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ON THE DOMINATION NUMBER OF THE SUM
ANNIHILATING IDEAL GRAPH OF A
COMMUTATIVE RING AND ON THE DOMINATION
NUMBER OF ITS COMPLEMENT

S. VISWESWARAN* AND P. SARMAN

ABSTRACT. The rings considered in this article are commutative
with identity which admit at least one non-zero annihilating ideal.
Let R be a ring. Let A(R) denote the set of all annihilating ideals
of R and let us denote A(R)\{(0)} by A(R)*. Recall that the sum
annihilating ideal graph of R, denoted by Q(R) is an undirected
graph whose vertex set is A(R)* and distinct vertices I and J
are adjacent in Q(R) if and only if I + J € A(R). The aim of
this article is to discuss some results on the domination number of
Q(R) (respectively, (2(R))¢), where (2(R))€ is the complement of
Q(R).

1. INTRODUCTION

The rings considered in this article are commutative with
identity and unless otherwise specified, they are not integral domains.
Beginning with the work of Beck on the coloring of a commutative
ring in [7], several algebraists have introduced graphs with algebraic
structures and investigated the interplay between the algebraic
properties of the algebraic structures and the graph-theoretic
properties of the graphs associated with them. The graphs considered
in this article are undirected and simple. For a graph G, we denote
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the vertex set of G by V(G) and the edge set of G by E(G). Let R
be a ring. Let Z(R) denote the set of all zero-divisors of R and let
us denote Z(R)\{0} by Z(R)*. We recall that the zero-divisor graph
of R, denoted by I'(R) is an undirected graph with V(I'(R)) = Z(R)*
and distinct vertices x and y are adjacent in this graph if and only if

xy = 0 [1]. For an excellent and inspiring survey on the zero-divisor
graphs of commutative rings, one can refer the survey article [2].
In [3], with any commutative ring R, Anderson and Badawi have

introduced and investigated an undirected graph called the total graph
of R, denoted by T'(I'(R)) with V(T'(I'(R))) = R and distinct vertices
x and y are adjacent in this graph if and only if x +y € Z(R). Several
interesting theorems illustrating the interplay between the ring-
theoretic properties of R and the graph-theoretic properties of T'(I'(R))
have been proved in [3].

We recall that an ideal I of a ring R is said to be an annihilating
ideal of R if there exists r € R\{0} such that Ir = (0) [8]. Asin [3], we
denote the set of all annihilating ideals of R by A(R) and A(R)\{(0)}
by A(R)*. It is useful to recall that the annihilating-ideal graph of R
denoted by AG(R) is an undirected graph with V(AG(R)) = A(R)*
and distinct vertices I and J are adjacent in this graph if and only if
IJ = (0) [8]. For several interesting and inspiring results on AG(R),
the reader is referred to [3, 9].

Motivated by the research work done by Anderson and Badawi on
the total graph of a commutative ring in [3] and the research work of
Behboodi and Rakeei on the annihilating-ideal graph of a commutative
ring in [8, 9], with any commutative ring R, in [l9], we have
introduced and investigated an undirected graph, denoted by Q(R)
such that V(Q(R)) = A(R)* and distinct vertices I and J are adjacent
in this graph if and only if I + J € A(R). The graph Q(R) is called
as the sum annihilating ideal graph of R in [15]. Let G = (V, E) be a
simple graph. We recall that the complement of G, denoted by G°¢ is a
graph whose vertex set is V' and distinct vertices v and v are adjacent
in G¢ if and only if they are not adjacent in G [0, Definition 1.2.13].
We have studied some graph parameters of (Q(R))¢ in [20].

Let G = (V,E) be a graph. We recall that a set S C V is a
dominating set of G if every vertex u € V\S has a neighbor v € S
[0, Definition 10.2.1]. We recall that a 7-set of G is a minimum
dominating set of G, that is, a dominating set whose cardinality is
minimum. A dominating set S of G is said to be minimal if S
properly contains no dominating set of G [0, Definition 10.2.2]. We
recall that the domination number of G is the cardinality of a minimum
dominating set of G; it is denoted by ~(G)[6, Definition 10.2.3].
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Let R be a ring. Several researchers have studied the dominating
sets and the domination number of graphs associated with commutative
rings (see, for example [I, 14, 17, 18]). Motivated by the above
mentioned research work on the domination number of some well known
graphs associated with commutative rings, in this article, we focus on
determining the domination number of Q(R) (respectively, the
domination number of (2(R))¢).

Before we give a brief account of results that are proved in this article,
we recall some definitions, notation, and results from commutative ring
theory that are often used in this article. Let R be a ring. We denote
the set of all prime ideals of R by Spec(R) and for an ideal I of R, we
denote the set

{p € Spec(R) | p 2 1}
by V(I). We denote the set of all maximal ideals of R by Max(R).
We denote the nilradical of R by nil(R). We recall that R is said to
be reduced if nil(R) = (0). Let Min(R) denote the set of all minimal
prime ideals of R. If p € Spec(R), then p D p’ for some p’ € Min(R) by
[16, Theorem 10]. Thus if R is a reduced ring, then it follows from [7,
Proposition 1.8] that (e P = (0). We denote the set of all proper
ideals of R by I(R) and the set I(R)\{(0)} by I(R)*. Let I € I(R). We
recall that p € Spec(R) is said to be a maximal N-prime of I if p is
maximal with respect to the property of being contained in
Zp(®) ={r € R|raz €1 for some x € R\I}

[13]. Thus p € Spec(R) is a maximal N-prime of (0) if p is maximal with
respect to the property of being contained in Z(R). For convenience, let
us denote the set of all maximal N-primes of (0) in R by M N P(R). We
denote the cardinality of a set A by |A|. Let S = R\Z(R). Then S is
a multiplicatively closed subset of R. Let z € Z(R). Then RzN S = ().
Hence, we obtain from Zorn’s lemma and [16, Theorem 1] that there
exists p € MNP(R) such that x € p. Thus if MNP(R) = {pa}aca,
then it follows from the above argument that Z(R) = |J,c, Pa- Hence,
Z(R) is an ideal of R if and only if [MNP(R)| = 1. Let I € I(R). We
recall that p € Spec(R) is said to be an associated prime of I in the
sense of Bourbakiif p = (I :g x) for some z € R [12]. In such a case, we
say that p is a B-prime of I. Let p € MNP(R). As ((0) :gr ) C Z(R)
for any x € R\{0}, it follows that p € A(R) if and only if p is a
B-prime of (0) in R. For an ideal I of a ring R, the annihilator of I in
R, denoted by Anng([I) is defined as Anng(l) = {r € R | Ir = (0)}.
Note that Anng(l) = ((0) :g I).

A principal ideal ring R is said to be a special principal ideal ring
(SPIR) if R has a unique prime ideal. If m is the unique prime ideal
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of R, then it follows from [5, Proposition 1.8] that m = nil(R) and
as m is principal, we get that m is nilpotent. If R is an SPIR with
Spec(R) = {m}, then we denote it by mentioning that (R, m) is an
SPIR. Let R be a ring such that Maxz(R) = {m}. Suppose that
m = Rm is principal and nilpotent. Let n > 2 be least with the
property that m™ = (0). Then it follows from the proof of (iii) = (i)
of [5, Proposition 8.8] that

I(R)* = {mi = Rm’ |ie{l,....,n—1}}

and hence, (R, m) is an SPIR.

