Journal of Algebraic Systems
Vol. 8, No. 1, (2020), pp 113-127

A GENERALIZATION OF PRIME HYPERIDEALS
M. ANBARLOEI*

ABSTRACT. Let R be a multiplicative hyperring. In this paper, we
introduce and study the concept of n-absorbing hyperideal which is
a generalization of prime hyperideal. A proper hyperideal I of R is
called an n-absorbing hyperideal of R if whenever aj0...0a,41 C
I for ay,...,an41 € R, then there are n of the a;s whose product
is in [.

1. INTRODUCTION

The theory of algebraic hyperstructures was first initiated by Marty
in 1934 [13] when he defined the hypergroups. Since then, several books
and hundreds of papers have been written on this topic. A short review
of the theory of hyperstructures appears in [5, 6, 9, 14, 15, 19].

The hyperrings were introduced and studied by different researchers.
Contrary to classical algebra, in hyperstructure theory, there are vari-
ous kinds of hyperrings. One important class of hyperrings was intro-
duced by Rota in 1982, where the multiplication is a hyperoperation,
while the addition is an operation, which is called multiplicative hy-
perrings [16]. Moreover, there exists a general type of hyperrings that
both the addition and multiplication are hyperoperations. This type
of hyperrings can be found in [20]. For more study on other types of
hyperrings, we refer to [9].

The notion of prime ideal, which is a generalization of the notion
of prime number in the ring of integers, plays a prominent role in
the theory of rings. Badawi [3] and later Anderson and Badawi [/]
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introduced the concepts of 2-absorbing ideals and n-absorbing ideals
which are two generalizations of prime ideals. The concept of prime
and primary hyperideals in a multiplicative hyperring was introduced
by Dasgupta [7]. Afterward, the notion was investigated by Sevim et al.
[17]. Ghiasvand [2] introduced the concept of 2-absorbing hyperideal in
a multiplicative hyperring which is a generalisation of prime hyperideal.
Several authors have extended and generalized this concept in several
ways [11, 12, 18]. Let R be a multiplicative hyperring. A proper
hyperideal I of R is siad to be a 2-absorbing hyperideal of R if zoyoz C
I for z,y,x € R then xoy C I or xoz C I or yoz C I.

In this paper, we introduce and study the concept of n-absorbing
hyperideal in a multiplicative hyperring and obtain their basic proper-
ties.

The paper is organized as follows. In Section 2, we give some defini-
tions and notions from some references which we need to develop our
paper. In Section 3, we introduce the notion of n-absorbing hyperideal.
In Section 4, we study many properties of n-absorbing hyperideas. Fi-
nally, in Section 5, we study the stability of n-absorbing hyperideals
with respect to various hyperring-theoric constructions.

2. PRELIMINARIES

In this section we give some definitions and results of the hyperstruc-
ture which we need to develop our paper.

A triple (R, +,0) is called a multiplicative hyperring if

(1) (R,+) is an abelian group;

(2) (R, o) is semihypergroup;

(3) for all a,b,c € R, we have ao(b+ ¢) C aob+ aoc and (b+ c¢)oa C
boa + coa;

(4) for all a,b € R, we have ao(—b) = (—a)ob = —(aob).
If in (2) the equality holds, then we say that the multiplicative hyper-
ring is strongly distributive. We assume throughout this paper that all
multiplicative hyperrings are strongly distributive. For any two non-
empty subsets A and B of R and x € R, we define

AoB = U aob,  Aox = Ao{z}

acA, beB

A non-empty subset I of R is a hyperideal of R if
(1) a,be I, thena—0be€ I;
(2) z € I and r € R, then rox C I.
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Definition 2.1. [7] A proper hyperideal P of R is called a prime hy-
perideal of R if aof C P for o, f € R implies that « € P or § € P.
The intersection of all prime hyperideals of R containing [ is called
the prime radical of I, being denoted by (). If the multiplicative hy-
perring R does not have any prime hyperideal containing I, we define
r(I) = R.

Definition 2.2. [7] A proper hyperideal @) of R is called a primary
hyperideal of R if aof8 C @ for o, f € R implies that o € Q) or " C Q)
for some n € N. We refer to the prime hyperideal P = r(Q) as the
associated prime hyperideal of () and on the other hand @) is referred
to as a P-primary hyperideal of R.

