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ON THE S5,(X) AND M-ZERO DIMENSIONAL SPACES
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ABSTRACT. Let Sy(X) = {f € C(X) : | X\ Z(f)| < A}, such
that A is a regular cardinal number with A < |X|. It is general-
ization of Cp(X) = Sy, (X) and SCp(X) = Sy, (X). Using this
concept we extend some of the basic results concerning the socle
to S)(X). It is shown that if X is a A-pseudo discrete space, then
CrA(X) C Sx(X). Sx-completely regular spaces are investigated.
Consequently, X is a Sy,-completely regular space if and only if
X is Wy-zero dimensional space. Sy P-spaces are introduced and
studied.

1. INTRODUCTION

Undoubtedly, one of the most beautiful connections of algebra and
topology appears in the structure of the ring of real valued continuous
functions. In [7, 8, 9, 17, 23, 24], the subrings of C'(X) that containing
C*(X) are investigated. It can be said that in order to achieve the goal
of establishing a relation between algebra and topology and describing
the topology on X, the subalgebras of C'(X) have played an important
role. There has always been an attempt to generalize the results of
research to C*(X). We remind the reader that C*(X) is in fact C(Y),
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where Y = X, that is to say C'(X) and C*(X) are of the same type. In
[13], Karamzadeh et al. introduced and studied the subalgebra C,(X)
of C(X) consists of functions with countable image. Their results show
that C.(X), although not isomorphic to any C(Y) in general, enjoys
most of the important properties of C(X), see [13, 6, 14, 18, 5]. In this
paper, unless otherwise mentioned all topological spaces are infinite
completely regular Hausdorff and we will employ the definitions and
notations used in [11, 16]. For an element f of C'(X), the zero-set
(resp., cozero-set) of f is denoted by Z(f) (resp., Coz(f)) which is
the set {z € X : f(z) = 0} (vesp., X \ Z(f)). We use Z(X) (resp.,
Coz(X)) to denote the collection of all the zero-sets (resp., cozero-
sets) of elements of C'(X). An ideal I in C(X) is called a z-ideal
if whenever f € I, g € C(X) and Z(f) C Z(g), then g € I. For
every ideal I in C(X), if (Z[I] = ;c; Z(f) is empty, [ is said to be
free, else fixed. We remind the reader that the intersection of every
family of open sets with cardinality less than A is called a Gy-set and

especially every Gy,-set is a Gs-set, see [22]. A topological space X is
a Py-space, whenever every (-set in it is open, in particular X is a P-
space whenever it is a Py,-space, see [16, 22]. C'(X) is a lot in common

with noncommutative rings. Those ideals of C'(X) that are not usually
studied in commutative rings, namely minimal ideals, socle, essential
ideal are investigated in [3, 4, 12, 19]. The socle of C'(X) (i.e., Cr(X))
which is in fact a direct sum of minimal ideals of C'(X) is characterized
topologically in [19, Proposition 3.3], and it turns out that

Cr(X) ={f € C(X) - [X\ Z(f)] < Ro}

is a useful object in the context of C'(X). It is folklore that one of the
main objectives of working in the context of C'(X) is to characterize
topological properties of a given space X in terms of suitable algebraic
properties of C(X) and Cp(X) is an important object in this way,
see [10, 3, 12, 4, 25, 10]. Recall that Cr(X) is a z-ideal and X is
discrete if and only if Cr(X) is a free ideal. In [20], the concept of
SCr(X) = {f € C(X) : |X\ Z(f)| < Ry} has been generalized to
A-super socle of C(X). The set of elements of C(X) that cardinality
of their cozerosets are less than A where X is a regular cardinal number
such that A < |X]|, is called the A-super socle of C'(X) and denoted by
SA(X). It is manifest that Cp(X) = Sy, (X) and SCr(X) = Sy, (X),
see also [10, 21, 13]. As it is remarked in the introduction of [21], the
subject of Cr(X) and S)(X) seems to be receiving increasing attention
in the literature. Moreover, we also believe that the present article
together with [13, 15, 20, 21, 25] can perhaps provide some basic and
necessary results for the study of the subject, in the future. The support
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of f is the closure of X \ Z(f) and Ck(X) denotes the family of all
functions in C(X) having compact support, see in [16, 4D]. If X is
compact, then since the support of any function is a closed set and
hence compact we infer that C(X) = Cg(X). If X is not compact
then Ck(X) is an ideal in C'(X). Ck(X) is a free ideal if and only if X
is locally compact but not compact. We remind the reader that Ck (X))
is in every free ideal in C'(X) and Ck(X) is actually the intersection
of these ideals. We define pseudo countable discrete space and show
that whenever X is a countable pseudo discrete space with | X| > Ny,
then Ck(X) C Sy, (X). Recall that C(X) denotes the family of all
functions f in C'(X) for which the set {z € X : [f(z)| > 2} is compact
for every n € N such functions are said to vanish at infinity, see [10].
We extend the latter definitions and results. A-zero dimensional spaces
are introduced and it is shown that X is an N;-zero dimensional space
if and only if its topology coincides with the weak topology induced by
Sy, (X). We prove that X is a Sy,-completely regular space if and only
if X is Ni-zero dimensional space. A space X is called a SyP-space
if Z(f) is open for each f € S\(X). It is shown that every R;-zero
dimensional Sy, P-space is a P-space.

