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VALUED-POTENT (GENERAL) MULTIRINGS
M. HAMIDI*, A. A. TAVAKOLI AND R. AMERI

ABSTRACT. This paper extends multirings to a novel concept as
general multirings, investigates their properties and presents a spe-
cial general multirings as notation of (m,n)-potent general multi-
rings. This study analyzes the differences between class of mul-
tirings, general multirings and general hyperrings and constructs
the class of (in)finite general multirings based on any given non-
empty set. In final, we define the concept of hyperideals in gen-
eral multirings and compare with hyperideals in other similar (hy-
per)structures.

1. INTRODUCTION

The theory of hyperstructures as a generalization of structures was
introduced by Marty in 1934 [12], whence this theory works on sets in-
stead of elements in algebraic systems. Hyperstructures were stronger
in applications in world and were used in applied science specially in
complex (hyper)networks [3, 4]. The notions of multigroups, multi-
rings, multifields, and their corresponding reduced versions were in-
troduced by Marshall in [11] and provided a convenient framework to
study the reduced theory of quadratic forms and spaces of orderings.
A multiring is just a ring with multivalued addition and the idea of a
multiring is very natural. Multirings are considered in spaces of signs,
also known as abstract real spectra and objects which arised naturally
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in the study of constructible sets in real geometry. Fundamental rela-
tions are one of the main tools in algebraic hyperstructures theory in
such a way that convert hyperstructures to structures. A fundamen-
tal relation is the smallest equivalence relation on a hyperstructure so
that the quotient of hyperstructure via this relation is a corresponding
(fundamental)structure. Some researchers worked on fundamental re-
lations on hypergroups and hyperrings [2, 5, 6, 8, 9, 10, 11]. M. Hamidi
et al. constructed multigroups and multiring on every non—empty set
and introduced a relation on multirings (as a smallest strongly regular
equivalence relation) in such a way that the quotient of multirings on
this relation is a Boolean ring with identity|[l].

In this paper, we try to generalize the concept of multirings to gen-
eral multirings, to describe their properties and their differences in
multirings and general hyperrings. This paper works on construction
of general multirings and shows that this class of hyperstructures have
some identity elements, while have a unique zero element. It is natural
to question as to what is the relationships between elements whence
are considered in a same set with respect to algebraic operations. Since
any operation at most connects two elements, we need to extend more
elements in defined axioms. It motivates us to introduce the concept of
two algebraic hyperoperations in an underlying set. So the main moti-
vation is to introduce some identity elements with respect to algebraic
hyperproduct and to consider the differences between other hyperstruc-
tures and structures. We obtained some theorems and corollaries such
that in a specially conditions are similar to corresponded theorems
in (non-associative)rings, so we conclude that general multirings are
a generalization of (non-associative)rings. Because in general multi-
rings the hyperproduct of any element with zero element necessarily
is not zero element, so the concept of kernel of homomorphisms and
so isomorphism theorems are different in corresponded results in other
hyperstructures.

2. Preliminaries

In this section, we recall some definitions and results which are in-
dispensable to our research paper from [7, 13, 15].

Let R be a non—empty set and P*(R) = {S | 0 # S C R}. Every
map + : R x R — P*(R) is called hyperoperations, for all z,y € R,
+(z,y) is called the hypersum of x, y and hyperalgebraic system (R, +)
is called a hypergroupoid. For any two non—empty subsets A and B

of R, A - B means U a - b. Recall that a hypergroupoid (R,+) is
acAbeB
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called a semihypergroup if for any z,y,z € R, (v +y) + 2z =2+ (y + 2)
and a semihypergroup (R,+) is called a hypergroup if satisfies in the
reproduction axiom, i.e. for any r € R,x + R = R+x = R. A
commutative hypergroup (R, +)(for all z,y € R,x+y = y+x) is called
a canonical hypergroup, provided that (i) it has a zero element 0 (i.e.,
0+2=x+0={z},for every z € R), (ii) every element has a unique
inverse, (i.e., for all © € R, there exists a unique —x € R, such that
0€ax+(—x), (#i) x € y+ z implies y € v+ (—z) and z € —y + = and
we will denote it by (R,+,—,0). A system (R,+,—,0,-,1) is called
a multiring if (i) (R, 4+, —,0) is a canonical hypergroup (commutative
multigroup), (i) (R,-,1) is a commutative monoid (“-”is a binary
operation on R which is commutative and associative and z-1 = x for all
r € R,) (ii) x-0=0forallx € R, (iv) x-(y+2) C x-y+z-z. A system
(R,+,-) is called a general hyperring if (i) (R,+) is a hypergroup, (i)
(R, ") is a semihypergroup and (iii) for all z,y,z € R
v (y+z2)=z-y+ux- 2

A map f: R — R’ is a multiring homomorphism if, for all z,y € R
we have (i)f(x +y) C f(z) + f(y), @) f(x - y) = f(z) - [(y), (i20)

J(=2) = —f(x), (v)f(0) = 0 and f(1) = 1. Let (K, +,.) be a hyper-
ring and p be an equivalence relation on R. Let £ = {p(r) | r € R},

be the set of all equivalence classes of R with respect to the relation p.
Define hyperoperations @& and ® as follows:

pla)@p(b) = {p(c) | c € pla)+p(b)}, p(a)@p(b) = {p(c) | c € p(a).p(b)}.

