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BEST APPROXIMATION IN QUASI TENSOR
PRODUCT SPACE AND DIRECT SUM OF LATTICE
NORMED SPACES

M. IRANMANESH* AND F. SOLIMANI

ABSTRACT. We study the thoery of best approximation in tensor
product space and the direct sum of some lattice normed spaces
X;. We introduce quasi tensor product space and discuss about the
relation between tensor product space and this new space which
we denote it by XXY. We investigate best approximation in direct
sum of lattice normed spaces by elements which are not necessar-
ily downward or upward and we call them I,,, —quasi downward or
I,,—quasi upward. We show that these sets can be interpreted as
downward or upward sets. The relation of these sets with down-
ward and upward subsets of the direct sum of lattice normed spaces
X is discussed. This will be done by homomorphism functions. Fi-
nally, we introduce the best approximation of these sets.

1. INTRODUCTION

The theory of best approximation by elements of convex sets in the
normed linear spaces, which has many important applications in math-
ematics and some other sciences, is well developed. However, convexity
is sometimes a very restrictive assumption, so there is a clear need to
study the best approximation by not necessarily convex sets. In this
direction, Rubinov and Singer [7, 8] developed a theory of best ap-
proximation by elements of so-called normal sets in the non-negative
orient R’ | of a finite-dimensional coordinate space R endowed with the
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max- norm. Martinez-Legaz, Rubinov and Singer in [3] have developed
a theory of best approximation of downward subsets of the space R!.
Downward sets play an important role in some parts of mathematical
economics (see e.g., [2]) and game theory. Also Mohebi and Rubinov
[0] generalized these concepts and developed the theory of best approx-
imation by closed normal and downward subsets of a Banach lattice X
with a strong unit 1. Therefore study of these concepts in more detail
and also examination of the effect of some special operators on normal
and downward subsets of Banach lattice spaces, are useful for math-
ematicians. We use the concept of best approximation by downward
subsets of Banach lattice X, to introduce a theory of best approxima-
tion in two new spaces which we call them, quasi tensor product space
and direct sum of lattice normed spaces. The structure of the paper
is as follows: In Section 3 we present some preliminary results. In
Section 2 we investigate best approximation in quasi tensor product
of lattice normed spaces by elements of downward sets. In particular,
we show that the least element of the set of best approximations ex-
ists. In Section 4 we investigate best approximation in direct sum of
lattice normed spaces by elements which are called ” I,,,—quasi down-
ward sets”. Then we discuss about the relation of I,,—quasi downward
sets, downward sets and upward sets. In Section 5 we define positive
I,,—quasi downward sets and discuss about its relations to I,,—quasi
downward sets.

2. PRELIMINARIES

Let X be a normed vector space. For a nonempty subset W of X
and x € X define

d(x, W) =infuewl|lz — w]|. (1)
Recall that a point wy € W is called a best approximation for x € X if
[ = wol| = d(z, W). (2)

If each x € X has at least one best approximation wy € W, then W
is called a proximinal subset of X. Let W C X and x € X, we denote
by Pw(z), the set of all best approximations of  in W . Therefore

Py(z) ={weW: |z—w|]=dzW)}. (3)

It is well-known that if W is closed then Pw/(x) is a closed and
bounded subset of X. If z € X then Pw(z) is located in the boundary
of W. Let X be a lattice vector space with the strong unit 1. Using 1,
we define a norm on X by

ol == inf{A > 0w |< A1}, (4)
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and notice the ball
B(z,r)={yeX:z—rl1 <y <zx+rl}. (5)

It is clear that
jzl< el Vrex. (6)

Example 2.1. Let X be a vector lattice with a strong unit 1. The
latter means that for each x € X there exists A € R such that |z| < A1
and define
|z]| = inf{A > 0 : |z| < A1}.