This article consists of three sections including the introduction. Let
R be a ring. In Section 2 of this article, we discuss some results on the
domination number of (R). For a connected graph G, we denote the
radius of G by r(G). If |[A(R)*| > 2, then it is proved in Proposition
2.2 that the following statements are equivalent: (1) v(2(R)) = 1; (2)
R is not reduced; and (3) ©(R) is connected and r(2(R)) = 1. If R is
a reduced ring, then it is shown in Proposition 2.4 that v(Q(R)) = 2.
Let R be a reduced ring such that 2(R) is connected. Then it is proved
in Proposition 2.6 that v(Q2(R)) = diam(Q(R)) = r(Q(R)) = 2.

Let R be a ring. In Section 3 of this article, we discuss some
results on the domination number of (Q(R))¢. If |A(R)*| > 2, then it is
proved in Theorem 3.1 that the following statements are
equivalent: (1) v((2(R))°) = 1; (2) R = Ry x Ry as rings, where
R; is an integral domain for each i € {1,2} with R; is a field for at
least one ¢ € {1,2}; and (3) (Q(R)) is a star graph. If R is not
reduced with |A(R)*| > 2 and Z(R) is an ideal of R, then it is shown
in Proposition 3.6 that the following statements are equivalent: (1)
(Q(R))¢ admits a finite dominating set; and (2) Either (R, m) is an
SPIR with m™ = (0) but m"~! # (0) for some n > 3 or (R,m) is a
finite local ring such that m is not principal. Let R be a non-reduced
ring with |[M NP(R)| > 2. We are not able to characterize R such that
(Q(R))¢ admits a finite dominating set. For a reduced ring R, it is
proved in Theorem 3.10 that the following statements are equivalent:
(1) v((2(R))°) = 2; (2) R has exactly two minimal prime ideals py,po
such that p; is not a simple R-module for each i € {1,2}; and (3)
(Q(R))€ is a complete bipartite graph with vertex partition V; and V;
such that |V;| > 2 for each i € {1,2}. Let R be a reduced ring such
that p € A(R) for each p € Min(R). If yv((2(R))¢) > 2, then it is
shown in Theorem 3.13 that v((Q2(R))¢) = |Min(R)|. It is remarked in
the paragraph which appears just preceding the statement of Lemma
3.15 that for a von Neumann regular ring R, v((2(R))¢) = 1 if and
only if R & F} x F, as rings, where F; is a field for each i € {1,2}.
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It is verified in Corollary 3.16 that for a von Neumann regular ring
R, v((2(R))?) # 2. Let n € N be such that n > 3. For a von
Neumann regular ring R, it is proved in Theorem 3.17 that
the following statements are equivalent: (1) Y((QR))¢) = n;
(2) [Min(R)| = n; and (3) R & Fy x Fy x F3 x --- X F,, as rings,
where F; is a field for each i € {1,2,3,...,n}.

Whenever A, B are sets with A is a subset of B and A # B, we
denote it by either A C B or B D A. The Krull dimension of a ring
is referred to as the dimension of R and is denoted by dimR. A ring
R is said to be quasi-local if |[Maz(R)| = 1. A Noetherian quasi-local
ring is referred to as a local ring.

2. ON THE DOMINATION NUMBER OF (R)

As mentioned in the introduction, unless otherwise specified, the
rings considered in this article are commutative with identity which
are not integral domains. Let R be a ring. The aim of this section is
to discuss some results on the domination number of Q(R).

Let G = (V, E) be a graph. Let a,b € V with a # b. Suppose that
there exists a path in G between a and b. We recall that the distance
between a and b denoted by d(a,b) is defined as the length of a shortest
path in G between a and b [0, Definition 1.5.5]. We define d(a,b) = oo
if there exists no path in G between a and b. We define d(a,a) = 0. We
recall that G is said to be connected if for any distinct a,b € V, there
exists at least one path in G between a and b [0, Definition 1.5.4]. A
simple graph G is said to be complete if every pair of distinct vertices
of G are adjacent in G [0, Definition 1.2.11]. Let G = (V, E) be a
connected graph. Then the diameter of G, denoted by diam(G) is
defined as diam(G) = max{d(a,b) | a,b € V'} [6, Definition 4.3.1(1)].
Let v € V. We recall that the eccentricity of v, denoted by e(v) is
defined as e(v) = maz{d(v,w) | w € V'} [0, Definition 4.3.1(2)] and the
radius of G, denoted by r(G) is defined as r(G) = min{e(v) | v € V'}
[0, Definition 4.3.1(3)].

Lemma 2.1. Let G = (V, E) be a graph with |V| > 2. The following
statements are equivalent:

(1) 7(G) = 1.
(2) G is connected and r(G) = 1.

Proof. This proof of this lemma is quite easy and so, we omit its proof.
O

Proposition 2.2. Let R be a ring with |A(R)*| > 2. The following
statements are equivalent:
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(1) 7(Q(R)) = 1.
(2) R is not reduced.
(3) Q(R) is connected and r(2(R)) = 1.

Proof. (1) = (2) Assume that v(2(R)) = 1. Let I € A(R)* be such
that {I} is a dominating set of Q(R). If I? = (0), then it is clear
that R is not reduced. Suppose that I? # (0). Let J be given by
J = ((0) :g I). Note that J € A(R)* and J # I and so, J and [
are adjacent in Q(R). Therefore, I + J € A(R). Let r € R\{0} be
such that (I + J)r = (0). This implies that » € J = ((0) :g I) and
Jr = (0). Hence, r € R\{0} is such that r? = 0. This shows that R is
not reduced.

(2) = (1) Assume that R is not reduced. Let a € R\{0} be such that
a’* = 0. Let us denote the ideal Ra by A. Tt is clear that A € A(R)*.
By hypothesis, |A(R)*| > 2. Let B € A(R)* be such that B # A. Since
A is a nilpotent ideal of R and B € A(R)*, we obtain from [9, Lemma
1.5] that A+ B € A(R) and so, A and B are adjacent in (R). Hence,
{A} is a dominating set of Q(R) and so, y(Q2(R)) = 1.

(1) < (3) This follows from (1) < (2) of Lemma 2.1. O

Lemma 2.3. Let G4,...,Gy be the connected components of a graph

G. Then y(G) =S¢ 7(Gy).
Proof. This lemma is well known and hence, we omit its proof. 0
Proposition 2.4. Let R be a reduced ring. Then v(2(R)) = 2.

Proof. Since R is a reduced ring, it follows that (,c s, m) P = (0). As
R is not an integral domain, we get that |Min(R)| > 2. We consider
the following cases.

Case(1): | Min(R)| = 2.

