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ACENTRALIZERS OF GROUPS OF ORDER p*
Z. MOZAFAR AND B. TAERI*

ABSTRACT. Suppose that G is a finite group. The acentralizer
Ca(a) of an automorphism « of G, is defined as the subgroup of
fixed points of «, that is Cg(a) = {g € G | a(g) = ¢g}. In this
paper we determine the acentralizers of groups of order p3, where
p is a prime number.

1. INTRODUCTION

Our notation is standard and taken mainly from [1]. In particular Z,,
D,, and @,, denote the cyclic group of integers modulo n, the dihedral
group of order 2n and the dicyclic group of order 4n, respectively. Let
G be a group. The group of automorphisms of G is denoted by Aut(G).
The symbol G = K x H indicates that G is a split extension (semidirect
product) of a normal subgroup K of G by a complement H.

If @ € Aut(G), then the acentralizer of a in G which is defined as

Cala) ={g€ G |alg) = g}

is a subgroup of G. In particular if a = 7, is the inner automorphism
of G induced by a € G, then Cg(7,) = Cg(a) is the centralizer of a in
G. We denote the set of acentralizers of G by Acent(G), that is

Acent(G) = {Cq(a) | a € Aut(G)}.

The group G is called n-acentralizer, if |Acent(G)| = n.
Note that since the acentralizer of identity automorphism is G,
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G € Acent(G). It is obvious that G is l-acentralizer if and only if
|G| < 2. Nasrabadi and Gholamian [3] characterized the n-acentralizer
groups, n € {2,3,4,5}. Seifizadeh et al. [5] characterized n-acentralizer
groups, where n € {6,7,8}, and obtained a lower bound on the
number of acentralizer subgroups for p-groups, where p is a prime
number. They showed that if p # 2, then there is no n-acentralizer
p-group, where n € {6,7}. Moreover, if p = 2, then there is no
G-acentralizer p-group. In [2] we showed that if G is a finite abelian
p-group of rank 2, where p is an odd prime, then the number of
acentralizers of GG is equal to the number of subgroups of G. Also
we obtained acentralizers of infinite two-generator abelian groups.

In this paper we compute the acentraizers of finite groups of order
p?, where p is a prime number.

2. MAIN RESULTS

In this section we find the number of acentralizers of groups order p?,
where p is a prime number. From the fundamental theorem of abelian
groups we know that there are three non-isomorphic abelian groups of
order p®, namely Z,s, Z,» X Z, and Z,, X Z,, X Z,. The acentralizers of
such groups are determined in [2]. In fact,

|Acent(Z, x Z, X Z,)| = p® — p° + 1,
and if p is an odd prime number, then |Acent(Z,s)| = 4 and
|Acent(Z,2 x Z,)| = 2p + 4.

Also, |Acent(Zsg)| = 3 and |Acent(Zy x Zs)| = 5.

Thus we must consider non-abelian groups of order p®. It is
well-known that there are exactly two non-isomorphic non-abelian
groups of order p®, where p is an odd prime (see page 178 of [I] or
pages 59-64 of [0]):

G = {a,b|a” =t =1, ba=a""'b) = Zy: x Z,
Gy = {a,b,c|a? =1, =1, ¢’ =1, ba = ab, ca = abe, cb = bc)
= (Zy X Lyp) X Ly,

Also D4 and Q, are non-isomorphic 2-groups of order 23. It easy to see
that |Acent(Dy)| = |Acent(Q2)| = 5 (see for example, Theorem 3.6 of
[3])-

First we find the acentralizers of (G;. Elementary calculations show
that in G, for all integers z,y,n, with 1 <z < p?*—land1 <y < p—1,
we have

n(n—1)
2

byaac — aa;—i—xypby’ (a:cby)n — anac—i— J;ypbny.
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Lemma 2.1. (see pages 62-64 of [6]) Non-trivial subgroups of G; are
(aP,b), (b), (aPbl), {ab), where 0 < | < p—1. In particular G; has 2p+4
subgroups. The subgroups of order p are (b), (aPb'), where 0 < 1 < p—1.
The cyclic subgroups of order p? are (ab!), where 0 <[ < p — 1. Also
(aP,b) is the unique elementary abelian subgroup of order p?.

Theorem 2.2. (see pages 25-29 of [6]) We have [Aut(G;)| = p*(p—1),
in fact
AUt(Gy) = {@ism | 1 € Zpo, i 20 (mod p), jym € Z,},
where
z(z—1)

Dijm ( a® by) = ¥t~z T uptypmpTity (2‘ 1)

forall 0<z<p?—land 0<y<p-—1.

