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ON INVERSE LIMIT OF A PROJECTIVE SYSTEM OF
BL-ALGEBRAS

R. TAYEBI KHORAMI

ABSTRACT. In this paper, the inverse limits of a projective
system of basic logic algebras (BL-algebras) are introduced, and
their basic properties are studied. The set of congruences of a
BL-algebra is considered as a poset. Then, a quotient inverse
system and a quotient inverse limit on it are constructed.
Moreover, by setting filters of a BL-algebra, quotient projective
and inverse systems are constructed.

1. INTRODUCTION

H’ajek [1] introduced the basic logic (BL) as the logic of continuous
triangular norms and their residua. This BL is fuzzy logic; that is,
it is complete with respect to linearly ordered models. The algebraic
semantics of BL includes a variety of BL-algebras. Cignoli, Esteva,
Godo, and Torrens proved that a variety of BL-algebras is solely
generated by the continuous triangular norms on the interval [0, 1] of
reals.

The origin of studying the inverse limits dates back to the 1920s.
The classical theory of inverse systems and inverse limits is essential
in the extension of homology and cohomology theory. An exhaustive
discussion of inverse systems in some classical categories, such as (sets)
Set, (topological spaces) Top, (groups) Grp, and (rings) Rng, is given
in [1] and presented by Eilenberg and Steenrod [3], which is a milestone
in the development of that theory.
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As this is the case with products, the inverse limits might not
generally exist in any category, whereas inverse systems exist in every
category. Considering [3], the inverse limits exist in every category
where products of objects and the equalizers [!] of pairs of morphisms
exist. In other words, the inverse limits exist in every category if the
category is complete in the sense of [1].

Additionally, the inverse system has, at most, one limit. If the inverse
limit of an inverse system exists in each category C, then this limit is
unique up to C-isomorphism. The inverse limits always exist in the
categories Set, Top, Grp, and Rng. It should be noted that the inverse
limits are generally restricted to diagrams over directed sets.

An inverse limit (also called the projective limit) is a construction
that allows one to “glue together” several related objects. The precise
gluing process is specified by morphisms between the objects. The
inverse limits are a particular case of the concept of limit in the category
theory. In this paper, we apply the concept of inverse limit in the sense
of category theory to some collections of the BL-algebras. This notion
in the category theory has been studied in different kinds of categories.
In this paper, the concepts of the inverse limit of an inverse system of
BL-algebras are introduced.

2. PRELIMINARIES

Definition 2.1. [1] A BL-algebra is an algebra (A, V,A,®,—,0,1) of
type (2,2,2,2,0,0) such that

(BL1) (A,V,A,0,1) is a bounded lattice,

(BL2) (A,®,1) is an abelian monoid,

(BL3) 2 ® z < y if and only if 2 <z — v,

(BL4) 2 © (x — y) =z Ay,

(BL5) (x = y) V(y = z) =1for all z,y € A.

In this paper, we denote BL-algebra (A, V, A, ®,—,0,1) with A.

Definition 2.2. [!] Let A be a BL-algebra. A nonempty subset F' of
A is called a filter of A if F' satisfies the following conditions:
(F1)Ifz € F, z<yandy € A, theny € F,
(F2) x @y € F for every x,y € A; that is, F' is a subsemigroup of
A

A mapping f: X — Y is a BL-homomorphism if

flzoy) = flz)© f(y)
and f(z = y) = f(x) — f(y) for all z,y € A.
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Definition 2.3. [2] Let I be a set and let “<” be a binary operation
on I. We call I = (I,<) a directed partially ordered set or directed
poset if it satisfies the following conditions:
(i) 1 <4, foralli € I,
(ii) i < jand j < ¢ imply i = j, fori,j € I,
(iii) : < jand j < kimply i <k, fori,j5,k € I,
(iv) if 4,j € I, then there exists some k € [ such that i,5 < k.

3. PROJECTIVE SYSTEMS

Definition 3.1. An inverse or projective system of BL-algebras over
a directed poset I, consists of a collection {A; | i € I} of BL-algebras
indexed by I, and a collection of BL-homomorphisms {¢;; : A; — A;},
defined whenever 7 > j, such that p;; = idy,, pjrpi; = ix fori, 5,k € 1
and ¢ > j > k.