Let Min(R) = {p; | i € {1,2}}. Observe that 2, p; = (0),
Z(R) = U7, pi, and MNP(R) = {p; | i € {1,2}}. Let i € {1,2} and
let V; ={I € A(R)* | I C p;}. It follows from the proof of [19, Lemma
3.1] that Q(R) is not connected and it has exactly two components
(1, G, where for each i € {1,2}, G, is the subgraph of Q(R) induced
by V; and it is complete. Therefore, v(G;) = 1 for each i € {1,2} and
so, we obtain from Lemma 2.3 that v(Q(R)) = Z?Zl v(G;) = 2.

Case(2): |Min(R)| > 3.

In this case, we know from [20, Proposition 2.18] that
diam((2(R))¢) = 3. Hence, there exists I,J € A(R)* such that
d(I,J) = 3 in (QR))°. Let A € A(R)*\{I,J}. It follows from
d(I,J) =3 in ((R))° that either I and A are not adjacent in (2(R))*
or J and A are not adjacent in (Q(R))°. Hence, either A and I are
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adjacent in Q(R) or A and J are adjacent in (R). This shows that
{I, J} is a dominating set of Q(R). Therefore, v(2(R)) < 2. Since R is
reduced, it follows from (1) = (2) of Proposition 2.2 that v(Q(R)) > 2.
Hence, v(Q2(R)) = 2.

This proves that v(Q(R)) = 2. O

Let R be a reduced ring. If Q(R) is connected, then we prove in
Proposition 2.6 that v(Q(R)) = diam(2(R)) = r(Q(R)) = 2. We use
Lemma 2.5 in the proof of Proposition 2.6.

Lemma 2.5. Let R be a reduced ring such that Q(R) is connected.
Then e(I) > 2 in Q(R) for each I € A(R)*.

Proof. Let I € A(R)*. Let J = ((0) :g I). It is clear that J € A(R)*.
Since R is reduced by hypothesis, I? # (0) and so, I # J. Note that
I+ J ¢ A(R) by [20, Lemma 2.3]. Therefore, d(I,.J) > 2 in Q(R) and
so, e(I) > 2 in Q(R). O

Proposition 2.6. Let R be a reduced ring such that Q(R) is connected.
Then v(A(R)) = diam(2A(R)) = r(Q(R)) = 2.

Proof. Assume that R is reduced and Q(R) is connected. Either
IMNP(R)| =1 or [MNP(R)| > 2. Suppose that MNP(R) = {p}.
Then Z(R) = p and as R is reduced, it follows that p is not a
B-prime of (0) in R. Hence, we obtain from [19, Lemma 2.2(ii)] that
diam(Q(R)) < 2. Suppose that MNP(R) = {p; | i € {1,2}}. Then
it follows from [19, Lemma 3.1] that ()_, p; # (0) and it follows from
[19, Lemmas 3.3 and 3.4] that diam(Q2(R)) = 2. If |[MNP(R)| > 3,
then diam(Q(R)) = 2 by [19, Lemma 4.1]. Note that r(2(R)) > 2 by
Lemma 2.5 and v(Q2(R)) = 2 by Proposition 2.4. Therefore,

1(QUR)) = diam(Q(R)) = r(Q(R)) = 2.

3. ON THE DOMINATION NUMBER OF (2(R))¢

Let R be a ring which is not an integral domain. The aim of this
section is to discuss some results on the domination number of (Q2(R))°.
In Theorem 3.1, we characterize rings R with |[A(R)*| > 2 such that
Y(QUR))) = 1.

We recall that a graph G = (V, E) is said to be bipartite if the vertex
set V' can be partitioned into two non-empty subsets X and Y such
that each edge of G has one end in X and the other in Y. The pair
(X,Y) is called the bipartition of the bipartite graph G. We denote

the bipartite graph G with bipartition (X,Y) by G(X,Y). A simple
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bipartite graph G(X,Y) is said to be complete if each vertex of X is
adjacent to all the vertices of Y. A complete bipartite graph G(X,Y)
is said to be a star if either | X| =1 or |Y| = 1 [0, Definition 1.2.12].
Let G(X,Y) be a complete bipartite graph. If G(X,Y’) is a star, then
Y(G(X,Y)) = 1. If G(X,Y) is not a star, then |X| > 2 and |Y| > 2
and in such a case, 7(G(X,Y)) = 2.

Theorem 3.1. Let R be a ring such that |A(R)*| > 2. The following
statements are equivalent:

(1) 7((R))°) = 1.

(2) R = Ry x Ry as rings, where R; is an integral domain for each

i €{1,2} with R; is a field for at least one i € {1,2}.

(3) (Q(R))° is a star graph.
Proof. (1) = (2) Assume that v((2(R))°) = 1. It follows from
(1) = (2) of Lemma 2.1 that (Q(R))¢ is connected, r((2(R))¢) = 1,
and so, diam((Q(R))¢) < 2. As |A(R)*| > 2 by hypothesis and (2(R))°

is connected, it follows that R is reduced by [20, Lemma 2.1]. We
claim that |[Min(R)| = 2. From diam((Q2(R))¢) < 2, it follows that
|Min(R)| < 2 by [20, Proposition 2.18]. As R is not an integral
domain and (V,cprinm P = (0), we obtain that [Min(R)| > 2.
Therefore, |Min(R)| = 2. In such a case, we know from the proof
of (it) = (i) of [20, Proposition 2.10] that (Q(R))¢ is a complete

bipartite graph with vertex partition A(R)* = Vi U Vs, where
Vi={Ae€AR)" | AC pi}

for each ¢ € {1,2}. From the assumption y((2(R))¢) = 1, it follows
that (QQ(R))° is a star graph. If |A(R)*| = 2, then we get that (Q(R))¢
is complete. Hence, by (i) = (i7) of [20, Proposition 2.11], we obtain
that R = K; x K, as rings, where K; is a field for each i € {1,2}. If
|A(R)*| > 3, then we obtain from (i) = (ii) of [20, Proposition 2.12]
that R = D x F' as rings, where F' is a field and D is an integral domain
which is not a field. Therefore, R = Ry X R,y as rings, where R; is an
integral domain for each ¢ € {1,2} with R; is a field for at least one
ie{1,2}.

(2) = (3) Assume that R = Ry X R; as rings, where R; is an integral
domain for each i € {1,2} with R; is a field for at least one i € {1, 2}.
If both Ry and Ry are fields, then by (i) = (i) of [20, Proposition
2.11], we get that (2(R))¢ is a complete graph with two vertices and
hence, it is a star graph. Suppose that exactly one between R; and
R, is a field. Then it is clear that |A(R)*| > 3 and by (ii) = (i) of
[20, Proposition 2.12], we obtain that (2(R))¢ is a star graph.

(3) = (1) This is clear. O
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Let n > 3. In Proposition 3.2, we verify that there are non-reduced
rings R such that v((Q2(R))°) =n — 1.

Proposition 3.2. Let (R,m) be an SPIR and let n > 3 be least with
the property that m"™ = (0). Then v((Q(R))¢) =n — 1.

Proof. 1t is noted in Section 1 that
I(R)*={m'|ie{1,2,...,n—1}}.

