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NORMAL INJECTIVE RESOLUTION OF GENERAL
KRASNER HYPERMODULES

M. HAMIDI*, F. FARAJI, R. AMERI AND KH. AHMADI AMOLI

ABSTRACT. In this paper, we construct the concept of general
Krasner hyperring based on the ring structures and the left gen-
eral Krasner hypermodule based on the module structures. This
study introduces the trivial left general Krasner hypermodules and
proves that the trivial left general Krasner hypermodules are dif-
ferent from left Krasner hypermodules. We show that for any
given general Krasner hyperring R and trivial left general Kras-
ner hypermodules A, B,ghom(A, B) is a left general Krasner hy-
permodule and ghom(—, B), (rhom(A, —)) is an exact covari-
ant functor (contravariant). Finally, we show that the category
rGKHmod (left trivial general Krasner hypermodules and all ho-
momorphisms) is an abelian category and trivial left general Kras-
ner hypermodules have a normal injective resolution.

1. INTRODUCTION

The hyperstructure theory as an extension of classical structures was
firstly introduced, by F. Marty in 1934 [12]. In hyperalgebraic system,
the hyperproduct of elements is a set and so any algebraic system is a
hyperalgebraic system. Marty extended the concept of groups to hy-
pergroups and other researchers presented the hyperalgebraic concepts
such as hyperring, hypermodule, hyperfield, hypergraph, polygroup,
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multiring, etc. Hyperstructures are applied in several branches of sci-
ences such as artificial intelligence, chemistry and (hyper) complex net-
work [6]. The foundations of the theory of hypermodules were provided
by Massouros in 1988, when he introduced the concept of free hyper-
modules and cyclic hypermodules [13]. Recently, based on various
types of morphisms, the authors introduced some categories consist-
ing of these R-hypermodules such as the categories phmod, g hmod,
rHmod, and r Hmod [I, 2, 3, 5 7,0, 8, 11, 10, 14 , 18]
Bordbar et al. initiateed the study of the chains of hypermodules
over a Krasner hyperring R, endowing first the set Hom’,(M, N) of
all normal homomorphisms between two R-hypermodules M and N
with a structure of R-hypermodule. They, studied on the concepts
of normal injectivity and projectivity of hypermodules over a Kras-
ner hyperring R, characterizing them by the mean of chains of R-
hypermodules [1]. Regarding these points, we introduce the concept
of trivial left general Krasner hypermodules, normal injective general
Krasner R-hypermodules and construct the trivial left general Kras-
ner hypermodules based on any given non-empty set. We extend the
concept of modules to (trivial) left general Krasner hypermodules and
investigate their properties. The main motivation of this work is to
show that the category of trivial left general Krasner hypermodules is
an abelian category. In this regard, we prove that any trivial general
Krasner R-hypermodule, where R is a commutative ring can be em-
bedded as a general Krasner R-subhypermodule of a normal injective
general Krasner R-hypermodule. Indeed, we show that every trivial
general Krasner R-hypermodule, where R is commutative has a normal
injective resolution. We investigate that under certain conditions for
any given general Krasner hyperring R and trivial left general Krasner
hypermodules A, B, ghom(A, B) is a left general Krasner hypermodule
and ghom(A, —) is an exact covariant functor. At the end, we present
fundamental strong R-isomorphism theorems in left general Krasner
hypermodules to construct the quotient of left general Krasner hyper-
module and seek the homological properties of left general Krasner
hypermodules.

)

2. PRELIMINARIES

In what follows, we recall some results from [I, (], that are needed
in our work.

Let R be a nonempty set and P*(R) = {S| 0 # S C R}. Every map
+r: Rx R — P*(R), is said to be a hyperoperation, a hyperstructure
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(R, +Rg) is called a hypergroupoid and for all nonempty subsets A, B of

R, A+r B = U (a +g b)(generally, the singleton {x} is identified
a€AbEB

with its member z, so © +r B = {2} +r B, where x € R). Re-
call that a hypergroupoid (R,+r) is called a semihypergroup, if for all
r,y,z2 € R (x +ry) +r 2 = * +r (y +r 2) and a semihypergroup
(R, +g) is called a hypergroup, if for x € R,x +p R = R4+rx = R
(reproduction axiom). A commutative hypergroup (R,+g) (for all
T,y € Rix +ry =y +g ) is called a canonical hypergroup provided
that

(1) there exists a unique element Op € R such that for all
r€ R, 0gp+rpxr=12+r0g = {2z},
(17) for all z € R, there exists a unique element —x € R such that
Or € (Jc +r (—x)) N ((—x) +r x),
(ii7) for all z,y,2 € R,x € y +p 2 implies y € x +x (—2) and
z€x+pr(—y),

and we will denote it by (R, +g,0r). A system (R, +g, Og, -g) is called
a general Krasner hyperring whenever

(1) (R,+g,0r) is a canonical hypergroup,
(ii) (R,-r) is a semihypergroup such that for all x € R,
r-r0p = O0g -gp v = {Og},
(i27) for all z,y,z € R, we have ‘g (y +, 2) C (z'rY) +r (T g 2)
and (y+,2) rx C (y-px) +r (2 g x).
A general Krasner hyperring (R, +g, Or, -r) is called commutative (with
unit element), if for all x,y € R, x-py = y-gx (if there exists an element
1 € Rsuch that forallz € R,1-px = z-g1 = {z}). For a given general
Krasner hyperring (R, +g,Og, ‘), & canonical hypergroup (A, +4,04)
together with a left external multiplication * : R x A — P*(A),
is called a left general Krasner hypermodule over general Krasner R
(We say that it is a general Krasner R-hypermodule and denote it by
(A, +4,04,%)), if for all 7, s € R and for all a,b € A,

(1)) rx(a+4b) C(rxa)+a(rxb),

(@) (r+rs)*xaC (rxa)+a(sxa),

(i13) (r-gs)*xa Crx(sxa),

(1v) Op *xa ={04}.
A general Krasner R-hypermodule A is called unitary if there exists
lr € R such that for all a € A we have 1g *a = {a}. A map
f:A— Ais called a (an inclusion) strong or good R-homomorphism
of general Krasner R-hypermodules if, for all z,y € A and for all

re€ R, (f(x+ay) C f(x) +a fy) f(x+ay) = f(x) +a f(y) and
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(fir*xzx) Cr« f(z)) frxx)=r« f(zr). Amap f: A— A is called
a weak R-homomorphism of general Krasner R-hypermodules, if for
all z,y € A and for all r € R, f(x +ay) N (f(z) +a f(y)) # 0 and
f(rxx)n(r« f(z)) # 0. A nonempty subset B of A is said to be an
R-subhypermodule of A (is denoted by B < A), if for all x,y € B and
forallr € R,z +4 (—y) C B and rxx C B, also B is called a normal
general R-subhypermodule (is denote by B < A), if for all z € A, we
have z +4 B +4 (—x) C B.