In [15] it was proved that (%, @, ®) is a ring if and only if p is strongly

regular. Let U denote the set of all finite sum of finite products of

elements of R. It is defined a relation as v on R by
avyb<=3Juecld:{a,b} Cu.

Then v* is a smallest equivalence relation on R such that (%, ®,®) is

a ring (is called fundamental ring) and so 7* is called a fundamental
relation on R. In [1] Hamidi, et.al defined a fundamental relation x on

every multirings by, xk, Y 1f and only 1f there exist 2, 22, .2 €R
and m € N in such a way that x € Z’Zl and y € Zzz , where
=1 =1
k;e{l,m}and forallu e R =u-u-u-...-u.
(m—;;mes)

Clearly, k11 = A = {(z,z) | z € R} and so

U U (kamUr,))

ke{l,m} n>1
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is a reflexive and symmetric relation. If £* is the transitive closure of
K, then k* is the smallest strongly regular relation on R such that R/k*
is a Boolean ring.

Let us first survey some simple results on general multirings such
that we will apply in the next sections.

3. Construction of general multirings

In this section, we introduce the concept of general multiring, inves-
tigate their properties and for a given arbitrary set constructed at least
a multiring. We present some example of general multirings that are
not general hyperring.

Definition 3.1. A system (R, 4+, —,0,-, 1) is called a general multiring
if

(7) (R,+,—,0) is a multigroup,

(i) (R ,-) is a semihypergroup,

(i7) forall z € R,0€ (0-2)N(z-0) and z € (1-z) N (z- 1),

() forallz,y,z € R, z-(y+2) C x-y+z-zand (z+y)-2 C z-2+y-2.
Clearly, every multiring is a general multiring.

A general multiring (R, +, —, 0, -, 1) is called a (+)-commutative gen-
eral multiring, if it is commutative with respect to hyperoperation “+ ”,
a (-)-commutative general multiring, if it is commutative with respect
to hyperoperation “” and a commutative general multiring, if it is
commutative with respect to hyperoperations “+”and “”.

Theorem 3.2. Let (R,+,—,0,-,1) be a general multiring and
a,b,c,d€ R. Then (a+b)-(c+d) Ca-c+a-d+b-c+b-d.

Proof. Let x € (a+0b)-(c+d). Then there exists y € a+band z € c+d
such that

rey-z C(a+b) z
Ca-z+b-z
Ca-(c+d)+b-(c+d)
Ca-c+a-d+b-c+0b-d
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Example 3.3. (i) Let R = {0, 1,a,b}. Then (R, +,—,0,-,1) is a com-
mutative general multiring as follows:

+]0 1 a b -0 1 a b
010 1 a b 0|0 R R R
111 R {1,a} {1,b} and I1/R 1 a b
ala {l,a} R {a,b} alR a a a
b |b {b1} {a,b} R b|R b a {a,b}

Since 1-(0+1) ={1} C R=1.0+ 1.1, we get that (R, +,—,0,-,1) is
not a general hyperring.

(1) Let R = {0,1,a,b}. Then (R,+,—,0,-,1) is a commutative
general multiring as follows:

+[0 1 a b |1 a b

0110 1 a b 0[{0 O 0 0

101 R {10} {la}, 1|1 0 (1,0} {0,a} {0,b} .
ala {1,b} {0,a} 1 a|0 {0,a} {a,0} O

b b {l,a} 1 {0,6} b0 {0,b} 0 {0,b}

Since 1- (a+b) = {0,1} C R = l.a + 1.b, we get that (R, +,—,0,-,1)
is not a general hyperring.