It is clear that I(R)* = A(R)*. Note that Q(R) is complete by
[19, Example 2.4] and so, (2(R))° has no edges. Therefore, A(R)* is the
only dominating set of (2(R))°. Hence, v((2(R))¢) = |A(R)*| =n— 1.
It is clear that R is not reduced. UJ

Let T'= K[X] be the polynomial ring in one variable X over a field
K. Let n > 3. Let I = TX" and let R = L. Then (R,m = &X) is
an SPIR and n is least with the property that m™ = (04 I). Hence, it
follows from Proposition 3.2 that v((2(R))¢) =n — 1.

Let M be an unitary module over a ring R. A submodule N of M
is said to be a simple R-module if N # (0) and there is no non-zero
submodule W of M such that W C N. If N is simple, then it is clear
that ((0) :g N) € Max(R).

Let R be a non-reduced ring with |[A(R)*| > 2 and Z(R) is an ideal
of R. In Proposition 3.6, we characterize R such that (Q2(R))¢ admits a
finite dominating set. We use Corollary 3.4 in the proof of Proposition
3.6 and Lemma 3.3 is used in the proof of Corollary 3.4.

Lemma 3.3. Let R be a non-reduced ring with |A(R)*| > 2. If (Q2(R))*
admits a finite dominating set, then there exists a € nil(R)\{0} such
that ((0) :g Ra) € Max(R).

Proof. Assume that R is not reduced, |A(R)*| > 2, and ((R))¢ admits
a finite dominating set. Let v((Q(R))¢) = m. Since R is not reduced,
we obtain from (1) = (2) of Theorem 3.1 that m > 2. Let D C A(R)*
be such that D is a dominating set of (2(R))¢ with |D| = m. Let I be
a non-zero nilpotent ideal of R. Then by [9, Lemma 1.5], I +.J € A(R)
for any J € A(R)*. If I ¢ D, then as D being a dominating set
of (Q(R))°, we get that there exists A € D such that I and A are
adjacent in (Q(R))°. Hence, I + A ¢ A(R). This is impossible and so,
I € D. This shows that I € D for any non-zero nilpotent ideal I of
R. From |D| < o0, it follows that R can admit only a finite number of
nilpotent ideals. Hence, nil(R) is necessarily finitely generated and so,

[{A | A is an ideal of R with A C nil(R)}| < oo.
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Therefore, it is possible to find an ideal I of R such that I C nil(R)
and [ is a simple R-module. Let a € I\{0}. Then I = Ra. It is clear
that a € nil(R)\{0} and since Ra is a simple R-module, it follows that
((0) :r Ra) € Max(R). O

Corollary 3.4. Let R be a non-reduced ring with |A(R)*| > 2. Suppose
that Z(R) is an ideal of R. If (Q(R))¢ admits a finite dominating set,
then (2(R))¢ has no edges.

Proof. By hypothesis, nil(R) # (0), |A(R)*| > 2 and Z(R) is an ideal
of R. Assume that (2(R))¢ admits a finite dominating set. Then there
exists a € nil(R)\{0} such that ((0) :g Ra) € Max(R) by Lemma 3.3.
Let us denote ((0) :g Ra) by m. From ma = (0), we get that m C Z(R).
As Z(R) is an ideal of R, it follows that m = Z(R) = ((0) :g a).
Therefore, MNP(R) = {m} and m is a B-prime of (0) in R. In such a
case, we know from the proof of [19, Lemma 2.3, Case 1] that Q(R) is
complete. Therefore, (Q2(R))¢ has no edges. O

We provide Example 3.5 to illustrate that the conclusion of Corollary
3.4 can fail to hold if the assumption Z(R) is an ideal of R is omitted
in the statement of Corollary 3.4.. For any n € N\{1}, we denote the
ring of integers modulo n by Z,.

Example 3.5. Let R = Z, x F, where F' is a field. Then R is not
reduced, 7((2(R))°) = 2 but |E((2(R))°)| = 2.

Proof. Since (2,0)? = (0,0), it follows that R is not reduced. Observe
that

I(R)* = A(R)* = {(0) x F,2Z, x (0),2Z, x F,Z4 x (0)}.

As R is not reduced, it follows from (1) = (2) of Theorem 3.1 that
Y((R))¢) > 2. (This can be verified directly in this example.) Let
D = {2Z4 x (0),Z4 x (0)}. Observe that

((0) x F') + (Zy x (0)) = Zsy x F ¢ A(R)
and so, (0) x F is adjacent to Z, x (0) in (2(R))°. From
(224 X F) + (Zy x (0)) = Z4y X F ¢ A(R),

it follows that 2Z4 x F and Z4 x (0) are adjacent in (Q2(R))¢. This
shows that D is a dominating set of (2(R))¢ and as |D| = 2, we obtain
that v((2(R))¢) < 2. Hence, v((2(R))¢) = 2. It is not hard to verify
that

E((UR))®) =4{Zs x (0) — (0) x F,Zy x (0) — 2Zy4 x F'}

and so, |E((Q2(R))%)| = 2. O
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Proposition 3.6. Let R be a non-reduced ring with |A(R)*| > 2 and
Z(R) is an ideal of R. The following statements are equivalent:

(1) (Q(R))¢ admits a finite dominating set.

(2) Either (R,m) is an SPIR with m" = (0) but m"~! #£ (0) for
some n > 3 or (R,m) is a finite local ring such that m is not
principal.

Proof. By hypothesis, the ring R is not reduced, |A(R)*| > 2, and Z(R)
is an ideal of R.

(1) = (2) Assume that (2(R))¢ admits a finite dominating set. It
follows from Corollary 3.4 that (2(R))¢ has no edges. Hence, A(R)* is
the only dominating set of (2(R))° and so, it follows that
|A(R)*| < oo. Therefore, we obtain from [8, Theorem 1.1] that R
is Artinian. Hence, R is Noetherian and dimR = 0 by [5, Theorem
8.5]. It is well known that in an Artinian ring 7', I(T)* = A(T)*.
We claim that R is local. Suppose that |Maxz(R)| > 2. Let m;, my be
distinct members of Max(R). Then m; € A(R)* for each i € {1,2} and
m; +me = R ¢ A(R). This implies that m; —my is an edge of (Q(R))°
and this contradicts the fact that ((R))¢ has no edges. Therefore, R
is local. Let m denote the unique maximal ideal of R. Note that m is
nilpotent by [, Corollary 8.2 and Proposition 8.4]. Let n > 2 be least
with the property that m” = (0). Either m is principal or m is not
principal. Suppose that m is principal. In such a case, it is already
noted in Section 1 that

I(R)* = {m' |ie{l,....,n—1}}

and (R, m) is an SPIR. As |A(R)*| > 2, it follows that n — 1 > 2 and
so, n > 3. Suppose that m is not principal. Hence, it follows from
[5, Proposition 2.8] that dim s (Jz) > 2. Let my,my € m be such that

{m; + m? | i € {1,2}} is linearly independent over £. If r,s € R\m

are such that r +m # s 4+ m, then R(my + rmy) # R(my + smy).
Since |A(R)*| < oo, we get that |£| < co. Observe that for each

i e {l,....,n — 1}, %Zl (with m® = R) is a finite-dimensional

1—1
vector space over the field ﬁ—f and so, |

|R| =11, |%:1|, it follows that R is finite.