3. CONSTRUCTION OF GENERAL KRASNER HYPERRINGS

We extend the concept of the ring to general Krasner hyperring and
construct general Krasner hyperring on any given non-empty set R,
where |R| > 4. In what follows, we construct a general Krasner hyper-
ring using the concept of the ring structures.

Theorem 3.1. Assume (R, +,0,-) is a ring. Then there exist hyperop-
erations “+r” and “g” on R such that (R, +g,0,g) is a commutative
general Krasner hyperring.

Proof. Let x,y € R. Define “+r”and “g”on R by

x, Yy = 0’
0, y — O’
r+ry = R, T = —y(a: # O), T-RY = {:17 ‘ O} otherwise ’
R\ {0}, otherwise, y,Uy,

where x +ry = y +rx and x g y = y -g . Routine computations,
show that (R, +g, 0, g) is a general Krasner hyperring, while it is not
a Krasner hyperring. 0

In what follows, we construct a canonical hypergroup on any given
non-empty set.

Theorem 3.2. Suppose R is a set with |R| > 4. Then there exists
a hyperoperation “+gr” on R and Op € R such that (R,+gr,0r) is a
canonical hypergroup.

Proof. Let R be an arbitrary set, with |R| > 4, fixed ay = 0 € R and
C5 ={a1,a2,a3} C R. Now, for all a;,a; € R, we define “+r”on R as
follows:

R\ Cs i=j#0,
@t as = R\ (C3U{0r}) i#j2>4,
e C3\ {as, a5} 1<i#j<3,

{a;} 1<i<3andj >4,
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where, for all a; € R, a; +r Or = {a;}. It is easy to verify that
(R, +g,0g) is a canonical hypergroup. O

Example 3.3. Consider R = {0g, a1, as, as, a4, as} and

+r|0r a1 ax az a4 as
OR OR ay ao a3 a4 as
aq aq T as as a; ap
a9 a9 Qg T a as ao .
as as Qo Qq T a3 as
ay |as a; ay az T T
as |as a; as az T T

Then (R, +g,0g) is a canonical hypergroup by Theorem 3.2, where
T ={0g,ay4,a5} and T" = {ay, as}.

In the following theorem, we construct a commutative general Kras-
ner hyperring on any given finite set |R| > 4.

Theorem 3.4. Assume R is a set and 4 < |R| < n. Then there exist
hyperoperations “+r”, “r” on R, and Or € R such that (R, +g,Og, r)
is a commutative general Krasner hyperring.

Proof. Let R = {ap,a1,...,a,} be an arbitrary set, n > 4, fixed
ap = Ogp € R and C3 = {ay1,as,a3} € R. By Theorem 3.2, there
exists a hyperoperation “+g” on R and Og € R such that (R, +g,0r)
is a canonical hypergroup. Now for any a;,a; € R, we define “” on
R as follows:

(0 1 =0,
a; 1=1,
a; ‘ra; = < a; i=J #n,
ay 1=k,g>k+1,2<k,
({as,a,} i=j=n,

and for each 0 <@ # j, a;-ra; = aj-ga;. One can see that (R, +x,0g, ‘r)
satisfies in the definition of commutative general Krasner hyperring.

conclude that (R,+,—,0,-,1) is not a . O
Example 3.5. Consider R = {0, 1, as, as, a4, as, ag} and
+r 0 as a3 Qa4 a5 ag ‘R 0 1 as a3 a4 A5 dAag

1
0 0O 1 a a3 a4 a5 ag O [0 O O O O O O

1 1 T as az 1 1 1 1 1 ay a3 Qa4 Qa5 Aag

as a2 as T 1 as a2 a2 as as Q2 Q4 QA4 Q4 Qg

as az a 1 T a3 as das as a3 a4 A3 a4 Q4 Q4

as |as 1 ax a3 T T T a4 G4 Q4 Q4 Q4 Q4 G4

as |as 1 ay a3 T' T T as as Q4 Q4 Q4 Q5 G4

Qg Qg 1 a2 Qs ™ T T ae ag Q4 Q4 QAq Q4 {CLG, a4}

[eoilen i en I an B e B @n)
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Then (R, +,0, -, 1) is a commutative general Krasner hyperring (while it
is not a general Krasner hyperring), by Theorem 3.4, where
T ={0,a4,a5,a6} and T = {ay4, as, ag}.

Theorem 3.6. Suppose (R, +g,Or, ‘g, Lr) is a general Krasner hyper-
ring with unit and A, B C R. Then

(i) ~A={a|ae A}

(17) Op € A — A;

(i1i) C C A+4g B if and only if AN (C — B) # ;
(iv) —(—A) = A;

U) Or+trA=A=A+50;
(vi) if O € A+g B, then AN (—=B) # 0, and (—A) N B # 0;
( Z)ORRA AROR—ORanleRA ARlR—A
(viii) Op —A=—A and A—0p = A;

(ix) AC B if and only if —A C —B.

Proof. (i) Let B = —A. Then Og € A +x B and so there exists a € A
and b € B such that Og € a+xb. It follows that b € —a+r0g = {—a}
or —a =b.

(77) By definition, we have A — A = U (a—10b) = U (a+g (D)),

a,beA a,beA
so 0p € A— A.

(77i) Since C' C A +g B, for all ¢ € C, there exist a € A and b € B
such that ¢ € a+xb. It concludes that a € c—band so AN(C' —B) # 0.
The converse part is similar to.

(1v) By definition, —(—A) = U (—(—a)), so we get that —(—A) = A.

acA

(v) Tt is clear.