Definition 2.3. [7] Let C be the class of all finite products of elements
of Rie. C={rjorgo..or, | 1 € R,n € N} C P*(R). A hyperideal /
of R is said to be a C-hyperideal of R, if whenever A NI # @ for any
A€ C, then AC .

Theorem 2.4. [7, Proposition 3.2] Let I be a hyperideal of R. Then,
D Cr(I) where D={r e R|r" C1I for somen € N}. The equality
holds when I is a C-hyperideal of R.

In this paper, we assume that all hyperideals are C-hyperideal.

Definition 2.5. [8] Let & = {> " A, | A, € C,n € N} and C =
{ryorgo...or, | r; € R,n € N}. A hyperideal I of R is called a strong
C-hyperideal of R if whenever EN I # & for any E € 4, then F C [.

Definition 2.6. [9] Let (R, +1,01) and (R2,+2,02) be multiplica-
tive hyperrings. A mapping f from R; into R, is said to be a good
homomorphism if for all a,b € Ry, f(a +10) = f(a) +2 f(b) and

flaoib) = f(a)oo f(b).
Definition 2.7. [I] Let R be a multiplicative hyperring and I, .J be

hyperideals of R with scalar identity 1. We said that I, .J are coprime
(comaximal) if I + J = R.

Let I, J be two hyperideals of k. We define
(I:gJ)={a€eR| a0 CI}.

3. ON n-ABSORBING HYPERIDEALS OF MULTIPLICATIVE
HYPERRINGS

Definition 3.1. Let R be a multiplicative hyperring. A proper hy-
perideal I of R is called an n-absorbing hyperideal of R if whenever
00...00,41 € I for ai,...,a,41 € R, then there are n of the ajs
whose product is in 1.
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Example 3.2. Let (Z,+,-) be the ring of integers. We define the
hyperoperation a ® b = {2ab,4ab}, for all a,b € Z. Then (Z,+,©)
is a multiplicative hyperring. In this multiplicative hyperring, 15Z =
{15n | n € Z} is an n-absorbing hyperideal for n > 2 and 105Z =
{105n | n € Z} is an n-absorbing hyperideal for n > 3.

Example 3.3. Consider the ring (Zg, @, ®) that for all 7,y € Zg, TD Y
and T ® y are the remainder of xTTy and %, respectively, which + and
- are ordinary addition and multiplication, and z,y € Z. We define
the hyperoperation z [y = {7y, 2zy, 3zy, 4zy, 5xry}. Then (Zg, ®, )
is a commutative multiplicative hyperring and {0} is an n-absorbing
hyperideal of Zg for n > 2.

Theorem 3.4. If P, ..., P, are prime hyperideals of R, then P,N---N
P, is an n-absorbing hyperideal of R.

Proof. 1t is routine. O

Example 3.5. In the multiplicative hyperring of integers Z 4 with A =
{7,11}, (2), (3) and (5) are prime hyperideals (see [7, Proposition 4.3]).
Hence, (2) N (3) N (5) is a 3-absorbing hyperideal of Z 4, by Theorem
3.4.

Theorem 3.6. Let I be an n-absorbing hyperideal of R. Then r(I) is
an n-absorbing hyperideal of R and ™ C I for all x € r(I).

Proof. Let x € r(I). Then 2™ C [ for some m € N. If m < n, we
are done. If m > n, by using the n-absorbing property on products
n ok n
z"ox", we conclude that z* C I. Now, let x10...0x,11 C r(I) for
T1,...,Tpe1 € R. Then (210...02,41)" = 270... 02, C I. Since [ is
an n-absorbing hyperideal of R, we may assume that zjo...oz) C I.
Thus (z10...0z,)" C I, and so x10...0x, C r(I), which implies r(I)
is an n-absorbing hyperideal of R. 0

Let I be a proper hyperideal of R. It is clear that an n-absorbing
hyperideal is also an k-absorbing hyperideal for all integers k > n.
If I is an m-absorbing hyperideal of R for some n € N, then define
Abs(I) = min{n| I is an n-absorbing hyperideal of R}, otherwise, set
Abs(I) = oo (we will just write Abs(I) when the context is clear). We
define Abs(R) = 0. Hence for any hyperideal I of R, we get Abs(I) €
NU {0, 00} with Abs(I) =1 if and only if I is a prime hyperideal of R
and Abs(I) = 0 if and only if I = R. Thus Abs(/) measures, in some
sense, how far I is from being a prime hyperideal of R.

