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APPROXIMATE IDENTITY IN CLOSED
CODIMENSION ONE IDEALS OF SEMIGROUP
ALGEBRAS

B. MOHAMADZADEH

ABSTRACT. Let S be a foundation semigroup with identity and
M, (S) be its semigroup algebra. In this paper, we give necessary
and sufficient conditions for the existence of a bounded approxi-
mate identity in closed codimension one ideals of semigroup algebra
M, (S) of alocally compact topological foundation semigroup with
identity.

1. INTRODUCTION

Throughout this paper, S denotes a locally compact Hausdorff topo-
logical semigroup. The space of all bounded complex regular Borel
measures on S is denoted by M (S). This space with the convolution
multiplication * and the total variation norm defines a Banach algebra.
The space of all measures p € M(S) for which the maps z +— 0, * ||
and z — || * J, from S into M(S) are weakly continuous is denoted
by M,(S) (or L(S) as in [1]), where d, denotes the Dirac measure at
x. It is well-known that M,(S) is a closed two-sided L-ideal of M (S)
( see for example [1]). S is called foundation semigroup if S coincides
with the closure of the set |J{supp(p) : p € M,(S)}. This family of
semigroups is quite extensive and it contains topological groups and
discrete semigroups as elementary examples.
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Denote by L>(S, M,(S)) the set of all complex-valued bounded func-
tions g on S that are p-measurable for all u € M,(S). We identify
functions in L>°(S, M,(S)) that agree u-almost everywhere for all p €
My(S). For every g € L=(S; M,(5)), define Ilgllc = sup{ lgllcsy
p € My(S) }, where |||, denotes the essential supremum norm with
respect to |p|. Observe that L>(S, M,(S)) with the complex conjuga-
tion as involution, the pointwise operations and the norm ||.|« is a
commutative C*-algebra. The duality

7(9)(1) == plg) = /Sg dp

defines a linear mapping 7 from L>(S, M,(S)) into M,(S)*. It is well-
known that if S is a foundation semigroup with identity, then 7 is an
isometric isomorphism of L>(S, M,(S)) onto M,(S)*; see Proposition
3.6 of Sleijpen [3].

Let S be a foundation semigroup with identity. A semicharacter p
is a non-zero complex function on S satisfying p(zy) = p(z)p(y) for
all z,y € S. We denote by S the set of all bonded and continuous
semicharacters on S. For each bounded and continuous semicharacters
p € S, denote by I ,(M(S)) the closed codimension one ideal {u €

M(S) : ¢p(p) == [ p(x) du(z) = 0}, and write
To,p(Ma(S)) := Ma(S) N 1o, (M(5)).

From Lemma 2.2 of [7], we have there exists a bijective between S
and the set of all closed codimension one ideal in semigroup algebras
M,(S). Indeed; any closed codimension one ideal of M,(S) is the form
Iy,,(M,(S)) for some semicharacter p € S.

Remark 1.1. Note that Lemma 2.2 of [7] is not in general valid if
the hypothesis that S is foundation is dropped. For example, the set
S = [0, 1] with the operation xy = min{x,y} and the usual topology of
the real line is a non-foundation compact semigroup with identity such
that S = {xs}, where xs(x) =1 for all z € S, but M,(S) has not any
codimension one ideal.

Recall that a net (vy) C Iy ,(M,(S)) is a bounded approximate iden-
tity for Iy ,(M,(S)) if there is a constant M > 0 such that |[v,|| < M
for all o and ||v * v, — v|| = 0 for all v € Iy ,(M,(S5)).

In this paper, we give necessary and sufficient condition for the ex-
istence of a bounded approximate identity in closed codimension one
ideal I ,(M,(S)) in semigroup algebras M,(S) of a foundation semi-
group S with identity.
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2. THE RESULTS

In proving our result we will make use of a modification of the follow-
ing condition, in the group case known as Reiter’s condition P;. Recall
that a locally compact semigroup S satisfy the condition P, if for each
e > 0 and every compact subset C' C S there exists some positive mea-
sure u € M,(S) with the properties ||u|| < 1 and ||d, * u — p|| < € for
all x € C.

Definition 2.1. We say that the P-condition with bound M is satisfy
in p € S (Py(a, M)-condition for short) if for each ¢ > 0 and every
compact subset C' of S there exists some p € M,(S) such that ¢,(u) =
L, ||p]] < M and ||, * p— p(x)p|| < € for all z € C.

We also, say that the Pj-condition with bound M is satisfy (P} («, M)
for short ) if the above condition happens for a finite subset C' of S.

Proposition 2.2. The condition Py(p, M") follows from the condition
Py (p, M), where M' depends only on M and p.

Proof. Let u € M,(S), C C S be a compact subset and € > 0. Since S
is a foundation semigroup with identity, the map x — d, * || from S
into M,(S) are norm continuous, and so we can choose finitely many
open neighbourhoods U; = U(x;), i = 1,2, ...,n are such that C' C (J U;
and
/ c 5 B <
|p() Mm”<3NMMH’ 190 = 0 x il < 577

for z, 2’ € U,.