(vi) Sine O € A +g B, there exist a € A and b € B in such a way
that Og € a 4+ b. It implies that a = —b and so AN (—B) # 0.

(vii), (viii), and (iz) are immediate consequences of the definition.

0

4. CONSTRUCTION OF GENERAL KRASNER R-HYPERMODULE

In this section, we are ready to construct (general) Krasner R-hyperm
odule based on any given non-empty set and so extend ring-modules
o (general) Krasner R-hypermodules. Moreover, we introduce the
quotient of general Krasner R-hypermodules and prove the strong R-
Isomorphism Theorems.

Definition 4.1. Let (A, 44, *) be a (general) Krasner R-hypermodule.
(A, 44, *) is called
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(1) an associative (general) Krasner R-hypermodule, if for all
r,s€Ra€ A (r-rs)xa=rx(s*a).

(77) a trivial general Krasner R-hypermodule, if for all » € R and for
all a € A, we have |r*a| = 1, otherwise it is called a non-trivial
general Krasner R-hypermodule.

Theorem 4.2. Assume (A, + 4, *) is a general Krasner R-hypermodule.
Then for allr € R and a € A:

(Z) 04 €rx0y;
(i1) —(r*a)N(—=r=*a) #0;
(13i) if (A, 44,*) is a trivial general Krasner R-hypermodule, then
—(r*a) = (—r)*a;
(iv) —(r*xa)N(r*(—a)) #0;
(v) if (A,4a4,%) is a trivial general Krasner R-hypermodule, then
—(r*a) =rx*(—a);
(vi) if (A, +a,%) is a trivial general Krasner R-hypermodule, then
0g =r=04.

Proof. (i) Let r € R. Then (r-g0g)*04 C 7% (0g*04). It follows that
{04} =0 %04 C7x04.
(77) Let r € R and a € A. Then

04 €EOpxa=(r—r)xaC (rxa)+a(-r=xa).

Using Theorem 3.6, we get that —(r *xa) N ((—7r) *x a) # 0.
(7i1) Let r € R and a € A. Since | — (r*a)| = |(=7)*a| = 1, by item
(7i),we get that —(r x a) = (—7) * a.
(iv), (v) and (vi) are proved similarly.
0

Example 4.3. Set R = {0,1,a}. Then (R, +g, g) is a commutative
general Krasner hyperring and (R, +g, *) is an associative non-trivial
general Krasner R-hypermodule.

+r|0 1 a R|0 1 a [0 1 a
0 |01 a 010 00 d 0/0 0 O
1 |1 {0,a} 1 100 1 a @t 1lo1 @
a |a 1 {0,a} a |0 a {0,a} a|l0 a {0,a}

Example 4.4. (i) Let R = {0,1,2,3}. Then (R, +g, g) is a com-
mutative general Krasner hyperring with unit, (R, +%) is a canonical
hypergroup and so it is a non-trivial general Krasner R-hypermodule
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as follows.

+r|0 1 2 3 2|0 1 2 3

0 |0 1 2 3 0/0 00 0

1 |11 R {13} , 1|01 2 3 and
2 |2 R 2 {2,3} 210 2 R R

3 13 {1,3} {23} R 3103 RR
+,]0 1 2 3

0 [0 1 2 3

1 |1 R {1,2,3} {1,2,3},

2 |2 {1,2,3} R {1,2,3}

3 13 {1,2,3} {1,2,3} R

where for all z € R, 0x2x = %0 = {0}, and for all z,y € R\ {0},
rxy = R.

(i1) Let R = {0,1,a,b}. Then (R,+g, r) is a commutative general
Krasner hyperring with unit, (R, +') is a canonical hypergroup and so
it is a non-trivial general Krasner R-hypermodule as follows.

,ap 1 {0, 0}
[0 1 a b

1 a b

{1.0} {a,0} {a,b}
where for all x € R, 0xx = x x0 = {0} and for all z,y € R\ {0},
rxy=R.

a b

a b

{1,0} {1l,a} ,
b} {0,a} 1

SalE ST en] g
QR OO
— —| =
,_.,_.:U

@@»—xoge

o~

and
{a,b} R\{0} R
{a,b} R R\ {0}

SaESE ] U
SN~ OO
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Example 4.5. Consider the ring (Z,+,.) and A = {m,e,a,b,c}. Then
(A, +4, %) is a non-trivial general Krasner R-hypermodule as follows.

a7 e a b c

T |{me} 7 a b c

e |m e a b c d
a |a a {me} ¢ b an
b |b b ¢ {m,e} a

c |c c b a {m, e}

x e a b c T

'—2 :{e,w} :{6,7'('} {6,71'} {6,71’} {6,71’}
-1 {677T} {CL,?T} {b’ﬂ-} {Caﬂ-} {6,7T} )
1 | {en} far} (b} {emh {e)
2 |{e,7} {e,m} {e,m} {e,m} {e, 7}

Remark 4.6. Suppose (R, +r,Og, -r) is a general Krasner hyperring and
(A, +4,%) is a general Krasner R-hypermodule. Example 4.5, shows
that for any given r € R, necessarily r 04 # 04.

The following theorem shows the existence of general Krasner R-
hypermodule.

Theorem 4.7. Assume (R,+g,-r) is a general Krasner hyperring
(wiyh unit). Then there exists a left external multiplication
1 R x R — P*(R) such that (R, +g,*) is a non-trivial (unitary)
general Krasner R-hypermodule.

Proof. For any r,a € R, define x : R x R — P*(R) by rxa =1 g a.
One can see that (R, +g, %) is a general Krasner R-hypermodule. [

Remark 4.8. Since (R,+g,0,-r) is a general Krasner hyperring, it is
clear that trivial general Krasner R-hypermodules are not isomorphic
to Krasner R-hypermodules, necessarily.

In the following, we introduce some general Krasner R-hypermodules
differently from Theorem 4.7.

Example 4.9. (i) Let R ={0,1,a}. Then (R, +g, ) is a commuta-
tive general Krasner hyperring with unit, so it is a unitary non-trivial
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general Krasner R-hypermodule as follows.

+r][0 1 a 2|0 1 a

0 |0 1 a 0000 p
1 |11 R 101 a an
a |a R a a |0 a {1,0}

(i1) Let R = {0,1,a}. Then (R, +g, g) is a commutative general
Krasner hyperring with unit, so it is a unitary non-trivial general Kras-
ner R-hypermodule as follows.