2. Sy, (X) VERSUS Ck(X) AND Cy(X)

Recall that a topological space X is called A\-compact if each open
cover of X can be reduced to an open cover whose cardinality is less
than A, where X is the least infinite cardinal number with this property,
see [22]. We extend the definition of Cx(X), Cs(X).

Definition 2.1. Let X be a topological space,
CrA(X)={feC(X): cd(X\Z(f)) is A-compact},

Cor(X)={feCX):{ze X |f(x)] > l} is A-compact for all n}.
n
In particular, C x, (X) = Cx(X) and Cx x (X) = Coo(X).

If X is Ad-compact, then Cx (X) = Cxa(X) = C(X). Let us recall
that every closed subset of a A-compact space is a u-compact space for
some f < A\, see [22]. It is evident that Ck (X) C Cx ,(X) for some
i < A It would be interesting to characterize topological spaces X
such that the containment is actually an equality.

Definition 2.2. A Hausdorff space X is called almost locally A-compact
if every nonempty open set of X contains a nonempty set with A-
compact closure.
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We remind the reader that almost locally Ry-compact space is called
almost locally compact space, see [2]. A Hausdorff space X is said to be
locally A-compact if every point in X has a A-compact neighborhood,
see [22]. If p < A, then every p-compact subspace of a Py-space is
closed, see [22].

Proposition 2.3. Every locally A-compact Py-space is an almost locally
p-compact space, for some p < \.

Proof. Suppose that X is a locally A\-compact space, then for every
x € X there exists a A-compact neighborhood U,. If A is a nonempty
open set of X and x € A, there exists an open neighborhood V, that
containing x where x € V, CA. Put G =U, NV, sox € G and G is
an open subset of A. Since U, is a A-compact set of a Py-space X we
infer that U, is closed. cl(G) C cl(U,) = U, and U, is A-compact, so
cl(@) is p-compact for some p < A and the proof is complete. |

Proposition 2.4. Fvery open subspace of an almost locally \-compact
space is an almost locally p-compact space for some pp < .

Proof. Let X be almost locally A-compact and Y be an open subspace
of X. If A be a nonempty open subset of Y, then A is open in X and
consequently there exists a nonempty set G where clx (G) is A-compact
and G C A. cly(G) C clx(G), so cly(G) is p-compact for some p < A
and we are done. O

Definition 2.5. A topological space X is said to be a A-pseudo discrete
space if every A-compact subset of X has interior of cardinality less than
A, where A is the least infinite cardinal number with this property.

No-pseudo discrete space is called pseudo discrete space, see [1].
Clearly, if every A-compact subset of X has cardinality less than A
then X is a A-pseudo discrete space and in particular, every P-space
is a pseudo discrete space. The next two results are the counterparts
of facts in [2].

Proposition 2.6. Fvery open subspace of a A-pseudo discrete space is
A-pseudo discrete space.

Proof. Suppose that X is a A\-pseudo discrete space and Y is an open
subspace of X. If A is a A-compact subset of Y, then A is a A-compact
subset of X and |intx(A)] < A. We know

hence the proof is complete. O
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We recall that a point x € X is called A-isolated if it has a neigh-
borhood with cardinality less than A, and I(X) is denoted the set of
A-isolated points of X. A topological space X is said to be A-discrete
if every point of X is M-isolated i.e., I\(X) = X, see [20)].

Proposition 2.7. FEvery locally A-compact and \-pseudo discrete space
is a \-discrete space.

Proof. Since X is locally A-compact we infer that € X has a neighbor-
hood V' where c¢l(V') is A-compact. The definition of A-pseudo discrete
implies that the interior of ¢l(V') has cardinality less than A and con-
sequently |V| < A i.e., z has a neighborhood with cardinality less than
A. Therefore X is A-discrete. OJ

Proposition 2.8. If X is a A-discrete space, then Ck x(X) C S\(X).