(i17) Let R ={0,1,2,3}. Then (R,+,—,0,-,1) is a (-)-commutative
general multiring as follows:

+/0 1 2 3 -]01 2 3
0101 2 3 0/0 00 0
1|11 R 3 and 1[0 1 2 3,
2 (2 {0,1,2} 2 {2,3} 2|0 2 R R
313 {1,3} 3 R 3]0 3 R R

while it is a (+)-non-commutative general multiring and it is not a
general hyperring.
(iv) Let R ={0,1,2,3}. Then (R,+,—,0,-,1)isa (+)-non-commuta-

tive and a (-)-non-commutative general multiring as follows:
+/0 1 2 3 o1 2 3
010 1 2 3 0(0 0 O 0
1111 R 3 and 110 1 2 3 .
22 {0,1,2) 2 {2,3) 210 2 R R
33 {1,3) 3 R 310 3 {1,2,3} R

Now, apply the concept of monoids and semihypergroups, then con-
struct general multirings in the following.
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Example 3.4. (i) Let (G, *,1) be a monoid and G° = G U {0}, where
0 € G. Define hyperoperations “+”and “ ”on G as follows:

GY ifx=1y#0,

da-y=
G ifrx#yandz,yedG and 2 -y ={z*y}

THY=Yy+x= {
in such a way that 1 +0=0+2 =z and z-0 = 0-2 = G°. Clearly for
all z € G°, —x = x and some modifications show that (G°, +,—,0,-,1)
is a (+)-commutative general multiring.

(i1) Let (H,o) be a semihypergroup and R = H U {0,1}, where
0,1 ¢ H. Define hyperoperations “+”and “”on R as follows:

P — e — R ifx=y#0,
o= R\ {0} ifz#yandz,yec R\{0landz-y=zoy’

in such a way that x++0 =0+z=2,2-0=0-x = Randxr = 1.2 = z-1.
Some modifications and computations show that (R,+,—,0,-,1) is a
(4)-commutative general multiring.

From now on, in general multiring (R, +, —,0,+,1), we will call 0 is
zero element and 1 is an identity element of R. Let

Or={0€ R | 0is a zero element of R}

and Zr = {1 € R | 1 is an identity element of R}, then we have the
following results.

Theorem 3.5. Let (R,+,—,0,-,1) be a general multiring. Then
(i) |Or| =1 and so 0 is unique zero element in R;
(17) 0 € x 4y implies that y = —x;
(idi) |Zg| = 1
(iv) forallz € R, [0- x| > 1.
Proof. By definition, it is straightforward. 0

Let (R,+,—,0r,-,1g) be a general multiring, n € Z and = € R.
Denote

T+ ...+, ifn>0 T, @, ifn>0
——— —_——
n times n times
nx = < Og, ifn=0,2" =< Zg, ifn=0,
(—z)+...+(—z), ifn<0 (—x)--...-(—x), ifn<O
n times n times

forn=1,nr =2" = {z} and for all x,y € R,x —y = x + (—vy).

Example 3.6. (i) Consider the monoid (N, -, 1). Then
(N U {0}7 +,0,-, 1)
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is a multiring as follows:

{0,1,2,...,} ifm=n#0,

mi+n=n+m=
{{1,2,...,} it m#n,mmneN.

and m -n = {mn}, in such a way that m +0 = 0+ m = m and
m-0=0-m = 0. Since

2.(3+4)=2-{1,2,3,..1 ={2,4,6,.. C {1,2,3,..} =2-3+2-4,
we get that (NU {0},+,0,-,1) is a general multiring, while is not
a general hyperring. By some computing, for all n > 2 we have
2(—n) = 2n = N U {0}.

(i7) Let R ={0,1}. Then (R,+,—,0,-,1) is a commutative general
multiring as follows:

+]0 1 -0 1
00 1 and 0[0 {0,1} .
110 1]{0,1} {o0,1}

Clearly (R,+,—,0,-,1) is not a multiring ( [0 -1 > 1 ) and since
0-(14+1)={0} €{0,1} =0-1+0-1, we get that (R,+,—,0,-,1) is
not a general hyperring. Then

A"=1"=0"={0,1} =T, 17 =1,

] 0 if nis an even
n g
1 ifnisan odd

for all n > 2,17" = {0,1} and for all 0 # n € Z,0" = {0}.
Theorem 3.7. Let (R, +,—,0,+,1) be a general multiring and x,y € R.

Then
(i) =0=0,5004+0=0and 0=0-0;
(i) —(=x) = x;
(i17) 0 € x — x;
() if x =y, then —x = —y
Proof. (1) Let =0 =2 € R. Then 0 € 04+ = = {z} and so x = 0.

(17) IEet x € R. By definition,
0Ocax+(—z)sox €0+ (—(—x)) ={-(-x2)}.

It follows that —(—(x)) = =.
(it7) For all z € R, we have 0 € z + (—x) =z — x, hence 0 € z — .
(i) Let —x =a. Then0 €z +a=y+aandsoy € 0 —a={—a}
It follows that y = —a and by item (ii) —y = —(—a) = a = —u. O

Theorem 3.8. Let (R,+,—,0,-,1) be a general multiring and
A, B C R. Then

(i) —A={—a|ac A}
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(i) 0 e A— A;

(i17) sz’CA+B then AN (C — B) # 0;
(iv) —(=A4) = A;

V) 0+ A=A=A+0;
(vi) if 0 € A+ B, then AN (—B) # 0(— AﬂB)#(Z))
(vii) 0€ (0- A) N (A-0) and AC (1-A) 1 (A-1);
(viii) 0 —A=—-Aand A— 0= A;

(ixz) if AC B, then —A C —B.