+r ‘ 01 a ‘R ‘ 01 a
0 (01 a 010 0 O
1 |1 R {1,a} 01 a
a |a {l,a} R a |0 a {0,1}

(i17) Let R = {0,1,a}. Then (R,+g, r) is a commutative general
Krasner hyperring with unit, so it is a unitary non-trivial general Kras-
ner R-hypermodule as follows.

+R‘01 a -R‘Ola *‘01 a
0 |0 1 a 0000 J010°0 0
1 |1 R {l,a}) "1 ]0 1 a M9 10 {0,1} {0,a}
a |a {l,a} R a |0 a {0,1} a|0 {0,a} {0,1}

(iv) Let R ={0,1,a,b}. Then (R, +r, r) is a commutative general
Krasner hyperring with unit, (R, +g) is a canonical hypergroup and so
it is a unitary non-trivial general Krasner R-hypermodule as follows.

+r|0 1 a b 7|0 1 a b

0 |0 1 a b 0(0 00 O

1 |1 R {l,a} {1,6} , 1 |0 1 a b and
a |a {l,a} R {a,b} a |0 a a R

b b (1} {ab}) R b0 b R b

* [0 1 a b

010 0 0 0

110 {0,1} {0,a} {0,b} .

a|0 {0,a} {a,b} R

b|0 {0,0} R {a,b}

(v) Let R = {0,1,a,b}. Then (R,+r, r) is a commutative general
Krasner hyperring with unit, (R, +) is a canonical hypergroup and so
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it is a unitary non-trivial general Krasner R-hypermodule as follows.

+r[0 1 a b ‘r|0 1 a b
0 (01 a b 010 0 0 0
1 |1 R {10} {la} ,1]0 1 {1,a} {1,b}
a |a {1,b} {0,a} 1 a |0 {l,a} a R
b |b {l,a} 1 {0,y b |0 {1,b} R b
[0 1 a b
010 0O 0 0
and 1{0 {0,1} R\{0} R\ {0} .
a|0 R\{0} R R
b|0 R\{0} R R

In what follows, we construct non-trivial general Krasner
R-hypermodule on any given non-empty set.

Theorem 4.10. Suppose R is a nonempty set and 4 < |R| < n. Then
there exist hyperoperations “+r”, “gr” on R and Or € R and a left
external multiplication % : R x R — P*(R) such that (R, +g,*) is a
general Krasner R-hypermodule.

Proof. Applying Theorem 3.4, there exist hyperoperations “+px” and
“r” on R and O € R such that (R, +g,0g, r) is a general Krasner
hyperring. Now by Theorem 4.7, there exists a left external multipli-
cation * : RX R — P*(R) by r*xa = r-ga. One can see that (R, +g, *)
is a general Krasner R-hypermodule. U

In the following theorem, using the concept of class of ring-modules,
construct a class of arbitrary general Krasner R-hypermodules and for
any ring-module (R, A), the associated non-trivial general Krasner hy-
permodule, will denote by general Krasner R'-hypermodule.

Theorem 4.11. Assume (R,+gr, r) is a ring and (A,+4,"y) is an
R-module. Then there exist a left external multiplication

x: Rx A— P*(A)
such that (A,+y, *) is a general Krasner R'-hypermodule.

Proof. Since every ring is a general Krasner hyperring and every abelian
group is a canonical hypergroup, for all r € R and a € A, define a map
x: RxA— P*(A) by rxa={r-'ya,04}. One can see that (A, +/,, *)
is a general Krasner R-hypermodule. 0J

“%7on R and a left external multiplication * : R x A — P*(R)
such that (A, +', %) is a non-trivial general Krasner R'-hypermodule.
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Example 4.12. Consider the ring (Z, +,-) and the Klein four-group
(A={e,a,b,c}t,+4).

*x |le a b c
—2le e e e
—1le {e,a} {e,b} {e,c}
0 e e e e
1 e {e,a} {eb} {ec}
2 e e e e

Then by Theorem 4.11, (A, +4,%*) is a non-trivial general Krasner
Zg—hypermodule.

Theorem 4.13. [17] Suppose (A,+a4) is a canonical hypergroup and
B is an arbitrary canonical subhypergroup of A (B < A). Then
(A/B,+a/B) is a canonical hypergroup, where A/B = {a+1B | a € A}
and (a+4 B) +4/B (@ +4B)={t+aB|tca+,d}.

Let (A,+4,%) be a general Krasner R-hypermodule and B < A.
Define * : R x A/B — P*(A/B) by r*(a+a B) = (r*a) +4 B.

Theorem 4.14. Assume (A, +4, *) is a general Krasner R-hypermodule
and B < A. Then (A/B,+a/B, *) is a general Krasner R-hypermodule.

Proof. 1t is trivial. 0

Let (A, +,*) and (B, +, *) be general Krasner R-hypermodules and
f: A— B be a strong R-homomorphism. Define

Ker(f) :={z € A| f(z) = 05}
and Im(f) = {y € B| 3z € A: y = f(r)}. A strong R-
homomorphism f : A — B is called a strong R-monomorphism, if
f is a one to one map, a strong R-epimorphism, if f is an onto map
and a strong R-isomorphism, if f is a bijective map. Let S < A and

z,y € A Deﬁnexr‘iy(:)(a:—l—A(—y))ﬂS%@.

Lemma 4.15. Assume f : (A, +a,%) = (B, +g,*) is a strong homo-
morphism and x,y € A. Then

(1) f(04) =0p and for alla € A, f(—a) = —f(a);
(i) Im(f) < B and Ker(f) is a canonical subhypergroup of A;

)
(iid) f(z) = f(y) if and only if 2 ="y
) f

(iv) f is a strong R-monomorphism if and only if Ker(f) = {04}.
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(v) if (B,+B,*) is a trivial general Krasner R-hypermodule, then
Ker(f) < A;

Proof. (i) Let @ € A. Then f(04) = f(Og xa) = Og * f(a) = Op.
In addition, 0p € f(04) € f(a +a (—a)) = f(a) +5 f(—a). Hence
f(=a) = —f(a).