We denote an inverse system by {A;, ¢;;, [} or {A;, i }.

Definition 3.2. Let B be a BL-algebra, let {A4;,¢;;, I} be an inverse
system of BL-algebras, and let v¢; : B — A; be a BL-homomorphism for
each i € I. These mappings 1); are called to be compatible if ;;1; = 1,
whenever 7 > j.

Definition 3.3. Let {4, ¢;;, [} be an inverse system of BL-algebras.

Then a subalgebra A of H A; together with compatible
iel

homomorphisms ¢; : A — A; is an inverse limit or a projective limit

of {A;, pi;, I} if the following universal property is satisfied: whenever

B is a BL-algebra and {v; : B — A;} is a set of compatible homomor-

phisms, then there is a unique homomorphism v : B — A such that

i =; for all 1 € I.

Moreover, we say 1 induced by the compatible homomorphisms ;.
The maps ¢; : A — A; are called projections. We shall denote the
inverse limit of the inverse system {A;, ¢;;, 1} by @ie 1A; or (A ;).

Theorem 3.4. Let {A;, @i, 1} be an inverse system of BL-algebras.
Then (A, ;) is an inverse limit of the inverse system {A;, v;j, I}, where

A= {(:cl) € HAi | wij(z;) = for alli,j € I and i Zj}
iel
and @; : A — A; is the restriction of the natural projection

T - HAZ—>A7,

el
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Proof. Let (z;), (y;) € A. Then ¢;;(x;) = x; and ¢;;(y;) = y;, whenever
i > 7. We have (z;) ® (v;) = (x; © ;) and (x;) — (v;) = (x; — vi).
Also
eij(Ti O yi) = @ij(2i) © wij(ys) = T3 O y;
and
eij(mi = yi) = pij(xi) = @i(yi) = x5 = ;.
Therefore, (x;) ® (v;) € A and (z;) — (v;) € A. Thus A is a subalgebra
of [ [ 4
Let (z;) € A. Then
eijpi((x:) = pij (@) = iy (@) = x5 = ;((2:));
that is, ¢; is compatible for all 7 € I.

Now let B be a BL-algebra and let {¢; : B — A;} be a set of
compatible BL-homomorphisms. We define

Y:B— A

by ¥(y) = (¢i(y)) for each y € B. Then first, we show that ¥ (y) € A.
Since 1/);3 are compatible, so

wij(Viy)) = ¥i(y) € A;.

Thus ¥(y) = (¢¥i(y)) € A. Now, we will show that 1 is unique.
Let ¢ : B — A be another BL-homomorphism such that ¢;0 = ;.
Also, suppose that there exists y € B such that ¥(y) # ¢(y). By the
definition of A, there exists ¢ € I such that

wi((y)) = Lily) # wile)),

which is a contradiction. Hence, 1(y) = ¢(y) for all y € B. So ¢
is unique. Therefore (A, ;) is an inverse limit of the inverse system

Lemma 3.5. Let {A;, ;j, I} be an inverse system of BL-algebras and
let (A, ;) be an inverse limit of {A;, pi;, I}. Then the homomorphism
ida : A — A satisfies piidya = @; for all i € I, and it is the only
homomorphism with this property.

Proof. Let (A, ;) be an inverse limit of BL-algebras and let {A4;, ¢;;, [ }.
By the definition of (A4, ¢;), the maps ¢; : A — A; are compatible.
Thus, the universal property of the inverse limit shows that there exists
a unique BL-homomorphism ¢ : A — A such that ;0 = ; for all
t € I. On the other hand, since p;idqg = ; for all ¢ € I, and ¢ is
unique, p = idy. O
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Theorem 3.6. Let (A, ;) and (B,1;) be two inverse limits of the
inverse system {A;, ;j,I}. Then there exists a unique isomorphism
¢ A — B such that V0 = p; for alli e I.