Lemma 3.7. Let I C P be a hyperideal of R, where P is a prime
hyperideal. Then the following conditions are equivalent:
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(1) P is a minimal prime hyperideal of I.
(2) For each x € P, there is a y ¢ P and a non-negative integer i
such that yox® C I.

Proof. (=) Let P be a minimal prime hyperideal of I and Qs be other
minimal prime hyperideals of I. Then r(I) = P N (Ng,cnrinr @i)-
Suppose that x € P but z ¢ r(I). We may assume that z € PN

(Ni_, Qi) such that x ¢ U1 Q- Take any w € (1,5, @i\ P. Hence
we have wor C P N ((N_; Qi) N (Misee1 Qi), that is wor C r(x). It
implies that (wox)® = w"oz™ C I. Now we take y € w”. Therefore
yox™ C I.

(«<=) We assume that P is not a mimimal prime hyperideal of I and
look for a contradiction. Our assumption means that we have I C
() C P for some prime hyperideal @ of R. Let x € P\Q. Hence we
have yox™ C I C (@ for some n € N. This is a contradiction, since

T,y ¢ Q. O

Theorem 3.8. Let I be a n-absorbing hyperideal of R. Then there are
at most n prime hyperideals of R that are minimal over I. Moreover,

Ming(I)| < Abs(I)

Proof. Assume that Pi,..., P,.1 are distinct prime hyperideals of R
minimal over I. Hence we get a; € P;\((U;; Pj)UPn+1), for 1 <i <n.
By Lemma 3.7, we have §; € R\ P; for 1 <i < n, such that S;oa;" C I
for some n; € N. Since I C P,y and o; ¢ P, for 1 < i < n, then for
1 <i<mn, Boa? ! C I, which implies (84 - -+ f,)oa}™ lo. .. oat C
I. Since oy € P\ (U, Fy) and Bioal™t € I C PN---N P, for
1 <i <, then for 1 < i <mn, i € (N 5) \ R, Which means
Pr4-+0n & P for1 <i<n. V\fehave(ﬁpL A8 [yt € P
for 1 <i < n, hence (B1+---+ Bn) [[; i#i ] "¢ Ifor1<i<n. Since
I is an n-absorbing hyperideal of R, af 'o...0a” ' C T C P,,y. It
implies that o; € P, for some 1 < ¢ < n, which is a contradiction.
Thus, there are at most n prime hypeideals of R minimal over I. The
last assertion is obvious. 0]

The converse of Theorem 3.8 is not true in general, as is shown in
the following example.

Example 3.9. Let (Z,+,:) be the ring of integers. We define the
hyperoperation a x b = {2ab, 3ab}, for all a,b € Z. Then (Z,+,%) is a
multiplicative hyperring. In the hyperring, 12Z = {12n | n € Z} is not
a 2-absorbing hyperideal of Z. However, 2Z and 37Z are minimal prime
hyperideals over 127Z.
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Lemma 3.10. Let Py, ..., P, be incomparable prime hyperideals of R,
and let I be an n-absorbing hyperideal of R such that I C PiN---NP,.
If 2%'o...oxt» C I for z; € P\(Ujz P5) and for positive integers t;,
then x10...0x, C I.

Proof. Since I is an n-absorbing hyperideal of R, then there exist in-
tegers si,...,8, with 0 < s; < t; and s; + --- + s, = n such that
zi'o...oxim C I. Assume that for one of s)s, say s;, we have s; = 0.
Therefore z5?0. ..ozl C I, that is #20...ox!» C Py, which is a con-
tradiction. Hence z10...0z, C I. O

Theorem 3.11. Let I be an n-absorbing strong C-hyperideal of R
such that exactly n prime hyperideals Py, ..., P,of R are mimimal over
I Let uj € Pj\(U,y; Ps) for every j # i with 1 <i,j < n. Then
Poll;u; C 1.