(i1) Let a € Ker(f). Since 04 € a +4 (—a), we get that
Op = f(0a) € flata(=a)) = fla)+p f(=a) =05 +p f(—a) = f(—a),
so for all a € Ker(f) we have —a € Ker(f). It follows that Ker(f) is
a canonical subhypergroup of A. Clearly Im(f) < B.

(i7i) Let x,y € A. Then we have f(z) = f(y) if and only if
0p € f(z) +5 (—f(y)) if and only if Op € f(z +4 (—y)) if and only if
3t € x+4 (—y) such that O = f(¢) if and only if

(x+a (=y)) N Ker(f) # 0.
(1v) It is clear by (i), (7).
(v) Immediate by Theorem 4.2 (vi). O

Theorem 4.16. (First Strong R-isomorphism Theorem) Let

f : (Aa +A7*) — (Ba+Ba*)
be a strong homomorphism. If (B,+p,*) is a trivial general Krasner
R-hypermodule, then A/Ker(f) = Img(f).

Proof. Define ¢ : A/Ker(f) — Im(f) by w(a +4 Ker(f)) = f(a).
Clearly ¢ is a strong R-isomorphism and so A/Ker(f) = Img(f). O

Theorem 4.17. (Second Strong R-isomorphism Theorem) Let
(A, +4,%) be a general Krasner R-hypermodule, By < A and By < A,
where (By + Bs)/By is trivial. Then (By + Bs)/Bs = B1/(B1 N By).

Proof. Define ¢ : By — ((B1+ Bs)/B2), by ¢(b1) = by + By. Clearly ¢
is a strong R-homomorphism and so (By+ By)/Bs = B1/(B1NBy). O

Theorem 4.18. ( Third Strong R-isomorphism Theorem) Let (A, + 4, %)
be a general Krasner R-hypermodule, By < A and By < A, where
By C By and A/ By is trivial. Then (A/By)/(B2/B1) = (A/Bs).

Proof. Define ¢ : (A/B;) — (A/Bs), by ¢(a+4B1) = a+4 Bs. Clearly
¢ is a strong R-homomorphism and so (A/B;)/(B2/B1) = (A/Bs). O

5. HOMOLOGICAL GENERAL KRASNER R-HYPERMODULES

In this section, we define the category of general Krasner R-hypermod
ules and investigate some of its properties. In addition, we prove that
the class of all inclusion R-homomorphisms, under some of conditions
are general Krasner R-hypermodules. Finally, we introduce two func-
tors on the class of all inclusion R-homomorphisms.
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5.1. Hom-functor. The category whose objects are all general Kras-
ner R-hypermodules and whose morphisms are all R-homomorphisms
is denoted by RGKHmod. The class of all strong R-homomorphisms
from (A, 44, *) into (B, +p5, *) is denoted by ghom?*(A, B), the class of
all weak R-homomorphisms from A into B is denoted by ghom" (A, B)
and the class of all inclusion R-homomorphisms from A into B is
denoted by ghom(A, B). For all f,g € ghom(A, B) and a € A, define
“+7on ghom(A, B) by
f+g={h €rhom(A,B) | h(a) € f(a) +p g(a)},

Oup:A—BbyOsp(a)=0gand 14: A — A by 14(a) = a.

From now on, (R,+g, r) is a general Krasner hyperring, unless
otherwise specified. So we have the following results.

Theorem 5.1. Assume (A,+4,%) and (B,+p,*) are two general
Krasner R-hypermodules. Then
(Z) OA,B S Rhom(A, B),
(i) if (B,+p5,*) is a trivial general Krasner R-hypermodule, then
OA,B S RhomS(A, B),
(1ii) for all f € grhom(A,B), we have —f € grhom"(A,B);
—f € rhom(A, B);
(1) if (A, +a,%) is a trivial general Krasner R-hypermodule, then
for all f € ghom(A, B), we have —f € ghom(A, B);
(v) for all f € gRhom(A, B), we have Og € f(04).

Proof. (i) Let a,a’ € A. Then
Oaplat+ad) = U 04 5(t :U{UB}:{OB}:OB+BOB

tea+aa’
=04p(a)+p045(a).
Let r € R. Since Op € r * 0p, we get that 04 g(r*a) C r* 04 p(a), so
OA,B € RhOH’l(A, B)
(7) Tt is obtained from part (7).
(i7i) Let x,y € R. Then by Lemma 4.15,
(=N +ay) = f(=(z+ay))
= f(-z —y)
C f(=x)+5 f(-y)
= (=) +a (=) ).
Let r € R and a € A. By Theorem 4.2, —(r xa) N (r * (— ))#(Z)s
f(=(rxa))Nf(r«(—a)) # 0. It concludes that f(—(r*a))Nr*f(—a

) #
and so (—f)(r*a)) N (r=*(—f)(a)) # 0 and so —f € ghom" (A, B).
(7v) It is obtained from part (i77).
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(v) It is clear by Lemma 4.15. O

Corollary 5.2. Assume (A,+4,%) and (B,+p,*) are two general
Krasner R-hypermodules. If (A,4a,%) is a trivial general Krasner
R-hyper

module, then (Rhom(A, B),+) is a canonical hypergroup.

From now on, we consider R to be a commutative general Krasner
hyperring, unless otherwise specified.

Theorem 5.3. Assume (A,+a4,%) and (B,+p,*) are associative and
trivial general Krasner R-hypermodules and r € R. Then there exists a
left external multiplication x : R x gRhom(A, B) — P*(grhom(A, B))
such that (Rhom(A, B),+,*) is a general Krasner R-hypermodule.

Proof. For all r € R and all a € A, define
* : R x ghom(A, B) — P*(rhom(A4, B))

by r % f = f., such that for all « € A, f.(a) = r % f(a). Clearly for
all » € R, f, € rhom(A, B). By Corollary 5.2, (ghom(A4, B),+) is
a canonical hypergroup. We claim that (ghom(A, B),+) is a general
Krasner R-hypermodule.

