1,a) = m(a,1) = a. As usual abbreviate m(a,b) = ab as ab. Do not assume F is
associative.

An algebra F is a division algebra if given a,b € F, then ab = 0 implies a = 0 or b = 0.
Equivalently, F is a division algebra if the operation of left and right multiplications
by any non-zero element is invertible. A normed division algebra is an algebra F that
is also a normed vector space with ||ab|| = ||al|||b||. This implies that F is a division
algebra and ||1|| = 1.

There are exactly four normed division algebras (according to [2]):

(1) Real Numbers (R),

(2) Complex Numbers (C),
(3) Quaternions (Q),

(4) Octonions (Q).

Moreover, they are the only alternative division algebras, and all division algebras
have a real dimension of 1, 2, 4 or 8, which is denoted by £, see [2], theorems 1, 2 and
3. The parameter v = 2/ is used, in other mathematical fields, see [5].

Let Eﬁn be the linear space of all n x p matrices of rank n < p over F with m
distinct positive singular values, where F denotes a real finite-dimensional normed
division algebra. Let F"™*P be the set of all n x p matrices over F. The dimension
of F™*P over R is npf. Let A € F™*P then A* = A" denotes the usual conjugate
transpose.

The set of matrices H; € F™*? such that H{H, = I, is a manifold denoted VB

P
is termed the Stiefel manifold (H; is also known as semi-orthogonal (8 = 1), semi-
unitary (5 = 2), semi-symplectic (§ = 4) and semi-exceptional type (8 = 8) matrices,
see [1]. The dimension of Vpﬁm over Ris (np8 — ip(p + 1)8 — p), is the maximal compact
subgroup U (p) of L5 and consists of all matrices H € F*P such that H*H = I,,.

Therefore, U”(p) is the real orthogonal group O(p) (8 = 1), the unitary group U(p)
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(8 = 2), compact symplectic group S,(p) (8 = 4), or exceptional type matrices O,(p)
(6=28), for F=R,C,Q or O, respectively.

Denote by Cg the real vector space of all § € FP*P such that S = S*. Let Bg be the
cone of positive definite matrices S € FP*P; then Bg is an open subset of C{f . Over R,
Cﬁ consists of symmetric matrices; over C, Hermitian matrices; over QQ, quaternionic
Hermitian matrices (also termed self-dual matrices) and over @, octonionic Hermitian
matrices. Generically, the elements of Cg are termed Hermitian matrices, irrespective
of the nature of F. The dimension of C? over R is (3[p(p +1)5 +p]). Let D be the
diagonal subgroup of Eﬁp consisting of all D € FP*P, D = diag(dy,...,d,).

The surface area or volume of the Stiefel manifold Vﬁn is given by

Vol(V? ) = / (H'dH,) = 2t
n HyeVy, ' ' FIBJ (%) ’
and therefore
1 8 (28
(dH,) = —5(HTdH1) = (ni) (H{dH,)
Vol(Vpn) 2Pz

is the normalized invariant measure on V2 and (dH), i.e. with (n = p), it defines the
normalized Haar measure on &”(p) and I')(a) denotes the multivariate gamma function

for the space Cg, defined by

O
AeBy

_ ﬂ_p(pzl)ﬁ HF (CL . (Z —21)6) 7

=1

(p=1)B
p > —1

etr(—A)dA

where Re(a) > w, see [9].

A generalized form of multivariate gamma function is a function of weight x for the
space Cg with kK = (ki, ko, ..., kp), k1 > ke > ... >k, > 0, Re(a) > (p — 1)3/2 — k,,
which is defined by: (see [9] and [7])

(r=1)8
ey

D) = [ etr(-a)Ap-tF g (404 = (@ir}(o)

where for A € Cg

p—1

a.(A) =14,/ ] 1A

=1

ki—kit1
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with A, = (as), 7, =1,2,...,m, m =1,2,... pis termed the highest weight vector.

Also (a)? denotes the generalized Pochhammer symbol of weight #, defined by
S 1 a4k, 500

(“ﬁ:ﬁ(a‘w)ki - [7(a)

where Re(a) > (p — 1)5/2 — k, and
(a);=ala+1)...(a+i—1),
is the standard Pochhammer symbol. Thus I'}(a, (0,0,...,0)) = I'/(a)

The multivariate beta function for the space CJ is defined as (see [7])

Bg(a,b) = / |X|a—w_1|Ip_X|b_@_ldX
0<X <y

YeB)

L) (a)ly (b)
Tp(a+0b)’
where Y = (I, — X)~! — I,,, Re(a), Re(b) > (p — 1)3/2. From [13],

((X)* =Y CAX),

where C?(X) denotes the zonal polynomials.