It is well known (see, for example, [10]) that each vector lattice X with
a strong unit is isomorphic as a vector ordered space to the space C(Q)
of all continuous functions defined on a compact topological space Q.
For a given strong unit 1 the corresponding isomorphism ¢ can be
chosen in such a way that ¢(1)(q) = 1 for all ¢ € Q. The cone ¢(K)
coincides with the cone of all nonnegative functions defined on Q). If
X =C(Q) and 1(¢q) =1 for all g, then

T) = maxzx and ||z|| = max |z .
() = maxe(q) and |12 = max (o)

A well-known example of a vector lattice with a strong unit is the space
L>(S, %, p) of all essentially bounded functions defined on a measure
space (S,%, ). Assume that 1(s) = 1 for all s € 5, then we have
p(x) = ess supegr(s) and [lz|| = ess supyegl(s)]-

Example 2.2. Let X = R x Y, where Y is a Banach space with a
norm || - ||, and let K C X be the epigraph of the norm: K = {(\, z) :
A > ||z||}. The cone K is closed solid convex and pointed. It is easy
to check and well known that 1 = (1,0) is an interior point of K. For
each (c,y) € X we have

plc,y) = inf{A eR:(c,y) < A1}
= inf{AeR:()\0)—(c,y) € K}
= imf{AeR:(A\—¢,—y) €K}
= wiAER:A—c> |yl =c+ .

Hence

1(y, )| = max{p(y, ¢), p(=(y, ¢))} = max{c+{lyll, —c+lyll} = |e|+lyl|

Moreover, we consider the set of all bounded linear functionals from
X to complex field C, dual space of X, which is denoted by X*.

Let X,Y be two Lattice Banach algebras and denote their duals by
X* and Y*, respectively. We recall (see [1]) that the uncompleted tensor
product of X and Y is the set of all formal expressions > . | ; ® y;,
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where z; € X and y; € Y and n € N. We regard such an expression as
defining an operator A : X* — Y, given by

Ag) = Z d(z:)y: ¢ € X7, (7)

Amongst all these formal expressions, we introduce the relation

Z%‘@yi ~ Zai®bi7
i=1 i=1

if both expressions define the same operator from X* to Y. This relation
is an equivalence relation on the set of all such formal expressions. We
shall denote the set of all such equivalence classes by X ® Y. We
shall abuse notation in the usual way by referring to the expression
Yoo xi ®@y; as a member of X ® Y when we intend to refer to the
equivalence classes of expression containing » ", z; ® y; . We define
multiples of > | x; ® y; with any o € R, by > | ax; ® y;. Similarly,
we define addition by

Z$i®yi+ Z T, QY = Z:@@yz
i=1 i=n+1 i=1

We recall that a complex algebra is a vector space A over the complex
field C in which a multiplication is defined by A x A — A which satisfies

z(yz) = (zy)z, (8)
(x+y)z=z24+yz, x(y+2) =y + 22, 9)

and
a(zy) = (ax)y = z(ay), (10)

for all x,y and 2z in A and all scalars «. If in addition, A is a Ba-
nach space with respect to a norm which satisfies the multiplicative
inequality

lzyll < l=llllyll (z,y € A) (11)
and if A contains an element e such that |le|| = 1 and
re=ex =ux(r €A), (12)

then A is called a unital Banach algebra. Let Y be a lattice Banach
algebra with the strong unit 1y. We using the order relation on Y to
define a partially order relation on X ® Y as follows:

i=1 i=1 =1 i=1
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We recall (see [1]) that it is possible to construct various norms
on X ® Y using the norms in X and Y. The most obvious way to
introduce a norm which is independent to its representation, is to assign
to > x; ® y; its norm when regarded as an operator from X* to Y.
We define the norm ||.|| by:

1> w@ull=sup{ll Yoyl llo] =10 € X} (14)
i=1 =1

3. DOWNWARD SETS AND THEIR BEST APPROXIMATIONS IN
Quast TENSOR PRODUCT SPACES

Definition 3.1. Let X, Y be two Banach Algebras. A homomorphism
from X to Y is a map F : X — Y which satisfies the following state-
ments:

Flaz + fy) = aF (z) + BF(y) (Vo, B €R), (15)
F(zy) = F(z)F(y). (16)

We use the notion X* to denote the set of all non- zero homomor-
phisms from the Banach algebra X to the Banach algebra C. By The-
orem (1.3.3 [0]) if X is a unital abelian Banach algebra then X* # @
and for all f € X*, we have ||f|| = 1. Therefor if X is a unital abelian
Banach algebra then X* C X* and in expression (7), we can replace X*
with X*. We denote the representation of each new equivalence class by
the form Y " | x;My;. Also we call the new space, quasi tensor product
space and denote it by X X Y. We define a norm ||.||g on XX'Y by

1) 2 Ryl = sup || Y dla)uil. (17)
i=1 PEX® iy
Lemma 3.2. Consider that X is a Banach algebra with unit element
ex. Then f(ex) =1, for each 0 # f € X*.
Proof. Since ex = exex and f € X*, we have
flex) = f(exex) = f(ex)f(ex) (18)
then f(ex) = 1 since f # 0. O

Corollary 3.3. Let X be a unital abelian Banach algebra and Y be
a Banach space. Let z = Z?:l r; ®y; and z, = Z?:l x; W y;, then
121l = llzolm-
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Proof. Since X* C X*. We have

lzolls = sup ||} o)yl
i=1

PeXX
< sup{]| Y o(@uill, 10l = 1.6 € X} = |12
=1

O

Corollary 3.4. Let X be a unital abelian Banach algebra with unit
element ex and Y be a lattice Banach algebra with the strong unit 1y,
then ||6X X 1y|‘ = ||6X X 1y||g = 1.

Proof. Suppose ¢ € X*. By Lemma 3.2, ¢(ex) = 1. Thus we get
lex W 1y[lm = sup [[¢(ex)1v]l = [[1y]| = 1,
PpeXX

and
lex ® 1y| = sup{[[¢(ex)Ly]l, lol| = 1,0 € X}
= [yl sup{llg(ex)l, [[¢]| = 1, ¢ € X"}
= [[Lyllllex]| = 1.
This completes the proof. O

We define an order relation <« on XX Y as follows:
i=1 i=1 i=1

Definition 3.5. (see [7] ,[9]) A set U C X s said to be downward if
u €U and x < u implies x € U.

Definition 3.6. (see [7] ,[9]) A set U C X is said to be upward if u € U
and x > u implies that v € U.

By definition 3.5, we get the following results for X XY, where X is
a unital abelian Banach algebra and Y is a lattice Banach algebra with
the strong unit 1y.

Proposition 3.7. For each downward subset U of Z = XX Y, the
following assertions are true:

(1) If in&yi € U then inﬁyi—gexﬁ 1y € int U for eache > 0.
i=1 i=1
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(2)int U = {Z a;Xb; € 7 : Z a;Xb;+eexM1y € U for some e > 0}.
i=1 i=1
Proof. (1). Let € > 0 be given and Y " x; Ky, € U. Then it is clear

that Z:’;l x; K y; —eex M 1y is an element of XX Y. Consider N be an
open neighborhood of ™", z; Ky, — cex K 1y, thus :

N =) a®b e XRY : | > a;®b;— (> _ My, —cexMly)||w < e}.
=1 =1 =1
Now by (6) and (17), we have
1> dlaibi — (O lwi)ys — ely| < ely (VpeXX),
=1 =1

and by (5), we get N is the set of all Y " |, a; X b, € XK'Y where

Zgb(xl)yz — 2ely < Z d(a;)b; < Z o(x;)y
i=1 i=1 i=1

By (19) we have Y " a; Kb, < > 2; Wy, . Since U is a downward
set and 2211 x; My, € U, it follows that N/ C U. This shows that
Yo Wy, —eex M1y € int U.
(2). Let > x; Ky, € int U. Then there exists g > 0 such that the
closed ball B(}~", z; Xy;,&0) is a subset of U. In view of (17) and (5),
we get Y " Wy, +epex K1y € UL