Proof. Suppose that z € P,. If x € P, but x ¢ U#in, then by
Theorem 3.6 and Lemma 3.10, we obtain on#i u; € I. Let x €
PN (Uj By) and 2z € P\(U,4 Pi). Now, we want to show that
there exists an element y € R such that for every v € yoz, v+ x €
P\(Uix; P5)- Suppose that S = {t |z € P,1 <t < n,t # i} and
T'={t|z¢ P,1 <t<n} Weassume that y € [[,.pu,. Since
20 [,erus € Prand x € P, for every t € T, we conclude that v+x ¢ P,
for every v € yoz and ¢t € T. Also, since zo[[,.qus € P, for every
t € T and x € P, for every t € S, we infer v+ x ¢ P, for every v € yoz
and t € S. Hence v+x € P\(U,y; P;) for every v € yoz. On the other
hand, by Theorem 3.6 and Lemma 3.10, we have (v +x)o ][, u; C I
for every v € yoz and zo[[,;u; C I. Hence we get (v+x)o[];,u; C
(vo [1;4uj) + (wo]];4u5) C (yozolljiuy) + (wollju;). Since I is an
n-absorbing strong C-hyperideal of R and (v +z)o[];,;u; C I, then
we have (yozo[[,;u;) + (zo[[;;u;) € I. Since yozo[[,u; C 1,
then we have zo[];; u; C I. Consequently, Fo[];;u; C I. O

Corollary 3.12. Let P, ..., P, are incomparable prime hyperideals of
R such that x € P; for some 1 <1 <n. Then there exists y € R and
z € P\(U; Iy) such that for every v € yoz, v+ x € P\(U,;4 Pj)

Theorem 3.13. Let I be an n-absorbing strong C-hyperideal of R. If
I has exactly n mimimal prime hyperideals, then Pio...oP, C I.

Proof. Let Py,..., P, be exactly n mimimal prime hyperideals over
I. Suppose that for each 1 < 5 < n, z; € P;. By Lemma 3.11,
we have z10][,c;c,u; C I for some u; € P\(P1 U (U F2)) with

2 < j < n. Now, we assume that (zj0...07s) [[ <<, u; C I for
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some 1 < s <n—1and u; € P\(P1U (U, Pi)) with s +1 <4 <
n. We prove that (z10...0r;0xs,1) Hs+2San u; C I for every u; €
PA\(P1U (Ui £2)) with s +2 < i <n. There exist elements ys41 € R
and z,4q € Ps+1\(U#s+1 P;) such that for every vsy1 € ys1102541, We
have vs11 + as1 € Ps+1\(U#s+1 P;), by Corollary 3.12. Thus we get
(x10...0x5)0(Vs11 + T5y1)0 Hs+2§j§n u;
C ((z10...0xs)0v5110 Hs+2§j§n uj)+(z10. .. 025025110 Hs+2§j§n u;j).

Let usi1 = vsi1 + xsyq. Since [ is an n-absorbing strong C-hyperideal
of Rand (z10...0x5)0[[ 1<, u; C I, then we have

(x10...0x5)0U51 10 H u; + (z10...0050T5110 H u;) C 1.
s+2<j<n s+2<j<n

Since (z10...025)0vs410[ [, 9<;<, uj € I, then we obtain

(r10...0T50T541)0 H u; C I
s+2<j<n

Now, let s = n — 1, then (zj0...0x,_1)o(v, + x,) C I for every v, €
Yn0Zy. It means that zi0...0x, C I. Consequently, Pio...oP, C
I. O

Theorem 3.14. Let Py, ..., P, be prime hyperideals of a hyperring R
that are pairwise coprime. Then I = Pyo...oP, is an n-absorbing
hyperideal of R. Moreover, Abs(I) = n.

Proof. Since Py, ..., P, are pairwise coprime, then we have
[:P10...0Pn:P1ﬂ---ﬂPn.

Hence [ is an n-absorbing hyperideal of R. Also, since Py,, are in-
comparable, we choose «; € P; \ U#in for each 1 < 7 < n. Then
a0...0a, € Py N---N P, but no proper subproduct of the a;s is in
P N---NP,. Hence Abs(P,N---N P,) = Abs(Pio...0P,) > n. On
the other hand, we have Abs(PyN---NB,) = Abs(PLN---NP,) <n.
Thus Abs(I) = Abs(Pyo...oP,) =n. O

Let My, ..., M, are distinct maximal hyperideals of R. Then [ =
Mjo...oM, is an n-absorbing hyperideal of R by Theorem 3.14. Now,
we show that M™ is an n-absorbing hyperideal of R for any maximal
hyperideal M of R. We show that the product of any n maximal
hyperideals of R is an n-absorbing hyperideal of R.