(2) = (1) Suppose that (R, m) is an SPIR such that m™ = (0) but
m"~! £ (0) for some n > 3. Then v((2(R))) = n — 1 by Proposition
3.2. Suppose that (R, m) is a finite local ring with m is not principal.
Then it is clear that |A(R)*| < oo and note that A(R)* is the only

dominating set of (Q(R))°. O]

< o00. Hence, from
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Let R be a non-reduced ring such that Z(R) is not an ideal of R.
We are not able to characterize R such that (Q2(R))¢ admits a finite
dominating set.

Let R be a reduced ring. In Theorem 3.10, we characterize R such
that v((2(R))¢) = 2. First, we state and prove some results which are
needed for the proof of Theorem 3.10.

Proposition 3.7. Let n > 3 and let R; be a reduced ring for each
ie€{1,2,3,...,n}. Let R=R; X Ry Xx R3 X --- X R,,. Then

1((Q(R))%) = n.

Proof. Leti € {1,2,3,...,n}. Let us denote {1,2,3,...,n}\{i} by W,.
Let the element of R whose i-th coordinate equals 1 and j-th coordinate
equals 0 for all j € W; by e;. Let us denote (1,1,1,...,1) —¢; by f;.
Let A; = {Re;} and let

Bi={L x Iy xI3yx---x I, | I; € A(R;),I; ¢ A(R;) for all j € W, }.

It is clear that Rf; € B; and so, B; # (). Let D be any dominating set
of (2(R))°. We claim that DN(A;UB;) # 0. If Re; € D, then it is clear
that DN(A;UB;) # (). Suppose that Re; ¢ D. Since D is a dominating
set of (Q(R))¢, there exists I € D such that Re; and I are adjacent in
(Q(R))c. Hence, Re;+1 ¢ A(R). Let I = I x Iy x I3 x -+ x I, where
Iy, is an ideal of Ry for each k € {1,2,3,...,n}. From Re; + 1 ¢ A(R),
we get that I; ¢ A(R;) for all j € W;. As I € A(R), it follows that
I; € A(R;). Thus I € B; and so, I € DN B;. This proves that
DN (A;UB;) #0.
Let 1,5 € {1,2,3,...,n} with i # j. We next verify that

(A; UB;)N(A; UBj) =0.

As Re; # Re;, it follows that A; N A; = (). Since n > 3, it is possible
tofind k€ {1,2,3,...,n}\{i,5}. B J =i x Ja x Jgx--- x J, € By,
then J, ¢ A(Ry). Hence, Re; ¢ Bj. Therefore, A, N B; = (0. If
I=1I xIyxI3yx---xI, € B then I}, ¢ A(Ry) and so, B;N A; = 0.
IfI = [1 X IQ X [3 X X In S Bi, then Ij ¢ A(R]), whereas if

J:J1XJ2XJ3X"'XJn€Bj,
then J; € A(R;). Hence, B; N B; = (). This shows that

and so, (D N (A4; UB)) N (DN (4 UBj)) = 0 for all distinct
i,7€{1,2,3,...,n}. As|DN(A;UB;)| > 1foreachi € {1,2,3,...,n},
it follows that

DI > Ui (DN (AU By)| =321, [DN (A U By)| > n.
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Hence, v((©2(R))¢) > n. O

Lemma 3.8. Let I1, I, € A(R)* be such that Iy # Is. If Iy and Iy are
comparable under inclusion, then Iy and Iy are not adjacent in (Q2(R))°.

Proof. Let 1,1 € A(R)* be distinct. Assume that I; and I, are
comparable under inclusion. As I; + I, is either I; or I, we get that
I + I, € A(R) and so, I; and I, are not adjacent in (Q2(R))°. O

An element e of a ring R is said to be idempotent if e = 2. An

idempotent element e of R is said to be non-trivial if e ¢ {0, 1}.

Proposition 3.9. Let R be a reduced ring. Suppose thatv((2(R))¢) = 2.
Let D = {I, Is} be a dominating set of (U(R))°. Then the following
statements hold:

(1) I and Iy are not comparable under inclusion.
(2) I + I ¢ A(R).
(3) LNl =(0).

Proof. Let R be a reduced ring. Assume that v((Q(R))¢) = 2 and
D = {1, 15} is a dominating set of (Q(R))®.

(1) Suppose that I; and I, are comparable under inclusion. Without
loss of generality, we can assume that Iy C Is.

Let € I;\{0}. It is clear that Iy # Rz. We claim that I, = Rx.
Suppose that I; # Rxz. Note that Rz € A(R)*\D. As Rz C I, C I,
it follows from Lemma 3.8 that Rz is not adjacent to [; in (Q(R)) for
each i € {1,2}. This is impossible, since D = {1y, I} is a dominating
set of (Q(R))¢. Thus I} = Rz for any non-zero x € I; and hence, I is
a simple R-module. Since R is reduced, we obtain that z? # 0 and so,
I, = Rx = Ra?. Tt follows from x = ax? for some a € R that e = az is a
non-trivial idempotent element of R and I; = Rx = Re. It is clear that
the mapping f : R — Re x R(1 — ¢) defined by f(r) = (re,r(1 —¢))
is an isomorphism of rings. Since I; = Re is a simple R-module, it
follows that the ring Re is a field. Let us denote the ring Re by Fj.
Let us denote the ring R(1 — €) by R,.

We next verify that % is a simple R-module. Let y € IL,\I;. We
claim that I; + Ry = I,. Suppose that I} + Ry # I,. Observe that
I, C 1+ Ry C I,. Hence, I} + Ry € A(R)*\D. It follows from Lemma
3.8 that I; + Ry is not adjacent to I; in (Q(R))° for each i € {1,2}.
This contradicts the assumption {1y, I} is a dominating set of (Q(R))°.
Therefore, I+ Ry = I, for any y € I,\I;. This shows that % is a simple
R-module.

Let us denote the ring Fy x Ry by T'. Observe that the isomorphism f
maps R onto T' and under f, D is mapped onto {F} x (0), F} x J}, where
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J is a simple Re-module with J # Ry. Note that v((©2(7))¢) = 2 and
{F; x(0), [} x J} is a dominating set of (£2(7))¢. Since R is reduced
and J is a proper ideal of Ry and it is a simple Rs-module, it follows that
J = Ry€’ for some non-trivial idempotent element e’ of R,. It is clear
that Ry = Ree’ X Ry(1 —e—¢€') as rings. From J = Rye’ is a simple Ro-
module, we obtain that the ring Rye’ is a field. Let us denote the ring
Rye’ by Fy and the ring Ry(1—e—e€’) by Rs. It is now clear that there is a
ring isomorphism ¢ from R onto F} X Fy X R3 and under g, D is mapped
onto { F1 x(0)x(0), F1 x F»x(0)}. Let us denote the ring F} X F, X R3 by
Ty. Observe that v((2(77))¢) = 2and Dy = {F1x(0)x(0), F1 x F»x(0)}
is a dominating set of (2(77))¢. We claim that Rj is an integral domain.
Let a € R3,a # 0. Let W = (0) x (0) x Rza. As W € A(Ty)*\D; and
D, is a dominating set of (£2(77))¢, it follows that W must be adjacent
to F1 X F2 X (0) in (Q(T1>)C This 1mphes that F1 X F2 X Rga, ¢ A(Tl)
Hence, Anng,(R3a) = (0). This proves that Rs is an integral domain.
Note that we obtain from Proposition 3.7 that v((£2(71))¢) > 3. This
is a contradiction. Therefore, I; and I, are not comparable under
inclusion.