Proof. (i) Let —A = B. Then 0 € A+ B and so there exist a € A
and b € B such that 0 € a + b. It follows that b € —a + 0 = {—a} or
—a =b.

(77) By definition, we have A — A = U (a—0b) = U (a+ (b)), so

a,beA a,beA
by Theorem 3.7, 0 € A — A.

(¢4i) Since C' C A+ B, for all ¢ € C, there exist a € A and b € B
such that ¢ € a+b. It concludes that a € ¢c—b and so AN(C — B) # (.

(17v) By definition, —(—A) = U(—(—a)) and by Theorem 3.7, we

acA
get that —(—A) = A.

(v) It is clear.

(vi) Sine 0 € A+ B, there exist a € A and b € B in such a way that
0 € a+b. It implies that @ = —b and so AN (—B) # 0.

(vid), (viid), (iz) It is immediate by definition. O
Corollary 3.9. Let (R,+,—,0,-,1) be a general multiring and
z,y € R. If for all z € R, |z — z| = 1, then x + y = x + z implies that
Y=z
Proof. Let z € R. By Theorem 3.7 (iii), |z — z| = 1 implies that
z—z={0}. fe+y=x+ 2 then —x + (z+y) = -z + (x + z) and

o(—z+x)+y=(—x+z)+ 2 Hencey =z O
Example 3.10. Let R = {0,a,1}. Then (R,+,—,0,-,1) is a general
multiring as follows:

+]0 1 a |01 a

010 1 a d 010 0 O
1 {0,a} 1 an 110 1 a

ala 1 {0,a} a|0 a {0,a}

One can see that 1 + 0 = 1 4 a, while 0 # a. So in general multirings,
the cancellation property, necessarily is not valid.

Theorem 3.11. Let (R,+,—,0,-,1) be a general multiring, z,y € R
and A C R. Then
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(i) if =1 =1, then for all x € R, we have —(1-x) N (1-x) # 0;
(17) if =1 =1 and for all x € R we have |1 -z| =1, then —x = x;
(1ii) if —1 = 1, then for all x € R there exists y € R such that
rey+landy e x+1;

Proof. (i) Let x € R. Since 0 € 1+ 1, we get that
0€0-z2C(1+1)-zCl-z+1-=z.
Thus there exists y € 1-x and z € 1 - x such that 0 € y + z. It follows
that z = —y and by Theorem 3.8, —(1-z) N (1-z) # 0.
(77) By item (i), the proof is obtained.
(i7i) Let z € R. Sincex =2 +0C x+ (1 +1) = (x+ 1)+ 1, there
exists y € (r+ 1) such that z € y+ 1 and so y € x + 1. O

Theorem 3.12. Let (R,+,—,0,-,1) be a general multiring and
zr,y € R. Then —(x-y)N(—z)-y#0 and —(x -y) Nz - (—y) # 0.

Proof. Let x,y € R. Then

0e0-y=(—2)yCz y+((=2)y)=((=2)y)+ (v y)
Using Theorem 3.8 (vi), we get that —(z-y)N(—x)-y # 0. In a similar
a way we can see that —(z -y) Nx - (—y) # 0. O]

Corollary 3.13. Let (R,+,—,0,-,1) be a general multiring, x,y € R.
Then
(1) for all n,m € N, "™ = g™ . g";
(i1) for alln €N, (n+1)x =nx +x and 2™ = 2" ' - x;
(i1d) if R is a (+)-commutative general multiring, then
(- y)" =a"-y";
(iv) (7Yt =a;
(W) (zy) P Nzty#£0 and (z.y) ' Nzy™t #£0.
Example 3.14. (i) Let R = {0,1}. Then (R, +,—,0,-,1) is a general
multiring as follows:
+10 1 o
00 1 and 04
14

1110

It shows that in general 0 -0 # 0.
(17) Let R = {0,1,a}. Then (R, +,—,0,-, 1) is a general multiring as
follows:

+]/01 a

010 1 a
111 r o
ala R {1,a}



58 HAMIDI, TAVAKOLI AND AMERI

Clearly —a = {1} # R = a-a = (—1) - a. It shows that in general
—z # (—1) - x, where z,y € R.