The condition condition Pj(p, M') ensures the existence of then u €
M,(S) with ¢,(p) = 1, [|p]| < M and ||0,, * p — p(zi)p|] < & for
i=1,2,...,n. For x € C there is a set U; with x € U;. We have

16 % = p(@)pll < || Go * po— O, * i
+ || 0ay x e — pla) |
+ p(z) = p(@)] [[pl] <e,

as required. O

Proposition 2.3. Let S be a foundation semigroup with identity, p € S
and let the condition Py(p, M) be satisfied. Let {uq, pa, ..., pin} be a
finite subset of Iy ,(M4(S)). Then for every e there is v € M,(S) with
o,(v) =1, ||[V|| < M and ||u; xv|| <e,i=1,..,n.

Proof. Given ¢ > 0, there exists a compact subset K of S such that
|| (K€¢) < e/4M, i = 1,...,n. Since the condition P;(p, M) satisty,
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there is some v € M,(S) with ¢,(v) =1, ||v|| < M and

£

51‘ - 71 1 ATV K7
18,52 = palvl] < g (0 € )

where N = max{||p[, ..., [[ ][ }-

We note that u; € Iop( o(9)) and so ¢,(u;) = [y p(x) dpi(z) =0
fori=1,...,n. Now, let f € Cy(S) with ||f||oc = 1, than we have

| <pi*xv, f>] = |/ <y xv, f> du(y)l

S

=!L<%WJ>de
—/ o), | > dusly)]

:]/<(5>k1/

- v, f> dﬂl( )’
Qmwmw—mmww@

/K H(Sy x v — py)v|| d|p|(y)
+¢J@w—mwww@

13
m/l( d|:ui’(y)
+wwww@m/dww

IN

IN

IA

< | 2 | (K¢
< ol 20l () < &
This implies that ||u; *x v|| <e,i=1,...,n
0

Theorem 2.4. Let S be a foundation semigroup with identity and p €
S. Then I ,(M,(S)) has a bounded approzimate identity bound by M
if and only if Py(p, M') is satisfied, where M’ depends only on M and
p.

Proof. In order to show that there is an approximate identity in the
codimension one ideal I ,(M,(S)), we have to prove that for every
finite set {p1, ..., pn} C In,(My(S)) and every ¢ > 0 there is a v €
Io ,(M,(S)) such that ||p; * v — || < € for i = 1,...,n (see [7], P.
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3). Let {p1,....,un} C Ip,(My(S)) be a finite set and ¢ > 0. By
Proposition 2.3, there exists v € M,(S) with ¢,(v) =1, ||v|| < M’ and
i xv|| <e/2,i=1,..,n.

Let (uq) be a bounded approximate identity for M, (S) bounded by
one (see [0]), then there is a aq such that fori =1,...,n

[\ * o — pil| < €/2 forall a > ap.
We set A = fin, — V * fla,. Since

¢p<A) = gbp(:uao) - ¢p(V)¢p(ﬂa0) =0,

the element A is in Iy ,(M,(S)). Furthermore we have foralli =1,...,n

[k A= il | = [t prag — prix V% prag = pal | < [l ik prog = pual [+ [ v || < e
and || M| = [|ftag — V * fag|] < 1+ M’. This shows our assertion.

Conversely, Let (v,) be a bounded approximate identity in the codi-
mension one ideal Iy ,(M,(S)) with bound M > 0 and let v € M,(S)
be a measure with ¢,(v) = 1. we define a net by v, = v — v * v,,
a € A. It is clear that ¢,(v,) =1 and ||v.]| < ||v||(1+ M) := M.

Let C' C S be a given compact set € > 0. By the continuity of the
map r — 0, x|v| from S into M, (S) and the continuity of semicharacter
p € S, there exists Y1, Y2, .-, Yo € C' and open neighbourhoods U; :=
U(y;) of y;, i = 1,...,n with C C |JU; such that

5 £
J — dy, < —p(y)| < ——
||y*y yz*UH 3(1+M)7 |p(y) p<y)| 3M/
for all y € U;, where 1 < i < n. Set v, := §, * v — p(y)v for all
y € {y1,....,yn}. It is clear that v, € I, ,(M,(S)). Moreover, we have

Oy * Vg — p(Y)Vo = Vy — Uy * Uy
Since (v, ) is an approximate identity for I ,(M,(S)) there is o, € A
with ||vy, — vy, * Ua,|| < €/3 for all ¢ = 1,...,n, and so |0y, * Vs, —
P(Yi)Vao|| < e/3 for all i = 1,...,n. Applying the triangle inequality we
end up with

10y * vay — p(W)vasll <€ (y € C).
This completes the proof. O

Before the following theorem, recall that a locally compact founda-
tion semigroup with identity S is left p-amenable if there exists a mean
m on L>(S; M,(S)) such that m(p) =1 and m(,f) = p(z)m(f) for all
x €S and f € L®(S; M,(S)).