Conversely, if there exists € > 0 such that Zzl x; Xy, +eexX1ly € U,
by part (1), > Wy, = O 2, Ky, +eex M1y —cex M 1y) € int U,
which completes the proof. O

Corollary 3.8. Let U be a downward subset of XX Y. Then U is
proximinal in XX Y.

Proof. For an arbitrary element ;" z; Ky; of XX Y\U, we get:

:d(in@yi,U):Z inf eUH sz@yz Zuz@vzllg

1 us X,

This implies for € > 0, there exists an element > " u$ X vf of U such

=1 "

that || > z; Ky, — Z? Lu; Wf||w < 7 +¢e . Then by (17) we get

|Z¢xu qu i < (e + 1)1y (VoeX™).
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Therefore by (5) we get

—(r+e) 1y<z¢ Jvs —Zgb < (r+e)ly. (20)

Let Z:r”[l ud W) =37 2, My, — rex X1y, then , we have
m+1

Hszlez Zu Xl =7 = d( Zw,&yz, (21)

and so by (19) and (20) we have
m—+1 n
Zu Xv? —cex X1y = szlyl (r+e)exX1ly <« Zuf&vf (22)
i=1
As U is a downward set and o us Mof € U; for each e > 0, we get
m+1
Zu?@v?—eexﬁly e U.
i=1
Since U is closed, we have S>7H 49 X 00 € U, and so by (21) and (3)

we get
m—+1

Zu @v € Py Zm,@yl

This shows that U is proxmunal. O

Proposition 3.9. Let U C Z := XY be a closed downward set, then if
Yo xRy, € Z\U, there exists the least element zg = min Py (37" ;X
yi) of the set Py(>_" 2 Wy;) ; namely, zo = > o x; Ky; —rex X 1y;
where r:=d(> ;" x; Ky;, U).

Proof. It >~ x; K y; € U, the result holds. Let > z; Ky; € Z\U
and zg = E:’il x;Ry; —rexX1y. Then by the proof of Corollary 3.8, we
have zy € Py(> %, 2; My;). Thus by equality | >0, 2 Ky, — 2| =7
and applying (17), (5), we get z > 2z for each z € B(> ", x; K y;, 7).
Thus 2 is the least element of the closed ball B(} " x; K y;; 7). Now
Let 2 € Py(>_", z; W y;). Then we have || > z; Ky, — 2w = 1,

and so 2’ € B(} ", z; Wy, r). Therefore 2> z,. Hence z is the least
element of the set Py(> ", z; My;). O

Corollary 3.10. Let U be a closed downward subset of X XY and
Yoz, Wy, be an element of Z \ U. Then

d(z x; M y;, U) = min{\ > 0| Z:{:z Xy; — dex X 1y € U}.

i=1
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Proof. Assume that A = {AMA >0, >7" 2, Ny, — dex K1y € U}. If
x:=y " x; Ky € Uthen we get (31", z; Ky; — Oex X 1y) € U and
sominA=0=d} ", z; Xy, U).

Now let « ¢ U then r = d(}_;", ;®y;; U) > 0. Let A > 0 be such that
Yo xi My, — Aex K 1y € U. Thus we have

A=z — (2 — Aex R 1y)||x > d(z;U) =r.