Lemma 3.15. Let M be a mazimal hyperideal of R and n be a pos-
itive integer. Then M™ is an n-absorbing hyperideal of R such that
Abs(M™) < n. Moreover, if M"™' C M" then Abs(M") = n.
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Proof. Let avjo...o00,11 € M"™ for ayq,...,cn1 € R. I aq,... 00041 €
M, then we are done. We may assume that a,,; ¢ M. Hence
(M"™ apy1) = R, so there exist § € M™ and v € R such that 1 €
B + a,107. Hence

a10...00, C (a10...00,)0l C (aqo...o0,)0B+(aq0. .. 00, 1)y C M™.

Thus M™ is an n-absorbing hyperideal of R. Now, we assume that
M"Y ¢ M™. Then there are oy, ..., o, € M such that ajo...o00, C
Mm™\ M™. Hence all products of n— 1 of the a;s are not in M™, since
otherwise a;o0...0a,, C M™*! and this is a contradiction. Thus M" is
not an (n — 1)-absorbing hyperideal of R. Since M™ is an n-absorbing
hyperideal of R, then Abs(M™) = n. O

Theorem 3.16. Let My, ..., M, are mazximal hyperideals of R. Then
I = Mjo...oM, is an n-absorbing hyperideal of R. Moreover, Abs(I) <
n.

Proof. Suppose that M, ..., M, are distinct maximal hyperideals of R
and ny,...,n, are positive integers such that n = ny +--- + nx. We
show that I = M{"o...0M;™* is an n-absorbing hyperideal of R. By
Lemma 3.15, for all 1 < i < k, M is an n;-absorbing hyperideal of
R. Hence I = M{"o...oM,* = M N---N M;* is an n-absorbing
hyperideal of R 0J

4. SOME PROPERTIES OF n-ABSORBING HYPERIDEALS

In this section, we study some properties of n-absorbing hyperideals.

Theorem 4.1. Let P be a prime hyperideal of R, and let I be a P-
primary hyperideal of R such that P" C I for some positive integer
n. Then I is an n-absorbing hyperideal of R with Abs(I) < n. In
particular, if P™ is a P-primary hyperideal of R, then P™ is an n-
absorbing hyperideal of R with Abs(P™) < mn. Moreover, if P"** C P"
then Abs(P™) = n.

Proof. Suppose that ajo...00,11 C I for aq,...,a,.1 € R. Assume
that one of the ajs is not in P. Since [ is a P-primary hyperideal of R,
then we conclude that the product of the other ;s is in I . Hence, we
may assume that a; € P for every 1 < i < n. We get ayo...oa, C I
since P" C I. Hence [ is an n-absorbing hyperideal of R. The rest of
the proof is obvious.

O

Theorem 4.2. Let I be an n-absorbing hyperideal of R. Then I, =
(I :g @) is an n-absorbing hyperideal of R containing I for allaw € R\1.
Moreover, Abs(1,) < Abs(I) for all « € R
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Proof. Suppose that ajo...00,01 C 1, for aq,...,a,1 € R. Thus
(cvoaq)oiz0 ... 0,1 € I which implies either the product of aoay
with n — 1 of the as for 2 <7 <n+4+1isin I or ao...00,+1 C I.
Then there is a product of n of the a)s that is in I,. Hence I, is
an n-absorbing hyperideal of R. It is clear that I C [,. If a € I,
then I, = R, and then Abs(l,) = o < Abs(I). The last assertion is
obvious. O

Theorem 4.3. Let I C r(I) be an n-absorbing strong C-hyperideal of
R formn > 2. If k > 2 is the least positive integer such that of C T
for a € r(I)\ I, then Ik« = (I :p &*1)is an (n — k + 1)-absorbing
hyperideal of R containing I.