Theorem 3.15. Let (R,+,—,0,-,1) be a general multiring.
(i) For all a,b € R, we have (a-b)N(a-b— (a-0))#0.
(73) If there exists 0 # a € R, in such a way that 0-a = 0, then
0-0=0.
(1i1) If there exists 0 # a € R, in such a way that a-0 = R, then for
all r € R, there exists x,y € a-a such thatr € v — y.

Proof. (i) Let a,b€ R. a-b=a-(b+0) Ca-b+a-0. Now by Theorem
3.8, we have (a-b)N(a-b— (a-0)) # 0.

(77) For all a € R, By Theorem 3.7, we have 0 € a — a. If there exists
0 # a € R in such a way that 0-a = 0, then

0-0C0-(a—a)C0-a—0-aC0—-0=0.

It concludes that 0 -0 = 0.

(73i) Since exists 0 # a € R, in such a way that a - 0 = R, for all
re Rwegetthat r€a-0Ca-(a—a) Ca-a—a-a. It follows that
there exists x,y € a - a such that r € z — . 0

In the following, we construct commutative general multirings on
every non-empty finite sets. Indeed, show that for any 4 < ( € N,
there exists a general multiring (R, +, —,0, -, 1) of order (.

Example 3.16. (i) Let R = {ag,a4,...,a,} and 4 < |R| < n. Fixed
ap = 0 € R and C5 = {a1,as,a3} € R. Now for all a;,a; € R, we
define a hyperoperation “+”on R as follows:

R\ Cs 1=75#0,

R\ (CsU{0}) i#j=>4,

Cg\{(li,aj} 1§7/7éj§37 ’

a; 1<i<3andj >4

ai—i—aj:

where for all a;,a; € R, a; + a; = a; + a; and a; + 0 = {a;}. By
a manipulation it is easy to verify that (R,+,—,0) is a commutative
multigroup. Now for all a;,a; € R, we define a hyperoperation “ ”on
R as follows:

(0 i=0,
a; 1=1,
a; - a; = 1§ a; =7 #n, and for all 0 <7 # 7,
a4 t=k,j>k+1,2<k,
({as,a,} i=j=n,
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a; - a; = a; - a;. Some modifications and computations show that
(R,+,—,0,-,1) is a commutative general multiring. Since

as (Cll —|'611) = ag - (R\Cg) = {0,614}

and ag - a; +az-ay = R\ Cs, we get that as - (a1 +a1) Cas-a;+ag-a;
and conclude that (R, 4+, —,0,,1) is not a general hyperring.

(17) Let R = {ag,a1,...,a,} and 4 < |R|. Fixed ap = 0 € R and
C5 = {a1,a2,a3} € R. Now for all a;,a; € R, we define a hyperoper-

ation “+”on R in similar to item (¢), and a hyperoperation “”on R
as follows:
0 =0,
a; 1= 1, . .
a; - aj; = and for all 0 <1 # 7,

a; Z:j,
an i=kj>k+1,2<k,

a; - a; = a; - a;. Some modifications and computations show that
(R,+,—,0,-,1) is a commutative general multiring. Since

as (Cll +CL1) = Aas - (R\Cg) = {O,CL4}

and ag - a; +az-a; = R\ Cs, we get that as - (a1 +a1) Caz-a;+ag-a;
and conclude that (R, 4+, —,0,,1) is not a general hyperring.

3.1. (m,n)-Potent general multirings. In this subsection, we ap-
plied the concept of general multirings and presented a special class of
general multirings as (m,n)-potent general multiring, where m,n > 2.
It is shown that every Boolean general multiring is a (+)-commutative
general multiring, while it is not a commutative general multiring.

Definition 3.17. Let (R,+,—,0,-,1) be a general multiring and
m,n > 2. Then R is said to be an (m,n)-potent general multiring,
if for all z € R, we have 0 € mzx and x € z". If m = n = 2, we will call
(R,+,—,0,-,1) is a Boolean general multiring.

Example 3.18. (i) Let R = {0,a,1}. Then (R,+,—,0,-,1) is a
Boolean general multiring as follows:

+‘O 1 a . ‘0 1 a
010 1 a d 010 0 O
1|1 R {1,a} " 110 1 a
a|a {l,a} R a0 a {1,a}

Since a- (a+1) = {1l,a} Ca-a+a-1= R, we get that it is not a
general hyperring.
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(17) Let R ={0,a,1}. Then (R, +,—,0,-,1) isa (3, 2)-potent general
multiring as follows:

+/0 a 1 |0 a 1

010 a 1 d 0/0 O 0

a|a {l,a} R an a0 {1,a} {1,a}"

111 R {1,a} 110 {l,a} {1,a}
)

Since 0 € a + a, we get (R, +,—,0,-,1) is not a Boolean general mul-
tiring.