Proof. Since the maps v¢; : B — A, are compatible, the universal
property of the inverse limit (A, ;) shows that there exists a unique
BL-homomorphism ¢ : B — A such that ;90 = ; for all + € [.
Similarly, there exists a unique BL-homomorphism ¢ : A — B such
that ¥, = @; for all ¢« € I. It follows that ¢; = w00 = Y1 for all
1 € 1. So, by Lemma 3.5, ot = idp. Similarly, 1o = id4. Therefore,
 is an isomorphism. 0J

Proposition 3.7. Let {A;, ¢;;,1} be an inverse system of BL-algebras
and let A = (A, ;) be an inverse limit of {Ai, ¢ij, I}. Suppose that
ig € I such that ig > iv,...,% and @, (Xi,) C A, , where X;, C A;,
forall k=0,1,...,t. Then

Aﬂ[(HAi) xXio} :Aﬂ[( I1 Ai) xXiox---xXit]

i#io 110,01 ,..,11

Proof. Let

(z:) € AN[(J] 4 x Xi,)-
i#io

Then (z;) € A and (z;) € (H A;) x Xj,. Thus, ¢;i(x;) = z; for all

i#£i0
i > j and x;, € X;,. Hence, @ ;(x;,) = z; for all j <.
Since ig > i1, ...,14, we have @, (v;,) = @, forall k =1,... ¢t. It

follows from ;,;, (X;,) C X;, for all k =1,...,¢ that z;, € X;,_ for all
k =1,...,t. This implies that

(l’»e( H Ai>><Xi0><"'><Xit'
G50,010enyit
Since (z;) € A, we get
(IJEAH[( H Ai)XXiOX"'XXit]~
00,01 .-+ 0t

The other inclusion is easy to show. U

Corollary 3.8. Let {Ai, vij, I} be an inverse system of BL-algebras
and let A = (A, @;) be an inverse limit of {A;, i, 1}. Then

AN | (Tipiy A) x40, = AN [ (Tl ) 5000, x50}

where ig > 11, ..., 0.
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Proof. Since ¢;;, is a BL-homomorphism for all 7y > 41,...,%; and for
all k =1,...,t, by Theorem 3.7, ©jy;, (04, ) = 04, forall k=1,... ¢
Thus, ©isi, ({04, }) = 04, forallig>iy,... .3 andforallk=1,... ¢
Then by the property of BL-homomorphisms, the result holds. 0
Theorem 3.9. Let {A;, i, I} be an inverse system of BL-algebras and
let A= (A,p;) beits corresponding inverse limit, where p; : A — A; is
the restriction of the natural projection m; : HA" — A;. Then for all

iel
j €1, it holds that

Aﬂ[(HA) {04, ]:kergoj.
i#£]
Proof. For any j € I, we have
kerp; = {(2:) € A| p;((:)) = m;((21)) = 2; = 04, }
= { ZL‘I €A | Tj= OA }

= AN [(TT4:) x {04,}].

]

4. PROJECTIVE SYSTEMS AND CONGRUENCE RELATIONS

Proposition 4.1. Let A be a BL-algebra and let I be the set of
congruences of A. Then (I,<) is a directed poset, where the binary
operation *“ < 7 on I is defined by 0 < ¢ whenever ¢ C 6 for all
0,pel.

Theorem 4.2. Let I be the set of congruences of BL-algebra A. Then
{A/ b, 0p0, 1} is a projective system where 8 < ¢ whenever ¢ C 0 for
all ,0 € I and pgg : A/ — A/ is the BL-homomorphism defined by

poo([zlg) = [z]o-
Proof. By Proposition 4.1, (I, <) is a directed poset. Now, we have

worpgo([7]s) = wor(pen([2]s)) = var([T]a) = [2]x = wor([7]s)-

Then, porper = Py Whenever ¢ > 0 > \. Therefore, vy : A/ — A/
is defined by @ge([7]g) = [x]s. Thus, @4 = idass, which implies that
{A/}, 0pp, I} is a projective system. O

Theorem 4.3. Let I be the set of congruences of BL-algebra A.
Consider the inverse system {A/¢, pg0,I}. Then
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A={(l2)s) € [TA/¢ | eaollals) = [lo for all 9.0 € 1, 6> 0},

¢el

called the completion of A, together with the projections v, : A — A/,
for all ¢ € 1, is an inverse limit of {A/}, oo, 1}

Proof. The result follows from Theorem 3.4. 0J

Lemma 4.4. Let A be a BL-algebra and let {A/¢,pes, 1} be the

defined inverse system of the completion A of A. Then the
canonical epimorphisms @y : A — A/0 are compatible, where 0 € 1.