Theorem 2.5. Let S be a foundation semigroup with identity and p €

S. There is a bounded approximate identity with bound M > 0 in
Io ,(M,(S)) if and only if S be left p-amenable.
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Proof. Assume there is a bounded approximate identity with bound M
in Iy ,(M,(S)). Then by 2.4 the condition P;(p, M) is satisfied. For
e > 0 and a compact set C' C S let u € M,(S) according to P;(p, M).
We define the functional m. o on L>(S; M,(S)) by

meo(f) = | fz) du(x).

S
We have m. c(p) = ¢,(p) =1 and

[Imeoll < flull < M.

Hence the functionals m. ¢ are uniformly bounded. Moreover, for
y € S we have

mecof) = [ Sy due) =< £.5,5p0>.
S
Thus
mec(of) — p)mec(f)] < | /S <y e — < foplyhn >
< 1A leolldy 11— p@)al] < Il

The family of m. ¢ form a net, where the indices (¢,C) are partially
ordered by

A

(e,C) < (£,0") if & <e CcCC.

Let m be an accumulation point of this net. Clearly ||m|| < M, m(p) =
L and m(,f) = p(x)m(f) for all x € S and f € L>®(S; M,(S5)).

Conversely assume that there exists m € L>(S; M,(S))* such that
m(p) = 1, |Im|| < M and m(,.f) = p(x)m(f) for all z € S and f €
L*>(S; M,(S)). By the Goldstine theorem there is a net (uy) C M,(S)
bounded by M, such that p, — m in the weak* topology. In particular,
we have < fio,p >—< m,p >. Since m(p) = 1 we can assume that
< fa,p >= 1 for all a. Let x € S and f € L®(S; M,(5)), then we
have

<y 0o * pa >=<a [, pta >— m(af) = p(z)m(f).
Therefore
< [y 0 * po — p(x) 1o >— 0.
Fix 21, ...,x, € S and set Fj, o 1= 0, * tla — p(Z)fto. The m-tuple

-Fi = (FLom FQ,oca "'Fn,oc)

forms a net weakly convergent to 0 in the product space M,(S) x
M, (S) x ... x M,(S). It follows from Corollary 14, P. 422 of [3], that
there is a sequence of convex combinations of F; convergent to zero in
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norm. Hence for every € > 0 there is a measure p € M,(.5), a convex
linear combination of i, such that ¢,(p) =1, ||| < M and

100 pp = plx)pl| < (i=1,..,n).
The proof is complete be Proposition 2.2. O

The next theorem will give us a sufficient condition for the exis-
tence of an approximate identity in Iy ,(M,(S)) which is eventually
unbounded.

Theorem 2.6. Let S be a foundation semigroup with identity and p €
S. Then Iy ,(M,(S)) has an approzimate identity if for any € > 0 there
ezists some p € My(S) such that ¢,(n) =1 and ||0, * p— p(y)p|| < €
forally e S.

Proof. Let {1, ...;pun} € Io,(My(S)) and every § > 0. Set N :=
max{||u1|], ., |||} and € = HLN. Choose some p € M,(S) such that
¢p(p) = 1 and ||d, * p — p(y)p|| < € for all y € S. Then an argument
similar to Proposition 2.3 implies that ||u; * u|| < 0 for i = 1,...,n.
Now we proceed with as in the proof of Theorem 2.4 Completes the

proof.
O

REFERENCES

1. A. C. Baker and J. W. Baker, Algebra of measures on a locally compact semi-
group III, J. London Math. Soc. 4 (1972), 685-695.

2. F. F. Bonsall and J. Duncan, Complete normed algebras, Springer-Verlag, New
York, 1973.

3. D. Dunford and J. T. Schwartz, Linear operators I, Wiley, New York, 1988.

4. H. A. Dzinotyiweyi, The analogue of the group algebra for toplogical semigroups,
Pitman Research Notes in Mathematics Series, London, 1984.

5. R. S. Doran and J. Wichmann, Approzimate identities and factorization in Ba-
nach modules, Lecture Notes in Mathematics, 768, Springer-Berlin , 1979.

6. M. Lashkarizadeh Bami, On the multipliers of (M, (S), L (S, M,(S))) of a foun-
dation semigroup S, Math. Nachr. 181 (1996), 73-80.

7. R. Nasr-Isfahani, Factorization in some ideals of Lau algebras with applications
to semigroup algebras, Bull. Belg. Math. Soc. 7 (2000), 429-433.

8. G. L. Sleijpen, The dual of the space of measures with continuous translations,
Semigroup Forum 22 (1981), 139-150.

B. Mohammadzadeh
Department of Mathematics, Babol University of Technology, Babol, Iran.
Email: b.mohammadzadeh®@nit.ac.ir



	1. Introduction
	2. The results
	References