(W +9g)r(a) = (r+(f +9))(a) Crx(fa) +g(a)
Crxfla)+rxgla) = fila) + gr(a).
(2)(r+s)(a) = (r+s)* f(a) C (r* f(a) + 5 f(a)) = fr(a) + fs(a).
(3) frs(a) = (r.s) x f(a) Crx(sx fa)) =1 fola).
(4) for(a) =0g = f(a) =0p.
Thus (rhom(A, B), +, %) is a general Krasner R-hypermodule. O

From now on, we consider general Krasner R-hypermodules A, B, B
that satisfy the conditions in Theorem 5.3, unless otherwise specified.
Let g € ghom(B, B’). Then it can be extend to a map

rhom(A, g) :rhom(A, B) — rhom(A, B),
(f:A— B)— (go f: A— B).

Theorem 5.4. Suppose A is a general Krasner R-hypermodule. Then
rhom(A, =) : RGKHmod — rGKHmod is a covariant functor.

Proof. Let A,B,C,D € RGKHmod and f € ghom(A, B). Then by
Theorem 5.3, grhom(A,B) € grGKHmod. In addition, for all
r € R, f,f € rhom(A, B) and g € ghom(B, B’), one can see that
rhom(4, g)(f + f') € rhom(A, g)(f) + rhom(4, g)(f’) and
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Rh0m<A7 g)(r * f) Crx RhOm(A, g)(f)?
so rhom(A, —) : RGKHmod — rGKHmod is well defined. More-
over, gRhom(A,15)(f) = 1po f = f. Now, if h € ghom(C, D),
g € rhom(B, C), then
rhom(A,hog)(f) = (hog)o f

=ho(gof)

- (Rh0m<Aa h) o Rhom(A7 g)) (f)
It follows that ghom(A, —) : RGKHmod — rGKHmod is a covari-
ant functor. m

Theorem 5.5. Assume A is a general Krasner R-hypermodule. Then
rhom(—, B) : RGKHmod — g GKHmod is a contravariant functor.

Proof. 1t is similar to Theorem 5.4. O

5.2. Category of general Krasner R-hypermodules.
In this subsection, we show that g GKHmod is an abelian category.

Definition 5.6. A complex (abbreviating chain complex) in g GKHmod
is a sequence of general Krasner R-hypermodules and strong R-homomor
phisms

(C,d) L. — Ci+1 M Cz & Cz;l B Cz;l — ...
if for every ¢ € N, Im(d; 1) C Ker(d;). The complex (C,d) is exact
if for every i € N, Im(d;41) = Ker(d;). By Lemma 4.15, for all n, we
consider C,, as a trivial general Krasner R-hypermodule and d,, as a
strong R-homomorphism. If C is an abelian category, then the category
of all complexes in C is denoted by Comp(C).

In Corollary 5.21, we will show that gk GKHmod is an abelian cate-
gory.
Definition 5.7. Suppose (C, d) is a complex in the Comp(r GKHmod)
and n € Z. Then its n-th homology of general Krasner R-hypermodule
is H,(C) = Ker(d,)/Im(d,+1). Tt is clear that a complex C is exact
if and only if H,(C) = 0.
Theorem 5.8. Assume n € Z. Then

H, : Comp(rGKHmod) — rGKHmod

is an inclusion additive functor.
Proof. Let n € Z, f = (f,) : (C,d) — (C',d’) be a chain map, define
by H,(f)(x + Im(dny1)) = fu(z) + Im(d, ;). Let z,y € C, and
x+ Im(d,11) = y + Im(d,11). Then by the following commutative
diagram, there exists ¢ € C),1; such that
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fu(r) € fu(y)+ fuldni1)(c) C fuly)+d 1 (fara(e) € fuly)+Im(d,, ).

In a similar way, we have f,(y) + Im(d,.,) € fu(x) + Im(d,41) so
H,(f) is well defined. It is clear that H,(f) is an inclusion additive
functor.

d, d,
Cn+1 = Cn Cn,1
fn+1 l fn | ‘ fnfl
d, d,
Chyy — s C s

O

Theorem 5.9. Assume (A, +4,%) and (B, +p, *) are general Krasner
R-hypermodules and f : A — B is a strong R-homomorphism.

(1) A sequence 0 — A L B is evact if and only if f is a strong
R-monomorphism.
(1i) A sequence B 25 C — 0 is exact if and only if ¢ is a strong
R-epimorphism.
(1ii) A sequence 0 — A s B — 0 is exact if and only if h is a
strong R-isomorphism.

Proof. 1t is obvious by Lemma 4.15. O

Definition 5.10. Assume (A, +4,%), (B,+p,%*) and (C,+¢,*) are
general Krasner R-hypermodules. A short exact sequence of general
Krasner R-hypermodules and strong R-homomorphisms is an exact se-

quence of the form 0 — A Iy B % ¢ —5 0. We also call this
short exact sequence an extension of A by C.

Example 5.11. Let (A, +4,*) be a general Krasner R-hypermodule

and S < A. Then a sequence 0 — S —+ A —+ A/S — 0 is a short
exact sequence, where ¢ is the inclusion R-homomorphism and 7 is the
canonical R-epimorphism.

Theorem 5.12. Assume (A, + a4, *) and (B, +p, %) are general Krasner
R-hypermodules and f : A — B is a strong R-homomorphism.
(1) If (C,+c, %) is a trivial general Krasner R-hypermodule and a
sequence 0 — A Iy B % C — 0 s a short ezact sequence,
then A= Im(f) and B/Im(f) = C.
(13) If T C S C A is a tower of general Krasner R-subhypermodules,
then there is an exvact sequence
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0— S/T L5 A)T % 4/S — 0.

Proof. (i) Define ¢ : A — Im(f) by p(x) = f(z). Clearly ¢ is a
strong R-isomorphism, so A = I'm(f). In addition, by Theorem 4.16,
B/Im(f)=C.

(77) It is clear by Theorem 4.18. O]

Theorem 5.13. Assume A, B, By and By are general Krasner R-
hypermodules, (B,+pg,*) is a trivial general Krasner R-hypermodule
and ¢ and 1 are strong R-homomorphisms. Then the sequence

0— B - B N By is exact if and only if for any general Krasner
R-hypermodule A, the sequence

0 — rhom(A, By) SaN rhom(A, B) SN rhom(A, By)
is exact, where p* = ghom(A, ¢) and ¥* = ghom(A, ).