(2) Suppose that I} + I, € A(R). As I; and I, are not comparable
under inclusion by (1), we obtain that Iy + Iy ¢ D. Thus I; C I + I
for each i € {1,2}. Therefore, we obtain from Lemma 3.8 that I; + I
is not adjacent to I; in (Q2(R))° for each i € {1,2}. This contradicts
the assumption {/;, I} is a dominating set of (Q(R))°. Therefore, we
get that Iy + I ¢ A(R).

(3) Note that I, N Iy € A(R). Suppose that I; N Iy # (0). As
I, and I, are not comparable under inclusion by (1), it follows that
Iy NIy ¢ D. Observe that I} NI, C I; for each i € {1,2}. Therefore,
I, N Iy is not adjacent to [; in (2(R))° for each i € {1,2} by Lemma
3.8. This contradicts the assumption {I;, 5} is a dominating set of
(Q(R))c. Therefore, I N Iy = (0). O

Theorem 3.10. Let R be a reduced ring. The following statements
are equivalent:

(1) Y (QAR))) = 2.

(2) R has exactly two minimal prime ideals p; and py such that p;
is not a simple R-module for each i € {1,2}.

(3) (QR))° is a complete bipartite graph with vertex partition Vi
and Vy such that |V;| > 2 for each i € {1,2}.

Proof. (1) = (2) Assume that v((2(R))¢) = 2. Hence, it is possible to
find a subset D of A(R)* with |D| = 2 such that D is a dominating
set of (Q(R))¢. Let D = {Iy, I}. Let i € {1,2}. We claim that there
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exists p; € Spec(R) N A(R) such that I; C p;. First, we prove that
there exists p; € Spec(R) N A(R) such that I; C p;. Let

C={W|WeA(R),W DL}

It is clear that I; € C and hence, C # (0. Let W € C. Let b € I,\{0}.
We assert that Wb = (0). Suppose that Wb # (0). It is clear that
Wb e A(R). As Wb C I, and Wb # (0) by assumption, it follows from
Proposition 3.9(3) that Wb # I,. If Wb = I, then as I C W, we get
that Iy +1o C W. Since W € A(R), we obtain that [;+ 1 € A(R). This
contradicts Proposition 3.9(2). Hence, Wb # I. Thus Wb € A(R)*\D.
It is clear that Wb+ I, C W € A(R) and Wb+ I, C I, € A(R).
Therefore, Wb is not adjacent to I; in (Q2(R)) for each ¢ € {1,2}. This
is a contradiction. Hence, Wb = (0).

It is clear that (C, C) is a partially ordered set. We claim that any
chain in (C, C) has an upper bound in (C, C). Let {W,}aeca be a chain
in (C,C). Let W = J,cp Wa. Since {Wy}aea is a chain in (C,C), we
obtain that W is an ideal of R. Let b € LL\{0}. As W,b = (0) for
cach a € A, we get that Wb = (0). Hence, W € A(R). As I; C W,
for each a € A, it follows that I; C ﬂaeA W, C W. This shows that
W = U,ex Wa € C. From W, C W for each a@ € A, we obtain that
W € C is an upper bound of the chain {W,},ea. This proves that
any chain in (C, C) has an upper bound in (C, C). Therefore, it follows
from Zorn’s lemma that (C, C) admits a maximal element. Let p be a
maximal element of (C,C). Observe that p € A(R) and p O ;. We
verify that p € Spec(R). Let z,y € R be such that zy € p. Suppose
that = ¢ p. Since p is a maximal element of (C,C) and p C p+ Rz, we
obtain that p + Rz ¢ A(R). Let b € I,\{0}. Note that pb = (0) and
so, zyb = 0. This implies that (p + Rx)yb = (0). As p+ Rz ¢ A(R), it
follows that yb = 0. Observe that (p + Ry)b = (0). Now, p C p+ Ry
and p + Ry € A(R). Hence, p+ Ry € C. Since p is a maximal element
of (C,C), we obtain that p + Ry = p and hence, y € p. This shows
that p € Spec(R). It is convenient to denote p by p;. Thus there
exists p; € Spec(R) such that p; € A(R) and I; C py. It follows
using a similar argument that there exists ps € Spec(R) such that
p2 € A(R) and I, C py. We next claim that ()2_, px = (0). Suppose
that (o_,; prx # (0). Then (i_,pr € A(R)*. If (;_,pr = i, then
I + I, C ps € A(R). This is impossible, since I + I, ¢ A(R) by
Proposition 3.9(2). Therefore, ﬂizl pr # I;. Similarly, if ﬂizl pr = I,
then I + Iy C p; € A(R). This is impossible, since I} + I ¢ A(R) by
Proposition 3.9(2). Therefore, ()i_, px # 12 and so, (o_, px ¢ D. Let
i€ {1,2}. As (i, px) + I € ps € A(R), it follows that ()7_, p is
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not adjacent to I; in (Q2(R))°. This contradicts the assumption D is a
dominating set of (Q(R))°. Hence, (;_, px = (0).
From ();_, px = (0), we obtain that |Min(R)| = 2 and indeed,

Min(R) = {pi | i € {1,2}}.

We next verify that p; is not a simple R-module for each i € {1,2}.
Note that ((0) :g p1) = p2 and ((0) :g p2) = p1. Suppose that p;
is a simple R-module. Then ((0) :g p1) = p2 € Max(R). In such a
case, we obtain that p; + po = R. As p; Npy = (0), it follows from
[0, Proposition 1.10(¢7) and (¢i7)] that the mapping f : R — p—}f X p_}i
defined by f(r) = (r 4+ p1,7 + p2) is an isomorphism of rings. Observe
that f is an integral domain and % is a field. Let us denote the ring

pﬂl X pﬁz by T'. Note that R = T and hence, we obtain from (2) = (1)
of Theorem 3.1 that v((Q(R))¢) = 1. This contradicts the assumption
Y((2R))¢) = 2. Therefore,, p; is not a simple R-module. Similarly, it
follows that py is not a simple R-module.