Proof. Let X be A-discrete, then every A-compact space has cardinality
less than A\. Hence f € Ck (X) implies that |cl[X \ Z(f)]| < A. So
|IX\ Z(f)] < A and we are done. O

Definition 2.9. A topological space X is said to be a A-pseudo space
if every A-compact subset of X has cardinality less than .

We recall that Ry-pseudo space is called pseudo finite space, see [19].
Clearly, every subspace of a A-pseudo space is a A-pseudo space.

Example 2.10. Every A-pseudo space is A-pseudo discrete but the
converse is not true in general. For instance, we consider the free union
of a discrete space D and the rational numbers set Q, it is a pseudo
discrete space which is not pseudo finite.

We know that Cx(X) = Cp(X) if and only if X is a pseudo-discrete
space. So if X is a pseudo finite space, then Ck(X) and Cp(X)
coincide. Cw(X) = Cp(X) if and only if X is a pseudo discrete
space with only a finite number of isolated points, i.e., if and only
if Cr(X) = Cg(X) = Cx(X). For instance @ is a pseudo discrete
space with no isolated points, hence Cr(Q) = Ck(Q) = Co(Q) = 0,
see [3, 1, 19]. If every compact subset of X has countable interior and
| X| > 8y, then Ck(X) C Sy, (X). Now we extend the latter facts.

Theorem 2.11. If X is a A-pseudo discrete space with | X| > A, then
CrA(X) C Sy\(X).

Proof. Let X be a A-pseudo discrete space and f € Ck,(X). Hence
[ X\ Z(f)] is A-compact and so int(cl[X \ Z(f)]) has cardinality less
than A. Since X\ Z(f) C int(cl[X\Z(f)]) we infer that f € S\(X). O
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We recall the reader that if the set of A-isolated points of X is finite
then I(X) = I(X). So S\(X) and Cp(X) coincide if and only if
|1x(X)| < Ry, see [20].

3. A-zero dimensional spaces

We remind the reader that a subset of X that is closed and open is
called clopen. If X is a zero-dimensional space, then each zero-set in
Z(X) contains a member of Z.(X) = {Z(f): f € C.(X)}.

Definition 3.1. A topological space X with |X| > X is called A-zero
dimensional if X has a base consisting of clopen sets with cardinality
less than A\, where A is the least infinite cardinal number with this

property.

Example 3.2. The space of the countable ordinals is an N;-zero di-
mensional space. For each point of this space has a neighborhood basis
of countable clopen sets.

Definition 3.3. A Hausdorff space X is called S)-completely regular if
whenever F' C X is a closed set and x ¢ F', then there exists f € S)(X)
with f(F) =0 and f(z) = 1.

The proof of the following proposition is evident.

Proposition 3.4. Let X be a topological space and A, be two regular
cardinals such that | X| > X > p. If X is S,-completely reqular, then
X is Sh-completely reqular.

Proposition 3.5. A topological space X is a Sy,-completely regular
space but not Sy,-completely reqular if and only if X is an Ny-zero
dimensional space.

Proof. Let X be Ny-zero dimensional and F' be a closed subset of X
such that x ¢ F. There exists a countable clopen subset U where
r €U C X\ F. Now, we define f : X — Rsuch that f(z) =1,ifx €U
and f(x) = 0, otherwise. Clearly, f € Sy,(X), z € U and f(F) = 0.
Conversely, let x € X and U, be a neighborhood of x. There exists
f € Sy, (X) where f(z) = 1 and f(X \ U,) = 0. Hence there exists
c € [0,1] such that ¢ ¢ f(X). Therefore f~'(c,00) is clopen which
contains x and f~!(c,00) C X \ Z(f), hence it is countable, i,e., X is
A-zero dimensional where A < Ry. If A = X, then X is Sy,-completely
regular which is a contradiction. Therefore we are done. O

Proposition 3.6. A Hausdorff space X is Sx-completely reqular if and
only if whenever F C X is closed and v € X \ F, then x and F have
two disjoint zero-set neighborhoods in Z[S\(X)].
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Proof. Let Zy,Zy € Z[S\(X)] and = € intZ, , F C int Zy and
Zy N Zy = (. Hence there exist f,g € S\(X) where Z; = Z(f)
and Zo = Z(g). We put h = %, it is evident that h € Sy(X),
h(z) = 1 and h(F) = 0. Conversely, let X be S)-completely regular
and FF C X be closed and = ¢ F. There exists f € S)(X) such that
f(z) = 1and f(F) =0. Weput Z] = {x € X : f(z) < 1/3} and
Zh ={x € X : f(x) > 2/3}. It is evident that Z], 7}, € Z[S\(X)],
ZyN Zy =0 and we have F C intZ], x € intZ}. O

Corollary 3.7. Every closed set in an A-zero dimensional space X is
an intersection of zero-set neighborhoods in Sx(X).