By Proposition 3.9, we have 221 x; Wy, —rexX1y € U, and therefore
r € A. Hence min A = r, which completes the proof. O

4. IM-QUASI DOWNWARD SETS IN DIRECT SUM OF LATTICE
NORMED SPACES WITH APPLICATIONS

Now let I be a finite set of indices, and (X;);cr be a collection of lattice
normed spaces with the strong unit 1; , we use the notation ), X for
direct sum of lattice normed spaces X;. Also for each z,y € >, ., X,
we define

T +y = (v + Yi)ier,
where = (z;)ier, ¥ = (Yi)ier- I (Xy, ||.||s)ier be a collection of lattice
normed spaces, we define a norm ||.||, on the space )., X; as follows:

= Al X;. 2
IE4] HilEaIXHLZJsz for each x € ; ; (23)
We use the notation 1gy for vector y = (1;)e; € Y X, and define a
el

partial ordered relation on the direct sum of lattice normed spaces X,

as follows: For each x,y in > X,
iel
r<yez <y (Viel). (24)

Let I, = {i1,12,...i, } be an arbitrarily subset of I and © = (z;)er
be an arbitrary element of ), , X;. We define the following useful sets:

(Z X" = {y = Wiier € ZXZ}
el el
where
v, <y ifig
and
(COZXz‘)Q” = {y = (Yi)ier € ZXZ}

i€l i€l
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((Z X))+ = (Z Xi)+ ﬂ(z X

iel icl icl
where (3,c; Xi)+ = {yly = (Wi)ier € Xje; Xi 1y 2 0 (Vi € I)}. We
use the notation 1é’§ for the vector y = (y;)icr where

1 ifiel,
yi_{—1 if i€\ . (25)

Also we define coPri=(z) as follows:

where

and define

(COPT‘Im(fE))i = { 0 ifiel \ [m (26)
Definition 4.1. A set U C ), ;X is called I,,—quasi downward if
(> e Xi)Im C U for each u € U.

In particular, an I, —quasi downward set U is downward, if [,,, = I and
is upward, if [, = @.

Proposition 4.2. Consider U as an I,,—quasi downward subset of
Yoicr Xi, and let x € Y., X;. Then the following assertions are true:

(1) If v € U, then x — 12 € intU for all & > 0.

>
(2) intU = {x e Xi:x+ 51163 € U for some ¢ > 0}.
Proof. (1). Let ¢ > 0 and x € U be given. Consider A as an open
neighborhood of x — alég ie

Ni={yed Xi:|y—(z-clf)ll <e}
iel
Let
Ni={yed Xtz —2e<y <z (Viel,)}
icl
and
No={yed) Xita; <y <mi+2 (Viel\l,)}
iel
By (5) we have,
N - Nl ﬂNQ.
By definition of (3, ; X;)i and that U is an I,,—quasi downward set,

it follows that /' C U, and so x — elé’g € intU.
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(2). Let « € intU. Then there exists g > 0 such that B(x,eq) C U. In
view of (5), we get x + 801% eU.

Conversely, suppose that there exists ¢ > 0 such that x + Elé’é‘ e U.
By part (1) we have x = (z + 51%) - Elég‘ € intU, which completes
the proof. O

Proposition 4.3. Fach downward subset U of >
in Zie] X.

Proof. Let xg € >_,.; X; \ U and, r = d(z¢,U) = infuevl|ro — |, this
implies, for € > 0 there exists u. € U such that ||xg —u.|| < r+e. Then
by (23) we have

se1 Xq 18 proximinal

[(zo)i — (ue)illi v +e (Viel),
and by (5) we get
—(r+e)1; < (ue); — (wo)s < (r+e)1;, (Vi el). (27)
Clearly when ug := 29 —rlg, we have ||xg —ug|| = r = d(x, U) and so
by (27) and (24), up = 9 — rlg — elg < u.. As U is downward and

u. € U, it follows that uy = 29 —rlg—eclg € U and thus uy € Py(zo),
i.e P{U(l’o) 7£ @ B

Corollary 4.4. Let U be a closed downward subset of >, ., X; and
To € Y ;er X3 \U. The least element uy = min Py(xg) of the set Py(zo)
exists. Where ug = 9 — rlg and r := d(xo, U).