Theorem 3.19. Let (R,+,—,0,-,1) be an (m,n)-potent general mul-
tiring, where m,n € N and x € R. Then

(i) for all k € N, we have x € gFn—D+1;
it) v € (m+1)xzNa”;
(i73) 0 € mx N 2max;
(iv) 0 € ma";
(v) z € (m+1)a™.
Proof. (i) Let x € R. Then

n—1 2n—1 2n—2 x g x2n—2 ) 3n—2‘

=z =z

So by induction, we get that for all k > 1,z € g*=D+1,

(77) Since R is an (m,n)-potent general multiring, for all x € R
we get that x € 2™ and 0 € mz. So by Corollary 3.13, we have
rex+0Cx+me=(m+ 1)zNa™

(i4) Since for all x € R,mx C maz and 0 € max, we have
0+ mz C mx +mx =2mx and so 0 € mx N 2mzx.

(iv), (v) Forallz € R, we have 0 € mz C ma". Sox € (m+1)z". O

rex"=2""1zCux

Corollary 3.20. Let (R,+,—,0,-,1) be an (m,n)-potent general mul-
tiring, where m,n € N. Then for allk € N, R is an (km,(n—1)k+1)-
potent general multiring.

Theorem 3.21. Let (R,+,—,0,-,1) be an (m,n)-potent general mul-
tiring, where m,n € N and x € R. Then

(i) R=[Ja"

Tz€ER
(ii) R=J(m+ 1)z.
z€ER
Proof. 1t is straightforward. O

Theorem 3.22. Let (R,+,—,0,-,1) be a Boolean general multiring.

(i) For all z € R, we have —x = x.
(17) R is a (+)-commutative general multiring.
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Proof. (i) Let x € R. Since 0 € z+x, by Theorem 3.5 (i), we get that
—r=ux.

(17) Let x,y € R. If z € x+y, then by the item (i), y € —z+2z = x+=.
It follows that x € y —2 = y+ 2z and so z € —y+ 2 = y + x. Thus
r+yCy+randsoxr+y=y-+x. 0

Example 3.23. Let R = {0,1,a,b}. Then (R, +,—,0,-,1) is a Boolean
general multiring, while it is a (-)-non-commutative general multiring
as follows:

+ ‘ 0 1 a b . ‘ 01 a b
010 1 a b 00 0 O 0
1|1 R {1,a} {b,1} and 110 1 a b
a|la {l,a} R {b,a} al0 a a a
b |b {b1} {bja} R b0 b {a,b} {a,b}

This example shows that Boolean general multirings are not necessarily,
commutative general multirings.

In the following, we present some examples for constructing (m, n)-
potent general multirings and for any prime p and k € N, show that
there exists at least a general multiring R in such a way that
Rl € {p+1,p"+1}.

Example 3.24. (i) Let p be a prime and R = Z, U {,/p}. Define
hyperoperations “+ z”and “ 5”on R as follows:

{0,p} z=—-yorz=y=,p,

r+p5Yy=ytpsr=qr+y T,y € Ly, v # —y

Yy (z=pandy &{0,,/p}) orz =0
and
Ty x,Y € Ly,
. —q - — \/]_? IL’EZP\{G}J/:\/]_)’
P YT g x =0,y = /D, '
{67\/5} x:y:\/]_j

Some modifications and computations show that (R, 4+ s, — 4,0, . /5, 1)
is a (p, p)-potent general multiring. Since for all x # —y, \/p- 5 (v + 5

y) = /P CH{0,/p} = VD s+ 5P y5Y, We get that (R, 4+, —,0,-, 1)
is not a general hyperring.
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(i1) Let p be a prime, k € N and R = Z,+ U {,/p}. Define hyperop-
erations “+ /P 7and “ P ”on R as follows:

({6,\/5} T=—yorz=y=./p,
r+pYy=ytpr={r+y :L',y_E Lok, x # —1, ~
¥ r=0or (z=,/pandy¢&{0,,/p})

and

(z.y T,y € Ly,

v y—yw= VP x € Ly~ {mp},y = /p(m € N),
7 v 0 z=mp,y = \/p(m € N), '
\{O’\/ﬁ} r=y=./p

Some modifications and computations show that (R, + s, — 3,0, . /5, 1)
is a general multiring.

4. Hyperideals on general multirings

In this section, introduce a concept of general submultirings and
(maximal-prime)hyperideals and find some equivalent conditions for
hyperideals in general multirings.

Definition 4.1. Let (R,+,—,0,-,1) be a general multiring and
0 #1C R. We say

(1) I is a general submultiring of R, if (I,+,—,0,+,1) is a general
multiring;

(17) I is a hyperideal of R, if  —I =1 and (R-IUI-R) CI.

We will denote the set of all hyperideals of general multiring R by
HI(R).

