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RATIONAL CHARACTER TABLE OF SOME FINITE
GROUPS

H. SHABANI, A. R. ASHRAFI AND M. GHORBANI⋆

Abstract. The aim of this work is to compute the rational char-
acter tables of the dicyclic group T4n, the groups of the orders pq
and pqr. Some general properties of rational character tables are
also considered.

1. Introduction

In this section, we establish some basic notation, and terminologies
that are used throughout this article. Let p be a prime number, and
q be a positive integer such that q|p − 1. Define the group Fp,q to be
presented by

Fp,q = ⟨a, b : ap = bq = 1, b−1ab = au⟩,
where u is an element of order q in the multiplicative group Z∗

p [5, Page
290]. In the case that q is also a prime, we use the notation Tp,q as Fp,q.
It is easy to see that Fp,q is a Frobenius group of the order pq.

Hölder [3] classified groups of order pqr; p, q, and r are the primes.
Using his results, we can prove that all groups of the order pqr (p >
q > r) are isomorphic to one of the following groups:

• G1 = Zpqr,
• G2 = Zr × Fp,q(q|p− 1),
• G3 = Zq × Fp,r(r|p− 1),
• G4 = Zp × Fq,r(r|q − 1),
• G5 = Fp,qr(qr|p− 1),
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• Gi+5 = ⟨ a, b, c : ap = bq = cr = 1, ab = ba, c−1bc =

bu, c−1ac = av
i⟩, where r|p − 1, r|q − 1, o(u) = r in Z∗

q and
o(v) = r in Z∗

p (1 ≤ i ≤ r − 1).

Suppose that G is a finite group, Irr(G) denotes the set of all ir-
reducible characters of G, Cl(G) is the set of conjugacy classes of G,
and x, y ∈ G. Also assume that A is the set of all character values of
G, Q(A) denotes the field generated by Q and A. If Γ is the Galois
group of this extension, then Γ acts on Irr(G) by χα(g) = α(χ(g)). It
is well-known that there exists ε such that Q(A) ⊆ Q(ε), where ϵ is a
primitive n− th root of unity. Thus if α ∈ Γ, then there exists a unique
positive integer r such that (r, n) = 1 and α(ε) = εr. Therefore, it is
well-defined to use the notation α = σr.

The elements x and y are said to be rational conjugates, if ⟨x⟩ and
⟨y⟩ are the conjugate subgroups of G. The orbits of G under this action
are called the rational conjugacy classes of G. On the other hand, Γ
acts on the conjugacy classes of G by (xG)σr = (xr)G. It is well known
that [4, Corollary 6.33] the number of orbits in the actions of Γ on the
irreducible characters and conjugacy classes of G are equal. Moreover,
the orbits of Γ on the conjugacy classes of G are the rational conjugacy
classes of G.

Lemma 1.1. Suppose that G is a finite group, A is the set of all

character values of G, and Γ = Gal(Q(A)
Q ). Then the following hold:

(1) If O is an orbit of Γ under its action on conjugacy classes of G,
then the union of elements of O is a rational conjugacy class
of G, and each rational conjugacy class of G can be obtained in
this way.

(2) If O(χ) denotes the orbit of χ under the action of Γ on Irr(G),
then the summation of all irreducible characters of O(χ) is a
rational-valued character of G. Moreover, for any proper subset
T of O(χ), the summation of all irreducible characters of T is
not rational-valued.

Proof. Suppose that A = {χ(g) | χ ∈ Irr(G) & g ∈ G}. Then:
(1) Clearly, for each one of the conjugacy class xG and yG of an orbit

O, there exists σr ∈ Γ such that (r, |G|) = 1 and σr(x
G) = (xr)G

= yG. Therefore, there exists g ∈ G such that y = g−1xrg. This
implies that x and y are rational conjugates.

(2) The sum over O(χ) under the Galois group of the field Q(A),
say, which is generated by the values of χ, is rational because
the value of the orbit sum at the group element g is equal to
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the trace of χ(g) with respect to the field extension Q(A)/Q
multiplied by the order of the stabilizer of χ(g) inGal(Q(A)/Q).
Suppose that the sum over a proper subset T of O(χ) would

be rational-valued, and assume, without loss of generality, that
χ is in T . Take an element α in Gal(Q(A)/Q) that maps χ
to a character in the complement of T in O(χ). Then the sum
over the set {ψα | ψ ∈ T} is equal to the sum over T . This
contradicts the linear independence of the characters in O(χ).