Proof. Let F be a closed set in A\-zero dimensional space X. By the pre-
vious propositions, for each = ¢ F' there exists a zero-set neighborhood
Zy € Z[S\(X)] such that z ¢ Z, and F C Z,. Therefore F' = Ny¢pZ,
and we are done. 0

Corollary 3.8. Fvery neighborhood of each point in an \-zero dimen-
sional space X contains a zero-set neighborhood Z(f), where
f e SiX).

Let Z[S)(X)] be a base of closed set and F' be a closed subset of X
where x ¢ F. There exists Z(f) € Z[S\(X)] such that FF C Z(f) and
x ¢ Z(f)ie., f(F)=0and f(z) # 0, now we can get the following
corollary.

Corollary 3.9. A topological space X is a A-zero dimensional space if
and only if F ={Z(f) : f € S\(X)} is a base for the closed sets in X
or equivalently if and only if B = {int(Z(f)) : f € SA(X)} is a base for
the open sets in X.

If we apply the proof of [16, 3.11(a)] word-for-word, we obtain the
following.

Proposition 3.10. Let X be a Ni-zero dimensional space and A, B
be two disjoint closed sets in X such that A is compact, then there is

f € Sy, (X) with f(A) =0, f(B) =1.

Proof. Let A, B be two disjoint closed set in X and A be compact.
For each © € A there exist Z,,Z, € Z[Sy,(X)] such that Z, be a
neighborhood of x and B C Z’(X). Therefore the cover {Z, : x € A}
has a finite subcover {Z,,, Z,,, ..., Z,, }. Hence

ACZ=124U...UZy ,BCZ=2.0...0 27,
and clearly Z, Z' are disjoint zero sets in Z[Sy, (X)]. O

Corollary 3.11. X is a Ni-zero dimensional space if and only if its
topology coincides with the weak topology induced by Sy, (X).
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4. S, P-space

In this section we introduce S, P-spaces. We recall that X is a P-
space if and only if C'(X) is a regular ring if and only if Z(f) is open
for each f € C(X), see [16, 4]]. We observe trivially if C'(X) is regular,
then so is Sy(X), but the converse is not true in general.

Example 4.1. Let X = [—1,0] UN be the free sum of [—1,0] and the
natural numbers N, then X is Sy, P-space which is not a P-space.

Motivated by this, we offer the following definition.

Definition 4.2. A space X is called a S)P-space if Z(f) is open for
each f € S\(X).

Proposition 4.3. X is a S\P-space if and only if (>, Z(f;) where
fi € Sx(X) is an open zero set in Z[Sx(X)].

Proof. Since A is a regular cardinal number we infer that for a collection
{(fu:n €N} C Sy, if f =3, o 22 then Z(f) = N,en Z(fn). The
regularity of the infinite cardinal number A implies that | X\ Z(f)| < .
It follows that f € S)(X) and we are done. O

Proposition 4.4. If A < i then every S\P-space is a S, P-space.

Proof. Let X be a S)P-space. We must show that for each f € 5,(X),
there exists g € S,(X) with f = f2g. Since S\(X) is regular, there is
h € S\(X) with f = f2h. Consequently, f = f%g, where g = h?f. Tt
is also evident that Z(f) C Z(g) and g(x) = ﬁ , whenever z ¢ Z(f).
Since X\ Z(g) € X\ Z(f) we infer that g € S, (X) and we are done. [

Corollary 4.5. Let X be a Xy-zero dimensional Sy, P-space. So each
Gls-set A containing a compact set S contains a zero-set in Z[Sy, (X)]
containing S. In particular, every Ni-zero dimensional Sy, P-space is
a P-space.

Proof. Let A = (,—, U, where U,’s are open subsets of X. There
exists zero set F,, € Z|[Sx,(X)] such that K C F,, C U,. Therefore
K C (., F, and (2, F,, as a countable intersection of zero sets in
Z[Sx, (X)] is a zero set in Z[Sy, (X)], and we are done. O
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