Fix complex numbers aq,...,a, and by,...,bs, and forall 1 <:<gand 1 <7 <p

do not allow —b; + (j — 1)3/2 to be a non-negative integer. Then the hypergeometric

function with one matrix argument ,F? is defined to be the real-analytic function on

B . .
C, given by the series

a; {j a,)? C’EX
,Ff(al,...,aT;bl,...,bs;X):ZZ((b ;Q...Ebs))fj ]i! )

k=0 &K 1

For convergence properties see [9].
Then we have
N R (X)
oFy(X) =D )~ =etr(X),
k=0 =k )

For more details and results the interested reader is referred to [0], [3], and [9].
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Analogous to [15], define the confluent hypergeometric function ¥ of p x p matrix
X € Bg as
/B ].
V(a,c; X) = —3 etr(—XY)
I'p(a) Jyes;
X|Y|a_(p— )ﬂ_1|Ip i Y|C_a_(p— )B_ldY,

where Re(a) > (p — 1)5/2.

2. MATRIX VARIATE DISTRIBUTIONS

In this study we consider some matrix variate distribution for our purpose. Consider

the following definitions (see also [7] and [3]).

Definition 2.1. Let X € £F be a random matrix, and ¥ € BY and ® € B be

parameter matrices.

1. (Matrix Variate Normal ) The random matrix X is said to have a matrix

variate normal distribution denoted by X ~ NP (p, X, 0), with mean p and

nxp

Cov(vec X*) = © ® X, if its density function is given by

6% { 6 —1 * —1 }
— etr¢ —=— X (X —p) 0 (X —pu) .
(2m) %5 =] 7|0 7 2

2. (Wishart) Let X ~ Nnxp(O,E,In) and define S = X*X, then S is said to
have a central Wishart distribution S ~ Wf(n, 3) with n degrees of freedom

and parameter matrix 3. Moreover, its density function is given by

Bpn 65 o 1S !ﬁ(n_‘*’pﬂ)letr{—g 2‘15},
27Ty (5 127

‘E
N3
3

where n > p — 1.
3. (Matrix Variate T Type II) The random matrix X is said to have a matrix
variate T-distribution of type II denoted by X ~ TJ (v, I,), if its density

function is given by

e ( (n+v)

2 ﬁ(n+v)

e p

This distribution is also termed as matrix variate Pearson Type VII distribution.
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4. (Gegenbauer Type II) The random matrix X is said to have a Gegenbauer
Type II distribution X ~ ngp(y, I,), if its density function is given by

Fﬁ( (n+1/)>

Bv—p+1) p+1)
“Emp gy Hp — XX -
T2 FP(Q)

This distribution is known in statistical bibliography as the matrix variate in-

v>p—1.

verted T or matrix variate Pearson Type II distribution.
5. (T-Laguerre Type II Ensemble) The random matrix X is said to have a
T-Laguerre Type II ensemble distribution X ~ T Lﬁjp(u), if its density function

is given by
1 p nl/
By (%.%)

wherev >p—1, n>p—1.
This distribution is also known as the Studentized Wishart distribution
6. (Gegenbauer-Laguerre Type II Ensemble) The random matrix X is said
to have a Gegenbauer-Laguerre type II ensemble distribution X ~ GLQJ,(V), it

its density function is given by

1 B(n— P+>
— o [ XX
By (5.5

Bv—p+1) 1

NI, - XFX|]T

wherev >p—1, n>p—1.
The following result directly obtains from Definition 2.1 and Proposition 4 of [(].

Theorem 2.2. (1) Let X ~ TP (v, I,). Define Sy = X*X € BS. Then Sy has
the following density

B(n+v)

1 p+) 1|I Sl|_ 2 s

FEn '
where n > p.
(2) Let Y ~ Gb (v, 1,). Define So = Y'Y € BS. Then Sy has the following
density

1 B(n—p+1) Bv—p+1)
——— 182 2 NI, = So| 2
5 (55

where n > p.
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The following definitions are analogous to the results of [16] and [17] respectively for

real normed division algebras.