Lemma 2.3. The identity subgroup is not an acentralizer for any
automorphism of G;.

Proof. Suppose, contrary that, there exists an automorphism ¢; ;,, of
G4 such that Cgq,(¢ijm) = {1}. Thus ¢, fixes only the identity
element. If p divides i — 1, then since a? = b = 1, from (2.1) we have

which is a contradiction. Now if p does not divide ¢ — 1, then the
equation (i — 1)r = —m (mod p) has a solution (see for example

Proposition 4 on page 10 of [I]). Thus there exists 0 < k < p — 1
such that p | k(i — 1) + m. But since

. kp(kp—1) .. . -
sz‘,j,m(akpb) _ akszr 5 z]p+mpbkp]+1 — akpbap(k(z 1)4+m) 7£ alcpb7

we see that p{ k(i — 1) +m, which is a contradiction. Thus the identity
subgroup cannot be an acentralizer. O

Theorem 2.4. Every non-identity subgroup of
G =Gy :=(a,b|a” =W =1 ba=a’t'D)
is an acentralizer of an automorphism of G. In particular,
|Acent(G)| = 2p + 3.

Proof. In what follows we use (2.1) frequently without explicit
reference.  For any non-identity subgroup H of G we find an
automorphism ; ;., of G such that H = Cg(p;;m). Recall that the
integer ¢ must be chosen so that i € Z,2 and ¢ # 0 (mod p), that
is i = kp + r, for some integers £ and r with 0 < &k < p—1 and
1<r<p-1.

Let H := (a?,b). Weput i =p+ 1 and j =m = 0. Then
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@i,j,m(ap) —_ ap(p+1) — ap

and @; jm(b) = b. Thus H < Cg(p;jm). Now since a?™'b € G — H
and @ jn(aPT1h) = aPHVEFIY £ qPHp we see that Co(pijm) is a
proper subgroup of G. Since |G| = p* and |H| = p?, it follows that
Ca(pijm) = H.

Let H := (ab'), where 0 < [ <p—1. Puti =Ip+1, j =0 and
m = p— 1. Then @ n(abl) = oP!THPE-D = @b and so
H < Cg(pijm)- Since a*™'b € G — H and

Gijm(aPTh) = aP D@D +R(-1] — qpltlpy £ gptlp,
we see that Cg(pijm) is a proper subgroup of G. Since |G| = p* and
|H| = p?, it follows that Cq(p; m) = H.

Let H := (b). Then p200(b) = b. Since @q00(a”d’) = a?b* # ab’
(0<w,t<p-—1, (w,t) #(0,1)), we have Cq(pioo) = ().

Now let H := (aPb!), where 0 <[ < p — 1. First suppose that [ = 0.
If we put i =p+ 1 and j = m = 1, then have

P’ (p=1)
@i jm(a?) = aPPt D+ ==+ — 4P

Thus H = (a”) < Cg(wijm). We see that ¢;;,(b) = a?b # b
and @; jn(abt) = aPTVFPRIHE oL gpt for all 0 < ¢t < p — 1. Since
b,ab' € G—H, for all 0 <t < p—1, it follows that Ce(; jm) is not of
order p* and so Cg(p;;m) = H. Now suppose that 1 <1 <p—1. Let
i=2,7=1and m # 0 such that Im = —1 (mod p) (such m exists by
Proposition 4 on page 10 of [1]). Then

Prgam(aPB) = QPEHI OV

and therefore H = (aPb') < Cq(pijm). We see that
ijm(a’) = =P o ap, Pijm(b) = a™b # b
and @; jm(abt) = a*TmPpItt £ gbt) for all 0 < ¢ < p — 1. Since
aP,b,ab! € G — H, for all 0 <t < p — 1, it follows that
Ca(@ijm) = (a?V').

Thus we showed that every non-identity subgroup is the acentralizer
of an automorphism of G, and therefore |Acent(G)| = 2p + 3. O

Now we obtain the acentralizers of G5. Elementary calculations show
that, for all integers x,y, z,n, where 1 < z,y,2z < p — 1, we have

n(n—1)
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Lemma 2.5. (pages 59-62 of [0]) Non-trivial subgroups of G are (a, b),
(b,a"c), (b), (ab"}), (a"b’c), where 0 < u,v < p — 1. In particular Gy
has p? + 2p + 4 subgroups. The subgroups of order p are (b), (ab’),
(a“b’c), where 0 < u,v < p — 1. The elementary abelian subgroups of
order p? are (a,b) and (b, a“c), where 0 < u < p— 1.