Theorem 4.2. Let (R,+,—,0,-,1) be a general multiring and I be a
hyperideal of R. Then

(1) 0 € 1.

(i) if 1 €I, then I = R.

(1ii) for allr € R,x € I and n € N, we have n(r-x) C I;

() if x € I, then —z € 1.

Proof. (1) By definition, for all z € I, we have 0 € 0 -z C [.

(17) For all x € R, since 1 € I and [ is a hyperideal of R, we get that
rzel-zC1I Thus R=1.

(#ii), (iv) Tt is obtained by definition. O
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Theorem 4.3. Let (R,+,—,0,-,1) be a general multiring and
0 £ 1 C R. Then I is a hyperideal of R if and only if satisfies in
the following conditions:

(1) forallz,y € I,x —y C I;

(17) for allr € R and x € I, we have (r-x)U (z-r) C I.

Proof. 1t is obvious. O

Theorem 4.4. Let (R,+,—,0,-,1) be a general multiring and
) £ 1 C R. Then I is a general submultiring of R if and only if
satisfies in the following conditions:
(1) 1el;
(i) forallx,y € [,x —y C I;
(2ii) for allz,y € I,x-y C 1.

Proof. The proof is obtained by definition. O

Example 4.5. (i) Consider the general multiring which is defined
in Example 3.3 (i7). If I = {0},J = {0,a} and K = {0,b}, then
I,J,K,R € HI(R), while M = {0, 1,b} is not a hyperideal of R.

(17) Let R =1{0,1,a,b}. Then (R,+,—,0,-,1) is a general multiring
as follows.

+[0 1 a b 101 a b
010 1 a b 0/0 0 0 O
1|1 R {1,a} {1,b} and 110 1 a b
a|a {l,a} R {a,b} al0 a a a
b b {1,0) {ab} R b0 b a {ab}

Then HI(R) = {I = {0}, J = R}.
Definition 4.6. Let R be a general multiring and M # R be an
arbitrary hyperideal of R.

(1) M is called a maximal hyperideal of R, if the only hyperideals
containing M are M and R;

(1) M is called a prime hyperideal of R, if for all a,b € R,a-b C M
implies that a € M or b € M.

We will denote the set of all maximal hyperideals of R by Mz(R)
and the set of all prime hyperideals of R by Pr(R).

Example 4.7. (i) Let (R,+,—,0,-,1) be a general multiring in The-
orem 3.16. Then
HI(R) ={{0},1 ={0,a4,as,...a,},J ={0,as,a4,as,...a,},
K =1{0,a3,a4,as,...a,}, R}.
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Clearly Mxz(R) = {J,K}. Since ay - a3 = a4 C I, while ay ¢ I and
az ¢ I, we get that I & Pr(R).

(17) Consider the general multiring in Example 4.5 (i). Clearly
Mz (R) = {{0,a},{0,b}} = Pr(R).

(17i) Consider the general multiring in Example 3.24. Clearly
I ={0} € Pr(R), while I € Mxz(R). Thus Pr(R) £ Mz(R).

Theorem 4.8. Let p be a prime and R = Z, U {/p}. Then in general
multiring (R, + /5, —, 0, 5, 1), we have

(i) HI(R) = {R.{0},{0, \/p}}
(it) M ={0,/p} is the only maximal hyperideal of R.

Proof. We prove only (i) and the item (i7) is immediate. Let
I € HI(R) \ {{0}, R}. Since @ # I is a hyperideal of R, there exists
a € I and so {a,2a,3a,...,(p—1)a,0} C I. In addition, for all r # \/p
we have r.{a,2a,3a,...,(p—1)a,0} C {a,2a,3a,...,(p—1)a,0}. Also
for r = \/p, we have r{a,2a,3a,...,(p — 1)a,0} € {,/p,0}. Thus
I={,/p,0}. O

Theorem 4.9. Let p be a prime, k € N and R = Z,» U {/p}. Then
in the general multiring (R, + 5, —,0,- 5, 1), we have
(i) if I be a nontrivial hyperideal of R, then \/p € I;
(ii) for all 1 < m < pk=1
k—1

175"0 = {mp,2mp, ..., tmp,\/p | t € N is the smallest s.t tm "= 0}
is a hyperideal of R;

k-1
@) o all L < m < g1 we have |7 = 14— L
(iv) foralll <m,m' < p*=L, I§™ = I{™) if and only if ged(p—", m)

= ged(pF~t,m).

Proof. (i) Let 0 # « € I. Since I is a hyperideal of R and /p € R,
we get that \/p-x C I. On other hand for allz € I,\/p- 2 =0,,/p or
{0,/p}. If \/p- 2 =0, then by definition there exists m € N such that
x = mp. Hence there is n € N such that {0, /p} = nz C I and in any
case \/p € I.