Definition 2.3. (Kummer-Beta Type I) The random matrix X is said to have a
Kummer-beta type I distribution X ~ KBlg(al, ag, X)), where ¥ € Bg if its density

function is given by

(p— (p—1)B

Ki(aq,a, 5, 2)etr (—XX) | X|“™ 21>B71|Ip—X\“2* e

Y

where 0 < X < I,, a; > (p—1)5/2 and ay > (p — 1)3/2. The normalizing constant

is given by

{Kl(a170‘2767 E)}il

(p—

- / etr (—2Y) [V ]2, - Y| PRy
o<Y<I,
= Bg (Otl,ag) 1F18(Oé1,a1 + (65N —E)

Definition 2.4. (Kummer-Beta Type II) The random matrix X is said to have a
Kummer-beta type II distribution X ~ K B2§(a1, ap, X)), where 3 € B:f if its density

function is given by

(p—

Ky(an, 02, 8, 5) etr (~3X) | X |22 L+ X[, X >0,

where using the confluent hypergeometric function, the normalizing constant is given
by

{Ks(ar, 00,8, 2)} =/ ﬁetr(—EY)
YeBs

(p—1)B

x|Y|* "z HI,+ Y| *dY

—1
= Fg(al)‘lfﬁ (Oél,Oél — agu + 1,2) .

The following result is an extension to Theorem 3.1 of [16] for real normed division

algebras.

Lemma 2.5. Let U ~ KBlg(al, ag,X). Then for the given matrices ¥ € Cg, Qe Bg
and Q — ¥ € Bg (2 > W), the random matriz X defined by

X=(Q-0:UQ-"):+T
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has generalized matriz variate Kummer-beta type I distribution with the following den-

sity function

(p—1)B (=B _4
2 2

Ci(ay,a,(3,0,Q,¥)etr(-OX)| X — ¥|*~ 1 — X |2 ,

1

where U < X <Q, 0 = (Q—0) 220 — W)~z and

Ci(ar, 09, 5,0,92,%) = K (a, a8, (Q—¥):0(Q - ¥)?)
X etr(@‘I’)lQ — \I]‘f(a1+a2)+W+1.

In this case we use the notation X ~ GKBlg(al, az,0, Q).

Proof. The proof directly follows by Definition 2.3 and the fact that the Jacobian of
transformation is J(U — X) = |Q — @[ 751, O

The following result is an extension to Theorem 2.2 of [17] for real normed division

algebras.

Lemma 2.6. Let U ~ KBQg(al, ag, ). Then for the given matrices ¥ € Cg, Qe Bg
and Q4+ ¥ € Bg, the random matriz X defined by

X =(Q+90):UQ+¥):+T

has generalized matriz variate Kummer-beta type II with the following density function

Ca(ar, 02, 5,0, 9, B)etr(—OX)| X — @[5 Q + X[,

1

where ¥ < X, © = (Q+0) 25(Q+ ¥)" 2 and

Colon, a0, 8,0, W) = Ky(ay,as,f,(Q+ ¥)20(Q + T)2)
X etr(OW)|Q2 + |12,

In this case we use the notation X ~ GKB2£(O¢1, a9,0,Q, ).

Proof. The proof directly follows by Definition 2.4 and the fact that the Jacobian of
transformation is J(U — X) = |Q + ¥ 751, O
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3. SELBERG TYPE SQUARE MATRICES INTEGRALS

In this section we are interested in evaluating the integrals of the form

P
/ B(A) [T — Ay)Pda, (3.1)

i<j
where A = Diag(A1,...,\,), Ay > ... > A, > 0, for some function h. In this regard,
we need the following essential result due to [7]. Note that similar results can also be

found in [%] for general form of the distributions defined in Definition 2.1. However the

purpose of this study is to evaluate integrals of the form (3.1).

Theorem 3.1. Let X € Bg be a random matriz with density function f(X). Then the
joint density function of the eigenvalues Ay, ..., N\, of X is

q3p’bre P

Ty L= | pmamam),

2 ) i<y Helb(p)

g()\l,...,)\p) =

where (AH) is the normalized Haar measure and

(

0, B=1

o= -p, [ =2;
—2p, B =4

| —4p, B =8.