Theorem 2.6. (see pages 32-34 of [0]) We have
[Aut(Ga)| =p*(p* = 1)(p — 1)
so that,
AU‘t(G2> = {gp(i,jk),m,(q,r,s) | Z.7j7 k7m7 q,7m,8 &€ Zp7
m#0 (modp), m=si—kq (modp)}
where, for all 0 < z,y, 2 <p—1,

. . z(x—1);., z(z—1)
a C =a C .
)( Ty z) zz+qsz]+ym+zr+quz+ 5 ki+=5—"sq kx+sz
(2.2)

(p(iL]?k) 7m7(q7r75

Theorem 2.7. Every subgroup of
G:=Gy={a,bc|la? =1,F =1, = 1,ba = ab,ca = abe, cb = bc)
is an acentralizer of an automorphism of G. In particular,
|Acent(GQ)| = p? + 2p + 4.

Proof. In what follows we use (2.2) frequently without explicit
reference. For any subgroup H of G we find an automorphism
© = Q(ijk)m,(grs) Of G such that H = Cg(yp).

Let H := (a,b). Weputi=m=s=q=1,j=%k=r=0. Then
p(a) = a and p(b) = b. Thus H < Cg(p). Since abec € G — H and
¢(abc) = a®be # abe, it follows that Cg(p) is a proper subgroup of G
and so Cg(p) = H.

Let H := (b,a"c), where 0 <u<p—1. Weputi=j=m=s=1,
k=q=0and r = p— u. Then we have p(b) = b and

p(a'c) = a"b* e = a¥c.

Thus H < Cg(p). Since a € G — H and ¢(a) = ab # a, it follows that
Ca(p) is a proper subgroup of G and so Cg(p) = H.

Let H := (b). Weput m = 1, k = ¢ = j = r = 0 and choose
s,i € Z, —{0,1} such that st = 1 (mod p). Then we have p(b) = b
and so H < Cg(p). Since

o(a¥d’) = a™b" # a¥b' (0 < w,t <p—1, (w,t) # (0,1))
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and p(a¥blc) = a™b'c® # a*bc (0 < w,t < p—1), it follows that H is
not of order p?. Hence H = Cg(yp).

Now H := (ab"), where 0 <v <p—1. Weputi=1,k=qg=r =0,
s =m = 2and j = p—wv. Then p(ab’) = abP™ = ab’ and so
H < Cq(yp). Since

o(a®b®) = qupuP—) 2w oL gupw
0 <u,w<p-1, (u,w) # (1,v), (u,w) # (0,0)) and
w(a"b¥c) = a b P22 L gupe (0 < u,w < p— 1),
it follows that H is not of order p*. Hence H = Cg(yp).
Let H := (b¥c), where 0 < v < p — 1. We put
t=m=2,=k=q=0,s=1
and r = p —v. Then ¢(b’c) = bP*’c = b’c and so H < Cg(p). Since
p(a®b™) = a®"b* # a"b” (0 < u,w < p—1, (u,w) # (0,0))
and
o(avb¥c) = a® P e £ a"bVe (0 < u,w < p—1, (u,w) # (0,0)),

it follows that C(¢) is not of order p?. Hence H = Cg(yp).

Let H := (a“c), where 1 < u < p—1. Weputi = m = 2
k=j=r=0,s=1and ¢ =p—u. Then p(a’c) = a®*P %c = a%c
and so H < Cg(p). Since

0(a¥b?) = a*b* # ab’ (0 < w,v < p—1, (w,v) # (0,0))
and

o(a®bvc) = aP7"T2p?c £ abve (0 < u,w < p—1, (w,v) # (u,0)),
it follows that C(¢) is not of order p?. Hence H = Cg(yp).

Let H := (a"b"c), where 1 <wu,v <p—1. Weputi=m =2, s =1,
k=j=0,r=p—vand ¢g=p—u. Then
2u+(p—u) b2v+p—v

p(a"b’c) = a c=a"’c

and therefore H < Cg(p). Since
o(a¥d’) = a®b* # a*b' (0 <w,t <p—1, (w,t) # (0,0))

and @(a¥bic) = aP~vT20pPT2ve £ q¥bte (0 < w,t < p — 1), it follows
that Cg(¢) is not of order p?. Hence H = Cg(yp).
Finally we consider the identity subgroup. We put

m=s=i=q=2, k=1
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and r = j = 0. Then (1) = p(a?) = 1 and for every 1 # = € G,
o(x) # x. Thus Cg(p) = 1.
Therefore [Acent(G)| = p* + 2p + 4. O
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