Proof. Let I be an n-absorbing strong C-hyperideal of R. Since 2 <
k < n, then we have n — k+ 1 > 1. It is clear that I C [ x-1.
Suppose that cio...0c, g0 C I k-1 for c1,...,¢chp_pio € R. Since [
is an n-absorbing hyperideal of R and o*~locio...0c,_pro C I, either
a*20ci0...0c_1o C I or the product of a*~! with some n — &k + 1
of the ¢js is in . In the second case, we are done. Thus suppose that
the product of o*~! with any n — k + 1 of the ¢;s is not in I. Hence
a*=2o0ci0...0¢,_1o C I. Since I is an strong C-hyperideal of R and

aod®2o0cq0. .. 0Cp—k110(Cn_gr2 + @) C I, then we get

" 20c10. .. 0Ch_j1(Cnppa + @) CA+ B C I,

where A = of2 k=1

0C10...0C, k2 and B = a" “ocjo...0c,_ky1. Since
a*20ci0...0c,_119 C I, we get o tocio...0c,_py1 C I. It is a con-
tradiction, since the product of a*~! with any n — k + 1 of the ¢js is
not in I. Hence the product of a*~1 with some n — k + 1 of the ¢js is
in 7, which implies that I,x-1 is an (n — k + 1)-absorbing hyperideal of

R containing I. 0

Corollary 4.4. Let I C r(I) be an n-absorbing strong C-hyperideal of
R forn > 2. Let « € r(I)\ I and o™ C I such that "+ € I. Then
Iyn—1 = (I :g ™ 71) is a prime hyperideal of R containing r(I).

Proof. By Theorem 5.5, I,n-1 is an (n —n + 1)-absorbing hyperideal of
R and then [ »-1 is a prime hyperideal of R containing (7). O

Corollary 4.5. Let I be an n-absorbing P-primary strong C-hyperideal
of R for some prime hyperideal P of R and n > 2. If « € r(I)\ I
and n is the least positive integer such that o™ C I, then In—1 = (I g
a"H =P

Proof. Let I be an n-absorbing P-primary strong C-hyperideal of R.
By Corollary 4.4, P = r(I) C I n-1. Assume that § € I,.-1, hence
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a" 1o C I. We have B € P, since I is a P-primary hyperideal and
a"t ¢ I. Hence Iyn-1 = P. O

Theorem 4.6. Let I be a P-primary hyperideal of R such that P™ C [
for some positive integern, and let o € P\I. If o* ¢ I for some positive
integer k, then (I :g o) = Ik is an (n — k)-absorbing hyperideal of R.

Proof. Since P" C I, then k < n. Therefore, we have n — k > 1. It is
clear that I is a P-primary hyperideal of R. Since P" C I, we have
aroP"% C I. Hence P"* C I k. Thus I is an (n — k)-absorbing
hyperideal of R by Theorem 4.1. O

5. STABILITY OF n-ABSORBING HYPERIDEALS

In this section, we will prove some theorems and corollaries general-
izing well-known results about prime hyperideals.

Theorem 5.1. Let f : Ry — Ry be a good homomorphism of multi-
plicative hyperrings. Then the following statements hold.

(i)If Iy is a n-absorbing primary hyperideal of Ry, then f~(Is) is a
n-absorbing hyperideal of Ry .

(i0)If f is an epimorphism and I, is an n-absorbing hyperideal of Ry
containing Ker(f), then f(Iy) is a n-absorbing hyperideal of Rs.

Proof. (i) Assume that ay, ..., a1 € Ry and ajo...oan1 C f7H(1L).
Then f(oo...oa,1) = flag)o...of(ans1) C Ip. Since I is an n-
absorbing hyperideal of Rs, then there are n of the f(«;)’s whose
product is in I,. Without loss of generality, we may assume that
flar)o...of(ay) C Iy and hence ajo...oa, C f~1(Iy). Thus, f~1(I5)
is an n-aborbing hyperideal of R;.

(i) Assume that aj,...,q,.; € Ry and ajo...o0q, ; C f(I;). Then
there exist ay,...,any1 € Ry such that f(ay) = ay,..., f(Qng1) =
1, and f(qo...00,41) = ajo...oq, ;. Now, take any element
U € a10...00,41. Then we get f(u) € f(ao...o0a,41) C f(I1) and so
f(u) = f(w) for some w € I;. This implies that f(u —w) = 0 € (0),
that is, u—w € Ker(f) C I and sou € I;. Since I; is a C-hyperideal of
Ry, then we conclude that aj0. .. oa, 1 C I;. Since I is an n-absorbing
hyperideal of R;, then there are n of the a;s whose product is in I;.
Without loss of generality, we may assume that ajo. ..o, C I;. This
means that ajo...oa, C f(I,). Thus f(I,) is a n-absorbing hyperideal
of R2 O
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Corollary 5.2. Let I,J be hyperideals of a hyperring R such that
J C 1. If I is an n-absorbing hyperideal of R then 7 s an n-absorbing

hyperideal of ?