Lemma 3.2. Let X € Bg be a random matriz with density function f(X). Then we
have

/ (/ f(HAH*)ﬁ()\Z- = Aj)ﬁdA> (dH) = Fl (276).
Helb(p) A TP’ Bte

1<j

ISASY

Proof. Since fA g(A1, ..., Ap)dA = 1, by making use of Theorem 3.1 and changing the

order of integration, the result follows. O

In sequel we proceed by giving some examples of gamma and beta integrals for real

normed division algebras.
3.1. Examples. In this part, we give some examples of Selberg-type integrals.

Example 3.3. Based on Definition 2.1, and the fact that H*H = I,, we have the

following results using Lemma 3.1
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(1:1) Suppose that X ~ Wf (n,I,), then using the density of S given in Definition
2.1(2), we have (extension to [11])

p Bpn 8 (p8 2
/’A’B(n p+1) 1etr{_é A}H()\z_)\])ﬁd]\_ 272 [F (7’ )}

2 555"71-219%-#@

i<j
(1:2) Suppose that X ~ T2 (v,I,), then from the density of §; = X*X given in

Definition 2.1(3), we have (extension to [11])

It

In the same fashion
(1:3) Suppose that X ~ G5 (v, I,), then from the density of S, = X*X given in
Definition 2.1(4), we have

(n— p+ ) n+u)

p \ 2772
7T2p25+9

A rp () By (% %)

II(X——A)BdA

1<J

(%) B (5.5)
T3p2Bte

/|A’ﬁ(n p+1) 1|I _A|B(V p+1) 11—[()\ —)\)'BdA—

1<j

Example 3.4. (2:1) Suppose that X ~ KBlg(oq, ag, 2), then by Definition 2.3 we

get

/ / etr (CXHAH) I, — A|a1— _1|A|a2‘ 8y
p
T[]\ = \)PdA(dH)
i<j

FIB p_g B/B (011,042)
= ( - )1p21;+9 1F1ﬁ(a1’ a1+ a; —E). (3‘2)
T2

It is easily seen that taking 3 = 0, oy = % and ay = % in (3.2) gives item

(1:3) in the above. Further, for the case 3 = I, we have that

[ et (A1, — A A S 0
A 1<J
Ly (%) By (a1, 02)

_ B .
— ﬂ.%p2ﬁ+g 1F1 (Ckl,CY1+OéQ,—Ip).

Note that the integral in (3.2) is not of required form, thus making use of (see

()

/H otr (SHAH") (AH) — i% /H C.(SHAH")(dH)
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— Cu(2)C(A)
; kIC,.(T,)
we obtain
(p=1)B (=18 )B
R
p
xCo(A) TT (N = A)PdA
1<J

Ly (%) By (a1, 02)
_ : 8 .
- w%zﬂpﬁw 1Py (o, a1 + ag; —X).

(2:2) Suppose that X ~ KBQg(al, ap, X)), then by Definition 2.4 we get

p
/ /etr (SHAH") |A]" 2" 1L, + A T\ — A dA(dH)
A i<j

B (P8 T8
_ L () D) <a17a1 o, 8 1;2) ,

T3pBte 2

It is also interesting to see that for the case 3 = I, we get

p

[ et () AP, A T - A
A i<j
Ly (%) Tp(an) (p—1)8
_ P \2 P B P Sy .
= ﬂ_%p2ﬁ+g \If (O[l,Oél [6%) 2 + 1,Ip) .

(2:3) Suppose that X ~ GKBlg(ozl, ag, ©,Q, ¥), then by Lemma 2.5 we have

(p=1)B
P D8y

/ /etr(—@HAH*) |\ HAH* — ©|*1~
A

p
Q — HAH | "2 [ (A — A) dA(dH)
i<j
F/B (p_ﬁ) BB (O./l 052)
_p\2 p ) B .
- ﬂ-%p%-&-g 1F1 (061,041 +Ck2, Z)

(p+1)B 1

X etr(—@\y)‘ﬂ _ W‘OLI+OLQ—T_ ’
where ¥ = (Q2 — \Il)%(-)(ﬂ _ \Il)%_
(2:4) Suppose that X~ GKBZzﬁ?(O‘h a2, 0,8, W), then by Lemma 2.6 we have

(p=1)B
500y

/ /etr(—@HAH*) |\ HAH* — U|*1~
A

63

(3.3)

(3.4)
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p
1+ HAH"|" [[(\ — \;) dA(AH)
1<J
8 (228
=_r (5) Iy () etr(—OW)|Q + P|¥ 7

T3p2Bte

X\IJ/B (041,061 — agw + 17 (Q -+ ‘I’)%("D(Q + \I’)§> .
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