This ends the proof. □

Suppose that X = {X1, · · · , Xr} denotes the set of orbits of Γ on
Irr(G), and K = {K1, · · · , Kr} is the set of orbits of Γ on Cl(G).
Then the characters γi = mi

∑
ψ∈Xi

ψ and 1 ≤ i ≤ r are called the
irreducible rational characters of G, where mi denotes the Schur index
of a character in Xi.

Definition 1.2. Let the pair (K,X ) be as defined above. The square
matrix QCT (G) = [aij] with aij = γi(Kj) is said to be the rational
character table of G, where γi(Kj) is equal to γi(g) for any g ∈ Kj.

Throughout this paper, our notations are standard, and can be taken
from [2]. Our calculations are carried out with the aid of the computer
algebra system GAP [6].

2. Main results

Suppose that G is a group, and A is the set of all character values
of G. In the first section, it is shown that there are two actions of

Γ = Gal(Q(A)
Q ) on Irr(G) and Cl(G). Suppose that G is a finite group

with QCT (G) = (γi(Kj)), where 1 ≤ i, j ≤ r, and r denotes the
number of irreducible rational characters. Then the row and column
orthogonality relations for the rational character table of G can be
written in the following form:

⟨γi, γj⟩ =
1

|G|

r∑
t=1

|Kt|γi(Kt)γj(Kt) = δi,jm
2
i |Ki|,

⟨Kp, Kq⟩ =
r∑
i=1

γi(Kp)γi(Kq) = δp,qm
2
p|CG(Kp)||Kp|.

Thus if g and g′ are two rational conjugate elements, then |CG(g)| =
|CG(g′)|. In the above relations, |Ki| is equal to the number of conju-
gacy classes gG such that Ki = ∪gG.
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The following proposition extends a well-known result of the ordinary
character theory to that for the rational character theory [5, Page 167].

Proposition 2.1. Let G be a finite group. Then,

det(QCT (G))2 =
r∏
i=1

(|CG(Ki)| × |Ki|).

Proof. Suppose Q = QCT (G) = (γi(Kj)). Then,

QtQ = (γj(Ki))× (γi(Kj))

= (
r∑
i=1

γi(Ks)γi(Kt))

= diag(|CG(Ki)| × |Ki|).
Hence, det(QCT (G))2 =

∏r
i=1(|CG(Ki)|×|Ki|), proving the result. □

Proposition 2.2. If G is cyclic, then QCT (G)2

|G| = I, where I denotes

the identity matrix.

Proof. Suppose (K,X ) is as definition 1 for G such that
K = {K1, · · · , Kr}. Consider the following two matrices

A = diag(
√

|K1|, · · · ,
√
|Kr|),

and

B =
1√
|G|

diag(
1√
|K1|

, · · · , 1√
|Kr|

).

Set C = BQA, where Q = QCT (G). Then CCt = I, and since G is

cyclic, CCt = Q2

|G| = I, as desired. □

Let µ(n), ϕ(n), and τ(n) denote the Möbius µ-function, Euler totient
function, and number of divisor of n, respectively. For n,m ∈ Z with
n ≥ 1, the Ramanujan sum cn(m) is defined as

cn(m) =
∑

1≤k≤n

(k,n)=1

e
2πikm

n .

The Ramanujan sum is always an integer, and the von Sternecks For-

mula says that cn(m) =
µ( n

(n,m))ϕ(n)
ϕ( n

(n,m))
.

Theorem 2.3. For a positive integer n, let d1, d2, . . ., dτ(n) be the
divisors of n. The rational character table of the cyclic groups Zn can

be computed using QCT (Zn) = [aij], where aij = cdi

(
n
dj

)
.
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Proof. Suppose that τ(n) denotes the number of divisors of n. The irre-
ducible characters of the cyclic group Zn can be computed by χk(m) =

εkm, where ε = e
2πi
n , and the Schur index of each character is equal

to 1. It is well-known that Q(A) ∼= Q(ε), and Γ = Gal(Q(A)
Q ) ∼= Z∗

n.