Proof. Let f € ghom(A, By) and ¢*(f) = 045. Thus p o f = 045,
since ¢ is a strong R-monomorphism, we get that f = 045 and so
©* is a strong R-monomorphism. Let 5 € Im(p*). Then there exists
a € rhom(A, By) in such a way that ¢ o @« = ¢*(a) = . Since
Yo = Op,, we get that 04 5, = (bow)oa = Yo(poa) = Yof = ¥*(§)
and so Im(p*) C Ker(¢").

Conversely, if § € Ker(y*), then 045, = ¥*(8) = ¥ o and so
Im(B) C Ker(v) = Im(p). Because ¢ : By — Im(p) is an R-
isomorphism, we get ¢! o8 = a € ghom(A, B;) and so p*(a) = 3. Tt
follows that Ker(¢*) C Im(¢*). Consider A = Ker(y) so we have the
sequence

0 — rhom(Ker(p), By) LN rhom(Ker(y), B) v, rhom(Ker(p), Bs)
is exact, where ¢* = ghom(Ker(y),¢) and ¢* = ghom(Ker(y),1).
Now, for all x € Ker(y), we have

e (i)(x) = (poi)(x) = ¢(i(z)) = (z) = 0.

It concludes that ¢*(i) = 0 and so i € Ker(p*). Since ¢* is an strong
R-monomorphism map, we get that x = 0 and so Ker(yp) = {0}. If
consider B; = A, then we get that the sequence

0 — rhom(By, B) 2 ghom(By, B) -+ rhom(B;, Bs)

is exact, where ¢* = grhom(Bj,p) and ¢¥* = ghom(Bi, ). Let
y € Im(p), Then there exists x € B; such that y = ¢(x). Because
Y* o * =0, we imply that (¢¥* o ¢*)(idp,) = 0 and so

0= (¢* © 90*>(id31) = @ZJ* o ((pOidBl) = ¢ o (‘POZ’dBl)'
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Thus (y) = P(p(r)) = ¥(p(idp, (x))) = 0 and so Im(p) € Ker(y).
Consider A = Ker(1), hence the sequence

0 — rhom(Ker(v), B1) 25 rhom(Ker(s), B) ~25 ghom(Ker(1), By)

is exact, where ¢* = ghom(Ker(¢),¢) and ©* = ghom(Ker(y), ).
Since i € ghom(Ker(¢), B), where i : Ker(y) — B, we get that
Y*(i) = 0 and so ¢ € Ker(y*). It follows that i € Im(p*) and there
exists @ € ghom(Ker(¢), B) in such a way that i = ¢*(a) = ¢ o a.
Suppose that y € Kery, then y = i(y) = ¢(a(y)) and so y € Im(p).
Thus Im(p) = Ker(v). O

Corollary 5.14. Assume A, B, By and B, are general Krasner R-
hypermodules, (B,+pg,*) is a trivial general Krasner R-hypermodule
and @, are strong R-homomorphisms. Then the sequence

B %+ B B, — 0

is exact if and only if for any general Krasner R-hypermodule A, the
sequence 0 — ghom(Bs, A) N rhom(B, A) *= ghom(By, A) is
exact, where ¢* = ghom(p, A) and ¥* = ghom(y, A).

Definition 5.15. Assume (A,+a4,%), (B,+p,*) and (E,+pg,*) are
general Krasner R-hypermodules. Then (F,+g, *) is called a normal
injective general Krasner R-hypermodule if for strong R-monomorphism
g € rhom(A, B) and f € ghom(A, E), there exists f € ghom(B, E)
such that f o g = f or the following diagram is commutative.

Theorem 5.16. Assume (E, +g, *) is a general Krasner R-hypermodule.
Then (E,+g, *) is a normal injective if and only if gRhom(—, E) is an
exact functor.

Proof. Let 0 — By “*, B i) By, — 0 be an exact sequence and
(B, +p,*) be a trivial general Krasner R-hypermodule. By Corollary
5.14, the sequence

0 —> ghom(B,, E) 25 ghom(B, E) 2+ ghom(By, E)

is exact. Let f: By — E. Thus there exists f: B — E in such
a way that fo = f. Hence for all f € ghom(B, F) there exists
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f € rhom(B, E) such that ¢*(f) = f so ¢* is a strong R-epimorphism
and so ghom(—, F) is an exact functor. Conversely, is clear. 0J

Given a collection {4;};cr of general Krasner R-hypermodules, the

direct product HA" is just the product of the underlying sets A;

iel
with general Krasner R-hypermodule hyperstructure given by com-
ponentwise hyperaddition and left external multiplication, i.e., for all
(a)ier, (a})ier € [ As and r € R,

iel

(ai)ier +' (a))ier = {(af)ier | @i € ai +4, aj,i € I}
and r*' (a;)ier = {(t;)ier | ti € r*a;,i € I}. The direct sum @Ai is a
iel
R-subhypermodule of the direct product H A; consisting of elements
iel

(a;)ier such that all but a finitely many a; are zero.
Now by the hyperoperations “4+’ 7 and “x’ ” in above notation, we have
the following results.

Proposition 5.17. Let (A, +g, *) be a general Krasner R-hypermodule.
Then
(1) If Ay, Ay are general Krasner R-subhypermodules of A, then
Aq +gr As is a general Krasner R-subhypermodule of A.
(13) If {A;}jes is a family of general Krasner R-subhypermodules of
A, then ﬂ A;j is a general Krasner R-subhypermodule of A.
jeJ
(d) If {Aj}j;i is a family of general Krasner R-subhypermodules of
A, then (H A+ ") is a general Krasner R-subhypermodule
of A. -
(iv) If {A;}jes is a family of general Krasner R-subhypermodules of
A, then (EB Aj,+'+) is a general Krasner R-subhypermodule

jel
of A.
Proof. 1t is straightforward by definition. O
The direct product H A; is equipped with a collection of strong R-
iel
homomorphisms {7, : HAi — A,}ier given by m;((ai)ier) = a;, for
il

all (a;)ier € H A;. Similarly, the direct sum @ A; is equipped with a

i€l i€l
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collection of strong R-homomorphisms {p; : A; — H A;}jer given by
iel

pj(a;) = (a;)ier, for all j € I, where for each i # j,a; = 0 and a; = 0,

for all a; € A;.

Theorem 5.18. R GKHmod is equipped with products and coproducts.