(ii) Let 1 < m < pF=1 and z,y € I/™ ~ {y/P}. Then there ex-
ists 1 < ky,ke < t € N such that v +y = (k; + ko)(mp) C 5,
because of 0 < (ky + ko)(mp) < pF1. In addition for all 7 € IJ™,
VP+T ={T} C IZE’”) and \/p+/p = {0, /p} C I,Sm), imply that for all
z,y € II™ x4y C II™. Alsoforallr € R~A{yp}andz € I}gm)\{\/g_?}
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™) because of

there exists 1 < k; <t € N such that -z = rk( ;g
V/P}, imply that

mp)

0 < (rkm)p < p*='. On the other hand, /p-T C {

forallreRandxefzg ™ we have r - xC[( ™,
(iii) Let 1 <m < p* L. Usmg item (4), \/p € I,

C
0,

m| __ : — k—1 —
[} =1+ |{t € N |t is the smallest s.t tm =0 (mod p"~*)}| = q.

Suppose t € Z is the smallest such that tm = 0 (mod p*~!). Thus
L) tm. If ged(p®~t,m) = 1, then p*~! | ¢t and because ¢ is the

smallest, we obtain that t = p*~1. But for ged(p*~!,m) = d # 1, have
k-1

b | t. Since p""'m =0 (mod p*~') and ¢t € N is the smallest such
Pl
_ k—1 _
that tm =0 (mod p ), we get that W =1.

(iv) Let 1 < m,m’ < pF=1. Then by item (i), I™ = I\™") if and
only if
Pl Pl

4= 14— = ged(p" 1, m) = ged(p* 1, m).

O

Theorem 4.10. Let p be a prime, k € N and R = Z,» U{\/p}. Then
in the general multiring (R, +5 = 0, /s 1), we have

(1) H
(17) |[HI(R)| =k +2;

(ii7) m < m/ if and only if ™o I( , where 1 < m,m’ < pF1;
(iv) [( ) s the only mazimal hyperideal of R.

( ) = {Rv {6}71157”) | 1<m< pk_l};

Proof. (i) Clearly R,{0} € HI(R). Let I be a nontrivial hyperideal
of R, using Theorem 4.9(¢), 0,,/p € I. Suppose that 0 # a € I. If
ged(a, p®) = 1, then there exist s,s' € Z such that 1 = as + s'p*. It
follows that 1 € I and we get that R = I. But for ged(a,p*) = d # 1,
since p is a prime, there exist 1 < ¢ < k in such a way that d = p,
consequently p’ € I.

(11), (1) Tt is obtained by (7). O

Corollary 4.11. Let p be a prime, k € N and R = Z, U{,/p}. Then
in the general multiring (R,+ 5, —,0, 5, 1), we have the Hass tree
HT of HI(R) in Figure 1.
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1 k

k -2 3 2 1
{O} [ pp )]]()P )[]gp ) IZ(Jp) [I(J ) R |
FIGURE 1. Chain of (HI(R), Q).

Example 4.12. (i) Consider the general multiring R = Zs U {/2}.
Computations show that

IV =1 =1 = i = {2,1,6,8,10,12,14,0, V2},
1< = 1Y = {4,8,12,0,V2},
= {8,0,v2}, 1} = {0,v2}
and so #I(R) = {I{", 1" IV 1Y {0}, R}.
(i1) Consider the general multiring R = Zy; U {v/3}. Computations
show that
V=1 =1V =19 = 1" = 1Y = {3,6,9,...,24,0,/3},
Y = 1Y = {9,18,0,V3},
Y = {0,V3}
and so HI(R) = {I{", 1Y I{” {0}, R}.

In the following there are two problems, which we can not prove or
disprove them.

Open Problem 4.13. Let (R,+,—,0,-,1) be a general multiring and
x,y € R. Then

(1) ((=1) @) N (1 ) 0;
(i) {- I}ﬂ(( 1) fv) 0;
(@) (=) -y) N (z- (=y)) # 0.

Open Problem 4.14. Let R be a general multiring. = Then,
Mz(R) C Pr(R).

5. Conclusion

The current paper has defined the general multirings as a generaliza-
tion of multirings and presented some properties in these hyperstruc-
tures. Also:

(1) Based on multigroups, general multirings are constructed.
(77) Boolean general multiring is a (+)-commutative general multi-
ring, while it is not a commutative general multiring.



VALUED-POTENT (GENERAL) MULTIRINGS 67

(7i7) It is proved that the Hass tree of hyperideals of special finite
(m, n)-general multirings is a chain.

We hope that these results are helpful for further studies in general
multiring theory. In our future studies, we hope to obtain more re-
sults regarding fuzzy general multiring, soft general multiring, tropical
general multifield and their applications.
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