(2) = (3) Assume that R is a reduced ring with
Min(R) = {p. | i € {1,2}}

such that p; is not a simple R-module for each ¢ € {1,2}. The proof of
(17) = (i) of [20, Proposition 2.10] implies that (Q(R))¢ is a complete
bipartite graph with vertex partition A(R)* = V; U V5, where

Vi={l € A(R)" | I Cpi}

for each i € {1,2}. Let i € {1,2}. From ()._, p; = (0), it follows that
p; € A(R)*. Since p; is not a simple R-module, there exists at least
one I; € I(R)* such that I; C p;. Thus {p;, I;} C V; and so, |V;| > 2.
(3) = (1) Assume that (2(R))¢ is a complete bipartite graph with
vertex partition Vi and V5 such that |V;| > 2 for each i € {1,2}.
In such a case, it follows from the observation noted in the paragraph
which appears just preceding the statement of Theorem 3.1 that

A(QAR)Y) = 2 O

Let R be a reduced ring. Let n € N be such that n > 3. If
Y(2(R))°) = n, then we do not know whether |Min(R)| < oo.
However, with the assumption that p € A(R) for each p € Min(R)
and v((Q(R))¢) > 2, we prove in Theorem 3.13 that

1((Q(R))%) = [Min(R)].
We use Lemmas 3.11 and 3.12 in the proof of Theorem 3.13.
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Lemma 3.11. Let R be a reduced ring. Suppose that |Min(R)| > 3
and p € A(R) for each p € Min(R). Then |D| > |Min(R)| for each
dominating set D of (2(R))C.

Proof. By hypothesis, R is a reduced ring with |Min(R)| > 3 and
p € A(R) for each p € Min(R). Let Min(R) = {pa}aca. Let a € A.
As p, € A(R), there exists 1, € R\{0} such that p,r, = (0). Hence,
P C ((0) :g r4). Since R is reduced and r, # 0, it follows that
r2 #£ 0 and so, 4 € Po. From r((0) :g 7o) = (0) C pa, we get that
((0) :g Ta) C pq and so, p, = ((0) :g 7o) is a B-prime of (0) in R. Let
B € A\{a}. Now, po = ((0) :r 7a), ps = ((0) :r 75), and pa # ps.
Hence, we obtain from [7, Lemma 3.6] that r,rg = 0. Since p, # pg,
it follows that Rr, # Rrg and r,rs = 0. It is clear that Rr, € A(R)*
for each a € A.

Let D be any dominating set of (2(R))¢. Let o € A. Let A, = {Rra,}
and let

Bo ={1 € A(R)" | V(I) N Min(R) = {pa}}-
Since p, € B,, it follows that B, # 0. We claim that
|IDN (A UB,)| > 1.

If Rr, € D, then it is clear that |D N (A, U B,)| > 1. Suppose that
Rr, ¢ D. Since D is a dominating set of (2(R))¢, there must be an
element I € D such that Rr, and I are adjacent in (2(R))°. Hence,
I+ Rr, ¢ A(R). We know from [20, Lemma 2.14] that I C p, for
some o € A. We claim that p, = po. Suppose that p, # po. From
po = ((0) :g 7o) and po = ((0) :g 7o), we obtain from [7, Lemma
3.6] that rorer = 0. As I C p,, it follows that Ir, = (0) and so,
(I+Rry)ro = (0). This is impossible, since I+ Rr, ¢ A(R). Therefore,
Por = Po- Hence, V(I) N Min(R) = {p.} and so, I € B,. The above
arguments imply that [D N (A, U B,)| > 1. Let o, 8 € A with a # p.
We verify that

(Aa U By) N (AgU Bg) = 0.

Since A, = {Rr.}, Ag = {Rrg}, and Rr, # Rra, it follows that
A, N Ag = (. Observe that r, € py for all ¢/ € A\{a} and as
|A| > 3, we get that |V(Rr,) N Min(R)| > 2. For any J € Bg,
|[V(J) N Min(R)| = 1. Therefore, Rr, ¢ Bs and so, A, N Bg = (. Let
I € B,. From |V(I)NMin(R)| =1, |V(Rrg)NMin(R)| > 2, it follows
that I ¢ Ag = {Rrsg} and so, B,N Az =0. As V(I)NMin(R) = {pa},
whereas V(J)NMin(R) = {pg} for any J € Bg, we obtain that I ¢ Bg
and so, B, N Bz = ). The above arguments show that
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(AyUB,)N(AgUBg) =10
and so, for all distinct o, 8 € A,
(DN (AqUB,)) N (DN (AgU Bg)) = 0.

For each o € A, let I, € DN (A, U B,). Note that {I, |« € A} C D
and so,

|Min(R)| = [A] = {la | a € A} <|D].

This proves that for any dominating set D of (Q(R))¢, |D| > |Min(R)|.
U

Lemma 3.12. Let R be a reduced ring. Suppose that p € A(R) for
each p € Min(R). Then Min(R) is a dominating set of (Q2(R))°.

(€(
Proof. Assume that R is a reduced ring and p € A(R) for each
p € Min(R). Let

Min(R) = {ps | a € A}.

Since R is not an integral domain, it follows that |Min(R)| > 2. Note
that Min(R) C A(R)*. We claim that Min(R) is a dominating set of
(QAUR))e. Let I € A(R)*\Min(R). Since (),cpPa = (0) and I # (0),
we obtain that there exists a € A such that I € p,. We assert that
I +p, ¢ A(R). Suppose that I + p, € A(R). Then by [20, Lemma
2.14], there exists § € A such that I +p, C pg.. As distinct minimal
prime ideals of a ring are not comparable under inclusion, it follows
that p, = ps. This is impossible, since I € p,. Hence, I +p, ¢ A(R)
and so, I and p,, are adjacent in (Q2(R))¢. This shows that Min(R) is
a dominating set of (2(R))°. O]

Theorem 3.13. Let R be a reduced ring. Suppose that p € A(R) for
each p € Min(R). If v((2(R))¢) > 2, then v((2(R))¢) = |Min(R)|.

Proof. By hypothesis, R is a reduced ring such that p € A(R) for each
p € Min(R). Assume that v((Q(R))¢) > 2. If |[Min(R)| = 2, then it
follows from Lemma 3.12 that v((Q(R))¢) < 2 and so,

1((Q(R))%) = |Min(R)|.

Suppose that |Min(R)| > 3. Then it follows from Lemmas 3.11 and
3.12 that Min(R) is a dominating set of minimum -cardinality.

Therefore, v((Q(R))¢) = |Min(R)|. O]

Let R be a reduced ring. Let |[Min(R)| = n for some n € N\{1}.
Let Min(R) = {p; | « € {1,2,...,n}}. Note that ﬂ,lpz = (0).
Let i € {1,2,...,n}. Let us denote the set {1,2,...,n}\{i} by A;.
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As distinct minimal prime ideals of a ring are not comparable under
inclusion, it follows from [5, Proposition 1.11(ii)] that p; 2 (V;c4, ;-
Let x; € ((;ea, Pj)\pi- Then z; # 0 and p;z; = (0). Hence, p; € A(R).
In Example 3.14, we provide an example of a reduced ring R with
Min(R) is infinite and p € A(R) for each p € Min(R).

Let T = K[X1,Xs,...,X,] (n > 2) be the polynomial ring in n
variables X1, Xo,..., X, over a field K. Let I = T(J[, X;). Let
R= % Let € {1,2,...,n}. It is convenient to denote X; + I by ;.
Since TX; € Spec(T), it follows that p; = Rx; € Spec(R). Observe
that (0+ 1) = [[_;p; = (i, pi- Hence, R is a reduced ring and
as T'X; and T'X; are not comparable under inclusion for all distinct
i,j € {1,2,...,n}, we get that p, and p; are not comparable
under inclusion. Hence,

Min(R)={p;|ie{1,2,...,n}}.