Proof. Define f : R — R/J by f(r) = r+ J. Clearly, f is a good
epimorphism. Since Ker(f) = J C I and [ is an n-hyperideal of R ,
then the claim follows from Theorem 5.1 (i). O]

Corollary 5.3. Let T is a subhyperring of R. If I is an n-absorbing
hyperideal of R such that T ¢ I, then INT is an n-absorbing hyperideal
of T.

Proof. Define j : T — R by j(t) = t. It is clear that j7'(I) =TI NT.
Thus I N'T an n-hyperideal of T', by 5.1 (i). OJ

Let R be a multiplicative hyperring. Then M, (R) denotes the set
of all hypermatixes of R. Also, for all A = (A4;j)nxn, B = (Bij)nxn €

Theorem 5.4. Let R be a multiplicative hyperring with scalar identity
1 and I be a hyperideal of R. If M,(I) is an n-absorbing hyperideal of
M, (R), then I is an n-absorbing hyperideal of R.

Proof. Suppose that for xy,..., 2,11 € R, z10...0x,,1 C I. Then

210...0Tpye1 0 oo 0
0 0 --- 0
. ) ) C M, (I).
0 0 0
It is clear that
210...0Tpy1 O oo 0 zy 0 --- 0 Tpy1 0 -+ 0
0 0O --- 0 00 --- 0 0O 0 --- 0
0 0 --- 0 0O 0 --- 0 0O 0 --- 0

Since M, (I) is an n-absorbing hyperideal of M, (R) then there are n
of the hypermatixes whose product is in I. Without loss of generality,
we may assume that
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It implies that

r10...00, 0 --- 0

0 0 0
o C M,(I)

0 0 --- 0

It implies that zq0...0x, C I. Therefore I is an n-absorbing hyperideal
of R.
OJ

Theorem 5.5. Let Ry and Ry be multiplicative hyperrings with scalar
identity. Then, the following statements hold:

1) I is an n-absorbing hyperideal of Ry if and only if Iy X Ry is an
n-absorbing hyperideal of Ry X Rs.

2) Iy is an n-absorbing hyperideal of Ry if and only if Ry X Iy is an
n-absorbing hyperideal of R1 X Rs.

Proof. (1) (=) Assume that I is a n-absorbing hyperideal of R;. Let
(x1,11)0. ..

0(Tpi1, Yny1) € 11 X Ry for some x1,..., 0,11 € Ry and y1,...,Ynq1 €
Ry. Therefore x10...0x,,1 C I;. Since I; is an n-absorbing hyperideal
of Ry, then there are n of the z;s whose product is in ;. Without
loss of generality, we may assume that zi0...0x, C I;. This implies
that (z1,41)0...0(xn,yn) € I X Ry. Thus I; X Ry is an n-absorbing
hyperideal of Ry X R,.

(<=) Suppose that [} x Ry is an n-absorbing hyperideal of R; X Rs.
Let zi0...0x,.1 C I for some zy,...,x,01 € R;. Then we get
(x1,1)0...0(xp41,1) € I} X Ry. Since I} X Ry is an n-absorbing
hyperideal of Ry X Rs, then there are n of the (z;,1)'s whose prod-
uct is in Iy X Ry. Without loss of generality, we may assume that
(x1,1)0...0(x,, 1) C I} X Ry, which means xq0...o0x, C I;. Thus I is
an n-absorbing hyperideal of R;.

(2) Tt is similar to (1). O

Let (R, +,0) be a hyperring. We define the relation ~ as follows:
ab if and only if {a,b} C U where U is a finite sum of finite products
of elements of R, i.e.,

ayb < 3Jz1,...,2, € Rsuch that {a,b} € > . 1]ic 25 1;:J €

(1,...,n}. -

We denote the transitive closure of v by v*. The relation v* is the
smallest equivalence relation on a multiplicative hyperring (R, +,0)
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such that the quotient R/v*, the set of all equivalence classes, is a
fundamental ring. Let 4 be the set of all finite sums of products of
elements of R. We can rewrite the definition of v* on R as follows:

ay*h <= dz,...,2, € R with 21 = a,2,41 = b and wqy,...,u, € U
such that {z;, z;11} Cu,; for i € {1,...,n}.