Then X = {X1, · · · , Xτ(n)} and K = {K1, · · · , Kτ(n)}, where Xi =
{χk | (k, n) = n

di
} and Kj = {a ∈ Zn | (a, n) = n

dj
}. This computes the

rational character table of Zn, as desired. □

Example 2.4. Let p be a prime number. The rational character table
of Zp is recorded in Table 1. In this case, K1 = idZp andK2 = Zp−idZp .

Table 1. Rational Character Table of Zp.

QCT (Zp) K1 K2

γ1 1 1
γ2 p− 1 −1

Example 2.5. Following James and Liebeck [5, p. 178], the dicyclic
group T4n can be presented as follows:

T4n = ⟨a, b | a2n = 1, an = b2, b−1ab = a−1⟩.
It is easy to see that this group has the order 4n and the cyclic subgroup
⟨a⟩ has the index 2 in T4n. Suppose that d1, · · · , dτ(n) are the positive

divisors of n. Let ε = e
2πi
2n and Irr(⟨a⟩) = {ψ1, ψ2, · · · , ψ2n}, where

ψj(a
r) = εjr, and r = 1, 2, · · · , 2n. In [5, p. 420], the character table

of T4n is computed. For the sake of completeness, we describe the
character table of T4n as follow:

• The group T4n has exactly n + 3 conjugacy classes as follows:
{e}, {an}, {ar, a−r} (1 ≤ r ≤ n − 1), {a2jb | 0 ≤ j ≤ n − 1},
and {a2j+1b | 0 ≤ j ≤ n− 1}.

• The group T4n has exactly n− 1 non-linear characters ψ̄j such
that ψ̄j ↓⟨a⟩= ψj + ψn−j, where 1 ≤ j ≤ n− 1. It is easy to see
that ψ̄j(a

αbβ) = (1 − β)(εjα + ε−jα). The Schur index of ψ̄j is
equal to 2, where j is odd and is equal to 1 otherwise.

• The group T4n has exactly four linear characters. These are

{ψn, ψ
′
n} and {χ1, χ2} such that ψn and ψ

′
n are two linear

characters of T4n with this property that ψn ↓⟨a⟩= ψ
′
n ↓⟨a⟩=

ψn, χ1 = 1 and χ2 is the lift of the non-trivial irreducible
character of T4n

⟨a⟩
∼= Z2 to T4n. Notice that if n is odd, then
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ψn(a
αbβ) = (−1)αiβ and ψ

′
n(a

αbβ) = (−1)α(−i)β. If n is even,

ψn(a
αbβ) = (−1)α(−1)β and ψ

′
n(a

αbβ) = (−1)β. It is obvious
the Schur index of these characters is equal to 1.

On the other hand, Q(A) = Q(ε + ε−1), where A is the character

values of T4n and [Q(A) : Q] = ϕ(2n)
2

. Thus the Galois group is abelian

of order ϕ(2n)
2

. Suppose that n is odd. Then the action of Galois group
Γ on Irr(T4n) has exactly τ(2n) + 1 orbits, as follow:

X1 = {1},
X2 = {χ2},

Xi = {ψj | (j, 2n) =
2n

di
; j = 1, · · · , n− 1} (3 ≤ i ≤ τ(2n)),

Xτ(2n)+1 = {ψn, ψ′
n}.

Notice that |Xi| = ϕ(di)
2

. We now consider the action of Galois group
Γ on Cl(T4n). The orbits of this action are as follows:

K1 = {1},
K2 = {an},

Ki = {ar, a2n−r | (r, 2n) = 2n

di
} (3 ≤ i ≤ τ(2n)),

Kτ(2n)+1 = {ajb | 0 ≤ j ≤ 2n− 1}.

Then X = {X1, X2, · · · , Xτ(2n), Xτ(2n)+1} and K =
{K1, K2, · · · , Kτ(2n), Kτ(2n)+1}. We now assume that n is even. Then,
similar to the case of odd n, we have exactly τ(2n)+2 orbits, as follow:

X1 = {1},
X2 = {χ2},

Xi = {ψj | (j, 2n) =
2n

di
; j = 1, · · · , n− 1} (3 ≤ i ≤ τ(2n)),

Xτ(2n)+1 = {ψn},
Xτ(2n)+2 = {ψ′

n}.
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Again |Xi| = ϕ(di)
2

, and we have:

K1 = {1},
K2 = {an},

Ki = {ar, a2n−r | (r, 2n) = 2n

di
} (3 ≤ i ≤ τ(2n)),

Kτ(2n)+1 = {a2jb | 0 ≤ j ≤ n− 1},
Kτ(2n)+2 = {a2j+1b | 0 ≤ j ≤ n− 1}.