Proof. Let x € A. Then

pon(s()) = poo([ls) = [lo = @o(2)

whenever ¢ > 6. Also, pgs([z]s) = [z]s = idasy. Therefore, the
canonical epimorphisms gy are compatible. O

Theorem 4.5. Let A be a BL-algebra and let {A/¢, pp0, 1} be the
defined inverse system of the completion A of A. Then the canonical
epimorphisms @y : A — A/0 induce a homomorphism v : A — A
defined by y(x) = (pe(x)) = ([z]o).

Proof. By Lemma 4.4, {vy : A — A/O} is a set of compatible
BL-homomorphisms. Since A is a BL-algebra and A= @ngeﬁl/@,
by Definition 3.3 and from the proof of Theorem 3.4, there exists a

homomorphism 7 : A — A defined by v(z) = (pe(z)) = ([z]y) for each
x € A. O]

Theorem 4.6. Let A be a BL-algebra and let {A/p, pp0,1} be the
defined inverse system of the completion A of A. Then
7 ([210)) = () [xlo,
el

for all ([z]y) € A.

Proof. Let y € v~ *(([x]g)). Then ~v(y) = ([x]y). By the definition of v,
we have v(y) = ([ylg). Thus, ([yls) = ([z]s). Hence, [ylg = [z]y for all

6 € I. This implies that y € ﬂ[a:]g. It follows that
el

7 ([20)) € (o
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Let y € ﬂ[m]g. Then y € [z]y for all € I. Thus, [y]s = [z] for
b€l
all @ € I. Hence, ([yls) = ([z]p). It follows from ~(y) = ([ylg) that
-1

7(y) = ([«]o). Hence, y € v~ (([2]o)), which implies ()[z]o € v~ (([x]o)).
oel
O

Let A be a BL-algebra. Then there is a one to one correspondence
between the set of congruences of A and the set of filters of A; see
[6]. For every congruence 6, there is a corresponding =g, where F is a
filter, such that # ==p. With the above discussion, we can write every
congruence 6 as a filter F' in A.

Theorem 4.7. Let A be a BL-algebra, and let {F; : 1 € I} be the family
of filters of A such that F; C F; whenever i > j. Then ker~y = ﬂ F;.
i€l
Proof. Let A be a Bl-algebra. Then
kery ={x € A:v(z) = ([04]r,), forallie I}
={zx e A:([z]g) = ([04]g), foralli e I}
={xe€A:x€04]lp,=F, foralli e I}
={recA: (=00 (0—2x)eF, forallie I}
={reA:xe€F, forallie I}
iel
OJ
Theorem 4.8. Let A be a BL-algebra and let T be a family of filters
of A such that FNG € T for every F,G € Z. Then {A/F,prg, L}

is an inverse system of BL-algebras, where ppg : AJF — A/G is the
epimorphism defined by pra(|x]r) = [*]a, whenever FF C G.

Proof. We prove that {A/F, ppg,Z} is an inverse system. Note that
opp : AJF — A/F is defined by ppp([2]p) = [2]p. So, ppr = ida/p.
Now we show that, pyapvrc = wrg, whenever ' > G > H. Then
vernrc([zlr) = ¢en(pre([z]r))
= pcn([z]e)
= [z]n
= ¢ru([z]F).

Thus, parYrc =¢ru, whenever FF > G > H. Therefore, {A/F, orc, L}
is an inverse system. O
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If 7 is the family of all filters of A such that A/F is finite for all
F € Z, then the inverse limit of the inverse system {A/F, ¢rg,Z} is
called the completion of A.

Theorem 4.9. Let T be a set of filters of BL-algebra A. Consider the
inverse system {A/F, ppg,L}. Then

A= {([x]F) € [lper A/F | vra([z]F) = [2]g for all F,G €I, F > G}

together with the projections pp : A — A/F for all F € T is an inverse
limit of {A/F, prc,L}.

Proof. The result follows from Theorem 3.4. 0

Example 4.10. Let A = {0,a,b,¢,d, 1}, with 0 < a < b < 1 and
0 <c<d<1,but a,cand respective b, d are incomparable. We define
® and — in Tables 1 and 2, respectively.