Suppose that 7*(a) is the equivalence class containing a € R. Then,
both the sum @ and the product ® in R/y* are defined as follows:y*(a)&®
7*(b) = v*(c) for all ¢ € yv*(a) +~*(b) and v*(a) ® v*(b) = v*(d) for all
d € ~v*(a)oy*(b). Then R/v* is a ring, which is called a fundamental
ring of R (see also [19]).

Theorem 5.6. Let R be a multiplicative hyperring with scalar identity
1. Then the hyperideal I of R is an n-absorbing if and only if I/~* be
an n-absorbing ideal of R/~v*.

Proof. (=>) Let o) ...,q,.; € R/y" and a; ® -+ © a, .y € /7"
Thus, there exist ay,...,a,41 € R such that a; = v*(ay),...,q, 4 =
7 (1) and 0@ -0y = 7°(@1)0 <O (1) = 1 (@10.- - 00ms1).
So, V(1)@ - Oy (1) = v (@10...000,11) € I /7, then ajo. . .00, 11 C
I. Since I is an n-absorbing hyperideal of R, then there are n of the a;s
whose product is in I. Without losing the generality, we may assume
that aj0...0a, C I. Therefore a;®---Oa, = v () ®- - Oy (a,,) =
v (aqo...0ay,) € I/y*. Thus I/4* is an n-absorbing ideal of R/~*.
(<) Let ajo...00,41 C I for ay,...,a,11 € R. Then we obtain
(1), v (ans1) € R/y* and

V() @ @y (ns1) =7V (10. .. 00041) € T/7".

Since I/~* is an n-absorbing ideal of R/~*, then there are n of the
v*(a;)’s whose product is in 7/y*. Without loss of generality, we may
assume that v*(a1) ® -+ © v*(a,) = v*(10...0a,,) € I/~*. Hence
@10...00,, C I. Thus [ is an n-absorbing hyperideal of R. U

Let (R, +,0) be a commutative multiplicative hyperring with scalar
identity 1 and S be a multiplicative closed subset of R (i.e., 1 € S and
aoS = Soa = S for all @ € S). Then (S™'R, ®,®) with the following
hyperoperations is a commutative hyperring with scalar identity.

(i) (r1,72) @ (r9, s2) = (r1082 + re0s1,81089) = {(r,s) | r € riosy +
9081, € $1082}.
(ii) (r1,72) ®@ (re, $2) = (11019, $1089) = {(r,s) | r € ryore, s € s1082}.



126 ANBARLOEI

Let I be a hyperideal of R, then we can define that S™'7 = {(i,s) | i €
I,s € S}, which is a hyperideal of ST'R. If (r, s) € S7'I we don't have
necessarily r € I, because maybe (r,s) = (r',s) with v’ € I,r ¢ I (see
also [1]).

Theorem 5.7. Let Py, be incomparable prime hyperideals of R, I =
Po...oP™ for positive integers ny,...,n, with n = ny + -+ + ng,
and S =R\ (PLU---UPB,). Then E(I)={a € R | (a,1) € ST} is
an n-absorbing hyperideal of R.

Proof. Let f: R — S™'R be the homomorphism f(a) = (a,1). Then
S=tP,...,87'P, are maximal hyperideals of S™'R. Hence S~!'I =
ST P"o...0P[*) is an n-absorbing hyperideal of S™!'R, by Theorem
3.16. Thus E(I) = f~Y(S Y P"o...0P')) is an n-absorbing hyper-
ideal of R, by Theorem 5.1. U

6. CONCLUSION

The main purpose of this paper is to introduce the notion of n-
absorbing hyperideal which is a generalization of 2-absorbing hyper-
ideal. Several properties of this new notion are provided. It is clear
that if I is an n-absorbing hyperideal of R, then I is an m-absorbing
hyperideal of R for all m > n. The converse is not true in general. For
instance, 105Z is a 3-absorbing hyperideal of multiplicative hyperring
(Z,4,®), but it is not a 2-absorbing hyperideal.
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