Proof. If xq € U, the result holds. Assume z, € Ziel X; \ U and
ug = x9—1rlg . By proposition 4.3, we have ug € Py(zo). By applying
(23), (5) and the equality ||xo — uo|| = r, we get y > o — rlg for each
y € B(xg,r). This implies ug is the least element of the closed ball
B(zo, 7). Now, ||xg — u|| = r for an arbitrary element u € Py(z() and
so u € B(xg,r). This shows that u > ug. Hence uy is the least element
of the set Py (zo). O

In the following we define two useful maps:

ﬂﬂsz%E:K

el i€l

Tn(z) =y = (Yi)ier
where:
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and
(coT)p, := ZXZ' — ZXZ
iel i€l
by
(coT)m () = 2z = (2)ier
where
2z = —(1%)1@ (29)

Lemma 4.5. The maps T,, and (coT),, defined by (28) and (29) are
diffeomorphism.

Proof. The proof is trivial. O

Theorem 4.6. Let U C Y., X; be an I,,—quasi downward set, then
T.,(U) is downward, and (coT),,(U) is upward, where T,, and coT,, be
the maps defined by (28) and (29).

Proof. By definition, T,,(U) is downward if and only if the hypothesis
h e T,U), z e >, ;X and x < h, implies that + € T,,(U). Let
h € T,,(U), By Lemma 4.5 there exists u € U such that T,,(u) = h.
As x < h then for each i € I, z; < h;. Then by (28) we have z; < u;
if i el, and —x; > wu;if i € I'\ I,,. Asu € U and U is I,,,—quasi
downward, we conclude w = (w;);e; € U, where (w;);er is defined by
w; = (139"%% Then 7,,(U) is downward since = = T, (w) € T,,(U).
Similarly (coT),,(U) is downward.This completes the proof. O
Definition 4.7. A set U C ), ., X; is called I,,—quasi upward if its

compliment be an I,,—quasi downward.
(i.e: (coY ;e X)) C U; for allu € U)

Now by (28) and (29) we conclude the following proposition:

Proposition 4.8. Consider U as a subset of Y. ; X; which is closed
L, —quasi downward or I,—quasi upward set and x € Y, X;. Set
ro=d(z,U), " = d(T(x), T,(U)), " = d((coT)m(x), (coT),,(U)),
then r =r' =r".
Proof.
1T (@) = Tn(O)]l = max|[(Ton(2)), = (T(w)), I
= max{gg?i( l@; = wills, Zg}%}fn [[ui — @il }

= max ||z; — uif; = ||z — ul|.
el

By taking infimum we get r = 7’. Similarly » = r”. This completes the
proof. O
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Proposition 4.9. Consider U C Zie[ X, as a closed I,,,— quasi down-
ward set, v € Y., X; and r .= d(z,U). Then u,, =z — rlé’é‘ € Py(x).

Proof. Let x € Y ..;X;. By Theorem 4.6, T;,(U) is a downward set.
Hence by Corollary 4.4 wy = min Py, (Tm(x)) exists and thus we
get wo = Trn(z) — rlgy. Thus we get u, = T,  (wo) € Py(x). O
Proposition 4.10. Consider U as a closed I,,—quasi downward subset
of Y./ Xi. Let € > .., X; and T}, as in (28). Then the following
assertions are true:

Z) qu(m) = {U ceU: Tm(u) c PTm(U) (Tm(fb))}

it) d(z,U) = min{\A > 0: T}, () — \1gy € T,,(U) }.
Proof. (i) It follows from Lemma 4.5 and Proposition 4.8. (i7) It follows
from Propositions 4.8 and 4.9. 0

5. THE RELATION OF POSITIVE I,,,—QUASI DOWNWARD SETS AND
1,,—QUASI DOWNWARD SETS

Definition 5.1. A set V C (3., X;)4 is called a positive I,—quasi
downward if (3°,.;X;)im); CV for each v € V.