Therefore, |Min(R)| = n. Hence, we obtain from Lemma 3.12 that
Y((2(R))¢) < n. Observe that for each i € {1,2,...,n}, 22 # 0+ 1
and Rx? C p; and so, p; is not a simple R-module. Thus if n = 2, then it
follows from (2) = (1) of Theorem 3.10 that v((Q2(R))¢) = 2. If n > 3,
then it follows from Lemma 3.11 that v((©2(R))¢) > n. Therefore, we
obtain that y((2(R))¢) = n.

In Example 3.14, we mention a reduced ring R due to Gilmer and
Heinzer [11, Example, page 16] such that (Q(R))¢ does not admit any
finite dominating set.

Example 3.14. Let {X;}°, be a set of indeterminates. Let
D=7, K[[Xi,...,X.]]

where K[[ X7, ..., X,]] is the power series ring in X7, ..., X, over a field
K. Let I be the ideal of D generated by {X,; X, | 4,5 € N,7 # j}. Let
R = 2. Then R is a reduced ring, Min(R) is infinite, p € A(R) for
cach p € Min(R), and v((2(R))¢) = |Min(R)|.

Proof. For each ¢ € N, it is convenient to denote X; + I by x;. It
follows from the proof of [I1, Example, page 16] that R is reduced,
|Maz(R)| = 1, m = Y .2, Rx; is the unique maximal ideal of R, and
Min(R) is infinite with Min(R) = {p; | i € N}, where for each i € N,
p; is the ideal of R generated by {z; | j € N, j # i}. Observe that for
cach i € N, z; # 0+ I and p;z; = (0+ I). Hence, p; € A(R) for each
i € N. It is clear from Lemma 3.11 that v((2(R))¢) > n for each n € N
and it follows from Theorem 3.13 that v((2(R))¢) = |Min(R)| and so,
(Q(R))¢ does not admit any finite dominating set. O
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We recall that a ring R is said to be von Neumann regular if given
a € R, there exists b € R such that a = a?b [10, Exercise 16, page
111]. A ring R is von Neumann regular if and only if dimR = 0 and
R is reduced by (a) < (d) of [10, Exercise 16, page 111]. Thus if R
is von Neumann regular, then Spec(R) = Maxz(R) = Min(R). Let R
be a von Neumann regular ring which is not a field. Hence, R is not
an integral domain. Since R is reduced, we know from [20, Lemma
2.2] that |A(R)*| > 2. It is clear that a homomorphic image of a von
Neumann regular ring is von Neumann regular and an integral domain
is von Neumann regular if and only if it is a field. Hence, we obtain
from (1) < (2) of Theorem 3.1 that for a von Neumann regular ring R,
Y((2R))¢) = 1 if and only if R = F} X F; as rings, where F; is a field
for each i € {1,2}. We verify in Corollary 3.16 that there exists no von
Neumann regular ring R such that v((2(R))¢) = 2. Let n € N be such
that n > 3. In Theorem 3.17,, we determine necessary and sufficient
conditions in order that v((2(R))¢) to be equal to n. We use Lemma
3.15 in the verification of Corollary 3.16.

Lemma 3.15. Let R be a von Neumann regular ring with |Min(R)| = 2.
Let Min(R) = {p; | i € {1,2}}. Then p; is a simple R-module for each
ie{1,2}.

Proof. By hypothesis,, R is von Neumann regular, |Min(R)| = 2, and
Min(R) = {p; | i € {1,2}}. As Min(R) = Max(R), we get that f
is a field for each i € {1,2} and so, % is a simple R-module for each

i € {1,2}. Since R is reduced, it follows that ()_,p; = (0) and it
is clear that p; + po = R. It is not hard to verify that the mapping
fi:ip— % defined by fi(x) = = + py and the mapping f5 : po — p—f
given by f2(y) = y + p;1 are isomorphisms of R-modules. Hence, p; is a
simple R-module for each i € {1,2}. O

Corollary 3.16. Let R be a von Neumann regular ring. Then
T((QR))%) # 2.
Proof. By hypothesis, R is a von Neumann regular ring. Since R is

reduced, it follows from (1) = (2) of Theorem 3.10 and Lemma 3.15
that y((2(R))°) # 2. O

Theorem 3.17. Let R be a von Neumann reqular ring. Let n € N be
such that n > 3. The following statements are equivalent:
(1) Y(QUR)) = n.
(2) [Min(R)| = n.
(3) R= Fy X Fy X F3 x --- x F,, as rings, where F; is a field for
each i € {1,2,3,...,n}.
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Proof. As R is von Neumann regular by hypothesis, we get that R is
reduced and Spec(R) = Max(R) = Min(R). By hypothesis, n € N is
such that n > 3.

(1) = (2) Assume that v((Q(R))¢) = n . Suppose that

|Min(R)| > n+ 1.

As dimR = 0, we obtain from [21, Lemma 2.2] that there exist zero-
dimensional rings Ry, Rs, Rs, ..., R, R,+1 such that

RgR1XR2XR3X"'XRnXRn+1

as rings. Since R is reduced, it follows that R; is reduced for each
ie€{l1,2,3,...,n,n+ 1}. Let us denote the ring

R1XR2XR3X"'XRHXRn+1

by T. Note that v((2(7))°) > n + 1 by Proposition 3.7. Hence,
v(((R))¢) > n + 1. This contradicts the assumption v((Q2(R))¢) = n.
Therefore, |Min(R)| < n. Hence, p € A(R) for each p € Min(R). It

follows from Lemma 3.12 that
Y((QR))) < [Min(R)|.

Thus |[Min(R)| > n and so, |Min(R)| = n.
(2) = (3) Let

Min(R) ={p; |i€{1,2,3,...,n}}.

Since R is von Neumann regular, it follows that R is reduced and
Min(R) = Max(R). Therefore, (., p; = (0) and p; + p; = R for all
distinet 4,7 € {1,2,3,...,n}. Hence, we obtain from [5, Proposition
1.10(4¢) and (7)) that the mapping
f:R—)%xp%xp%x---xp%

defined by f(r) = (r +p1, 7+ p2, 7 + P3,...,7 + p,) is an isomorphism
of rings. Let ¢ € {1,2,3,...,n} and let us denote g by F;. Then F; is
a field and R = Fy x Fy X F3 x --- x F, as rings.

(3) = (1) Let us denote the ring F} X Fy X F3 x --- X F,, by T,
where F; is a field for each ¢ € {1,2,3,...,n}. Since n > 3, it follows
from Proposition 3.7 that v((2(7))¢) > n. Since R = T as rings by
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assumption, it follows that v((Q2(R))¢) > n. Observe that
Spec(T) = Max(T) = Min(T) = {m; = (0) X Fy x F3 X -+ x I},
my = F) X (0) X F3 X -+ X Fy,
my = F) X [y x (0) X -+ X Fy,

*

m, =F x F; Xx F3 x---x (0)}

Thus |[Min(T)| = n and so, |Min(R)| = n. Hence, we obtain from
Theorem 3.13 that v((2(R))¢) = |Min(R)| = n. O
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