Proof. Given a collection {A;};e; of general Krasner R-hypermodules.
By Proposition 5.17, the direct product HAi with the collection of
iel
strong R-homomorphism {r; : H A — A;je 7 is a product of {4, }ier.
iel
Similarly, the direct sum EB A; jvith the collection of strong R-homomor
iel
phism{p; : A; — H Ai}jeej is a coproduct of {A4;};er. O
i€l
Theorem 5.19. The category xR GKHmod has kernels and cokernels.

Proof. Let A, A’ be general Krasner R-hypermodules, where (A’, + 4/, *)
is trivial and ¢ : A — A’ be a strong R-homomorphism. It can be
shown that Ker(y) with the inclusion R-homomorphism

i:Ker(p) — A

is the kernel of ¢ in the categorical sense. Similarly, A’/Im(y) with
the natural projection R-homomorphism 7 : A" — A’/Im(p) mapping

m(a) = U t is the cokernel of . O

tea+ 41 Im(yp)

Theorem 5.20. In gGKHmod:

(1) every strong R-monomorphism is the kernel of its cokernel.
1) every strong R-epimorphism is the cokernel of its kernel.
(ii) every strong R-epimorp

Proof. (1) Let A, A’ be general Krasner R-hypermodules, where
(A’ +as, %) is trivial and ¢ : A — A’ be a strong R-monomorphism. We
know that the cokernel of ¢ is A’/Im(yp) with the strong
R-homomorphism 7 : A" — A’/Im(p). Now, the

Ker(m) =Im(p) = A,

together with the inclusion R-homomorphism i : Ker(m) — A’. Hence,
there exists a strong R-isomorphism ¢ : Ker(r) — A. If A” is any gen-
eral Krasner R-hypermodule with a strong R-homomorphism
a: A" — A’ such that moa = 0, then by the universal property of the
kernel, there exists a unique strong R-homomorphism 5 : A” — Ker(m)
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such that 10 8 = «a. Then from ¢po f : A” — A is a strong R-
homomorphism and moreover, g o (¢ o ) = (pop)off =iof = a.
Moreover, if v : A” — A is any other strong R-monomorphism such
that poy = a, then io (¢ toy) = (iop oy = poy = a.
Thus, by the uniqueness of 3,8 = ¢~ o~. Thus, v = ¢ o 3, and
so there exists a unique strong R-monomorphism ¢ o f : A” — A
such that ¢ o (¢p o f) = «. By the universal property of the ker-
nel, A with the strong R-monomorphism ¢ : A — A’ is the kernel of
m: A — A'/Im(yp), which is the cokernel of ¢ : A — A’. Thus, every
strong R- monomorphism is the kernel of its cokernel.

Ker(m) / A u A JIm(p)
5| X a
Bl 0
A P "
() Tt is similar to (7). O

Corollary 5.21. xGKHmod is an abelian category.

5.3. Normal injective resolution in gGKHmod. In this subsec-
tion, we define the concept of normal injective resolutions and prove
that any trivial general Krasner R-hypermodule, where R is commu-
tative, has a normal injective resolution.
Definition 5.22. A normal injective resolution of
A € obj(rRGKHmod),
is an exact sequence
0 1
E:0—ALE L e
in which for all n, K™ is a normal injective trivial general Krasner

R-hypermodule. If E is an injective resolution of A, then its deleted
normal injective resolution is the complex

EA 0 — B Ypt g

Indeed, by deleting of A in sequence E, we do not lose any information,
for A= Kerd®.

It is easy to see that any abelian group is a canonical hypergroup. So
in the following theorem, consider A as trivial canonical hypergroup.
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Theorem 5.23. Assume A is a trivial general Krasner R-hypermodule,
where R is commutative. Then A can be embedded as a general Krasner
R-subhypermodule of a normal injective general Krasner R-hypermodule.

Proof. Since Z is a general Krasner hyperring and A a trivial gen-
eral Krasner R-hypermodule, by Theorem 5.3, zhom(R, A) is a general
Krasner Z-hypermodule. Define ¢ : A — zhom(R, A) by ¢(a) = ¢,
where for r € R, p,(r) = r*a. It is easy to see that ¢ is a strong R-
monomorphism. In addition, there exist an injective abelian group
D and a strong Z-monomorphism ¢ : A — D. Left exactness of
rhom(R, —) gives an injection i* : zhom(R, A) — zhom(R, D), and
so the composite 1* o ¢ is a strong Z-monomorphism. By Theorem 4.7,
1* o ¢ is a strong R-monomorphism and the proof is finished. 0

Theorem 5.24. Suppose A is a trivial general Krasner R-hypermodule,
where R is commutative. Then A has a normal injective resolution.

Proof. By Theorem 5.23, A can be embedded as a general Krasner R-
subhypermodule of a normal injective general Krasner R-hypermodule.
Thus, there are a normal injective general Krasner R-hypermodule
E°, a strong R-monomorphism n : A — E° and an exact sequence
0 — A5 E° 5 VO = coker(n) — 0, where 7 is the natural
R-epimorphism. By continuous of this process, there are an injective

module E! and an embedding n! : VO — E!, as follows:

0 A E° E! Vi 0
m /
VO
where d° is the composite d° = n' o 7. 0J

6. CONCLUSION

The current paper has defined and considered the notion of trivial
general Krasner R-hypermodule, and has investigated the categorical
properties of general Krasner R-hypermodules. We construct the gen-
eral Krasner R-hypermodules based on any non-empty set and gen-
eralize R-modules to general Krasner R-hypermodules. The strong
R-isomorphism theorems on trivial general Krasner R-hypermodules,
are proved and so are constructed the quotient of general Krasner
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R-hypermodules. We try to define a hyperoperation and a left gen-
eral Krasner hypermodule on the set of all strong homomorphisms of
general Krasner R-hypermodules and construct a new class of general
Krasner R-hypermodules. Besides, we show that the category of triv-
ial general Krasner R-hypermodules is an abelian category and so has
an injection resolution. In this work, we define some functors on triv-
ial general Krasner R-hypermodules and prove that these functors are
exact functors.

We hope that these results are helpful for further studies in module
theory. In our future studies, we hope to obtain more results regard-
ing homology on general Krasner R-hypermodules and fuzzy general
Krasner R-hypermodules.
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