Downward hull of a positive I,,—quasi downward set V C (> .., X;)+
is defined as follows:

Definition 5.2. Let V C (Y., Xi)1 be a positive I,,—quasi downward
set. The intersection of all I,,—quasi downward sets which contains V
18 an I,,—quasi downward set, which is called I,,— quasi downward hull

of V and denoted by V,.

In the following we see some properties of I,,—quasi downward hull
of a positive I,,—quasi downward set :

Proposition 5.3. Let V, be I,,,—quasi downward hull of V. .C (3., Xi) 4,
then
(1) Vo={z €Y ,.;X;: coP™(z) € V and 2+ € V},
(2) V=V, ﬂ(Zig Xi)+-

Proof. Let A = {z € >,.;X; : coPr'(z) € V, and 2™ € V}. We
first prove that A is I,,—quasi downward. Let a € A, there exists
€ ) . X; such that z; < a;, ifi € I, and ; > a;, if i € I\ I,.
We are going to show that z € A. We have coPr(a) , a™ € V since
a € A. Thus Let y = coPri(x). By (26) we get

0 ifiel,
y_{x if i€\, (30)
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On the other hand we have

i <af i€l
Y=V af>af ifiel\I,

Now we get 27,y € V since V is positive I, —quasi downward. Thus
x € A. This shows A is I,,—quasi downward. AsV C A, hence V, C A.
Let x € A, thus 27 € V and coPrim(z) = coPrim(z") and z} > x;
for each ¢ € I, As V, is [,,—quasi downward, we get x € V,. Thus
A C V,, which completes the proof.
(2). Tt is immediately a consequence of the first part. O

Proposition 5.4. Let V, be the closed I,,—quasi downward hull of
VC Qe Xi)g, andx € (3, Xi)4, then d(z,V) = d(z,V.,).

Proof. 1t is clear that V C V,. For each v € V,, we have

[z —vll = max i —villi = max{gg?i( i = wills, Zg}%}fn i = vill:}
> maz{maxz; - Uj”i’ig?ﬁ v = willi} = [l = o7
> d(z,V).
Therefore inf,ev, ||z — v|| = d(z,V,) > d(z,V), which completes the
proof. O

Theorem 5.5. Let U be an I, —quasi upward subset of > .., X; , then
T,,(U) is upward and coT,,(U) is downward .

Proof. By definition, T,,(U) is upward if and only if h € T,,(U) and
T € Y .;X; and x > h implies that « € T,,(U). Let h € T,,(U), By
Lemma 4.5 there exists u € U such that 7,,(u) = h. As > h then for
each i € I, x; > h;. By (28) we have x; > u; if i € I,,, and —x; < u;
if i € I\I, Asu € U and U is I, —quasi upward, we conclude
w = (w;)ier € U, where (w;);es is defined by w; = (135%3:1 Then
r =T, (w) € T,,(U) and hence T,,(U) is upward. Similarly it can be
shown that (coT"),,(U) is also downward.This completes the proof. [

Corollary 5.6. Let U C Y
T €Y e X, then

Py(z) ={ueU: T,(u) € Pr,w(Tm(x))}.

e1 X be closed I,,—quasi upward and

Proof. This follows by Lemma 4.5 and proposition 4.8. 0J

Proposition 5.7. Let U C ), ., X; be a closed I,,—quasi upward set,

T < Zie[ Xl and 1= d(ZL’,U) then Up = T + Tlgg S PIU(ZE)
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Proof. Suppose U C > .., X; be a closed I,,—quasi upward set and
r € Y ,.; X;. By Theorem 5.5, T,,,(U) is an upward set. Since —7,,(U)
is downward, by Corollary 4.4, wy = maxPr, ) (Tn(x)) exists and
wy = Tpp(2)+71g. Then by Corollary 5.6, u, = T,,,* (wpy) € Py(z). O
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