TABLE 1. Cayley Table of ®

= o0 T O@
OO O OO OO
oY OoOT v OoOcT
0.0 0 » OOl

Qo0 T o O

v OO OO
o 0O 0 O OO0

TABLE 2. Cayley Table of —

-1 0 a b ¢ d 1
0 1 1 1 1 1 1
a|d 1 1 d 1 1
b c d 1 ¢ d 1
c|b b b 1 1 1
d|a b b d 1 1
1 0O a b ¢ d 1

Then (A, V, A\, ®,—,0, 1) is a non-linearly ordered BL-algebra. There
is a bijection between the congruence relations and filters of A. Thus,
the set Z of congruence relations of A is completely determined by the
set of all filters of A. The filters of A are F; = {1}, Fy» = {b, 1},
F3 ={c,d, 1}, and Fy = A. Hence, =" is a congruence relation on A
for i = 1,2,3,4. Thus, I = {=l": 7 = 1,2,3,4}. We will just denote
=Fi by F; for all i = 1,2, 3,4. Note that =">=% if F; C F;. Now,
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I<A>:{F1 :{1}7 FQI{b71}7 F3:{C7d71}7 F4:A}
is a set of filters of A. Then

A/Fy = {{0]r, la]r,, B Fy, [clmys [dlm s (LR 3, where [0, = {0},
la]lr, = {a}, [blr, = {b}, [c|r = {c}, [d]m, = {d}, [1]F = {1};

A/F2 = {[0]F27 [a]F27 [b]F2}7 where [O]Fz = {07 0}7 [a]Fz - {aa d}?
[b]F2 = {b7 1};

A/ F3 = {[0]g,, [c]r }, where [0]p, = {0, a,b}, [c]r, = F3; and

A/Fy = {[0]g, }, where [0]g, = F.
Therefore, {A/F;, ¢r,r,, T} is an inverse system of BL-algebras, where
¢rr, : A/F; — A/F} is the canonical epimorphism whenever F; > Fj;
that iS, Fz - Fj.

Example 4.11. Consider the inverse system {A/F;, or,r,, Z} defined
in Example 4.10. Then

limA/F ={(lel) € [ A/E: | orr ([ol) =[], for al

F,Fj € I,F;2 Fj}

Now, the elements

o1 = ([O]Fn [O]Fm [O]F3> [0]F4)>
Oy = ([&]FN [G]an [O]Fsa [0]F4)7
o3 = ([b]F17 [1]F27 [G]Fg, [O]Fz;)a
Qg = ([C]Fu [O]Fw [d]F37 [O]Fh)u
Q5 = ([d]Fl7 [a]F27 [C}Fw [O]F4>>

Qg = ([1]F17 [b]sz [C]F37 [0]F4)
of imA/F; are the only elements that satisfy the condition of imA/F;.
Thus7 @A/E = {ah Qg, (3, Qiy, (s, aﬁ}'

Lemma 4.12. Let T and I’ be two directed posets. Then T x T' is a
directed poset.

Theorem 4.13. Let A and B be two BL-algebras, and let T and
T' be the sets of all filters of A and B, respectively. Suppose that
{A/F, ¢pc, L} and {B/F’, ¢, '} are the inverse systems of them,
respectively. Then {A/F x B/F' (pra, Pme), L X I'} is an inverse
system of A/F x B/F', whenever

(¢rc, ¢me) - AJF x B/F' — A/G x B/G'



ON INVERSE LIMIT OF A PROJ. SYS. OF BL-ALGEBRAS 133

is the epimorphism defined by

(ora; Ore)([2]r, W]r) = ([7]e, Yle).
Proof. The result follows from Theorem 3.4. 0J

5. CONCLUSION

The BL-algebras are the algebraic structures for BL arising from
the continuous triangular norms, which are familiar in the frameworks
of fuzzy set theory. An inverse limit (also called the projective limit)
is a construction that allows one to “glue together” several related
objects. The precise gluing process is specified by morphisms between
the objects. The inverse limits are a particular case of limit in category
theory. In this note, we introduced the inverse limit of an inverse system
of the BL-algebras. In addition, we considered the set of congruences of
the BL-algebra as the poset. Then, we constructed a quotient inverse
system and quotient inverse limit on it. Moreover, we proved that two
inverse limits of an inverse system are isomorphism.
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