Therefore, we have:

X = {X1, X2, · · · , Xτ(2n)+1, Xτ(2n)+2},
K = {K1, K2, · · · , Kτ(2n)+1, Kτ(2n)+2}.

Notice that, by [7], the Schur index of T4n can be computed as follows:

ti =

{
1 Xi contains ψ̄j when j is even
2 Xi contains ψ̄j when j is odd

.

The rational character tables of T4n are recorded in Tables 2 and 3.

Table 2. Rational Character Table of T4n; n is odd.

QCT (T4n) K1 K2 Ki Kτ(2n)+1

γ1 1 1 1 1
γ2 1 1 1 −1
γi tiϕ(di) ticdi(n) ticdi(r) 0

γτ(2n)+1 2 2 2× (−1)r 0

Table 3. Rational Character Table of T4n, n is even.

QCT (T4n) K1 K2 Ki Kτ(2n)+1 Kτ(2n)+2

γ1 1 1 1 1 1
γ2 1 1 1 −1 −1
γi tiϕ(di) ticdi(n) ticdi(r) 0 0

γτ(2n)+1 1 1 (−1)r −1 1
γτ(2n)+2 1 1 (−1)r 1 −1

Lemma 2.6. Let A, A1, and A2 be the set of all entries of the character

tables G1 × G2, G1 and G2, respectively. Let Γ1 = Gal(Q(A1)
Q ), Γ2 =

Gal(Q(A2)
Q ) and Γ = Gal(Q(A)

Q ). If gcd(|G1|, |G2|) = 1, then Γ = Γ1×Γ2.
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Proof. The proof follows from the fact that all entries of the character
tables G1 and G2 are the sum of roots of unity of the orders |G1| and
|G2|, respectively. □

Lemma 2.7. [4, Exercise 10.10] Let χ ∈ Irr(G1), ψ ∈ Irr(G2), and
gcd(m(χ), ψ(1)|Q(ψ) : Q|) = gcd(m(ψ), χ(1)|Q(χ) : Q|) = 1. Then
m(χψ) = m(χ)m(ψ).

Theorem 2.8. Suppose that G1 and G2 are finite groups of the orders
n1 and n2, respectively, where gcd(n1, n2) = 1. If χ and ψ satisfy the
hypothesis of Lemma 2.7 for any χ ∈ Irr(G1) and ψ ∈ Irr(G2), then
we have

QCT (G1 ×G2) = QCT (G1)⊗QCT (G2).

Proof. By Lemma 2.6, Γ = Γ1 × Γ2, where Γ1 = Gal(Q(A1)
Q ), Γ2 =

Gal(Q(A2)
Q ), and Γ = Gal(Q(A)

Q ). Let A, A1 and A2 be the entries of
the character tables G1 × G2, G1, and G2, respectively. Suppose that
the action of Γ1 on Irr(G1) and the action of Γ2 on Irr(G2) have the
classes {X1, . . . , Xr} and {Y1, . . . , Ys}, respectively. It is well-known
that, Irr(G1 ×G2) = Irr(G1)× Irr(G2). Thus it is sufficient to prove
that for each χ ∈ Xi, (1 ≤ i ≤ r) and for each ψ ∈ Yj, (1 ≤ j ≤ s),

[χψ] = [χ][ψ], where [χ] =
∑
σ∈Γ

χσ. It is clear that for every σ ∈ Γ,

there exist σ1 ∈ Γ1 and σ2 ∈ Γ2 such that σ = (σ1, σ2). This implies
that

[χψ] = {(χψ)σ|σ ∈ Γ}
= {(χψ)(σ1,σ2)|σ1 ∈ Γ1, σ2 ∈ Γ2}
= {χσ1ψσ2 |σ1 ∈ Γ1, σ2 ∈ Γ2} = [χ][ψ].

Suppose that Xi = {χit}t and Yj = {ψjl}l, then if γi = mi

∑
t χit and

δj = mj

∑
l ψjl , by Lemma 2.7, we have:

γiδj = mimj

∑
t,l

χitψjl .

Similarly, the rational conjugacy classes of G1 ×G2 are equal to the
product of the rational conjugacy classes of G1 and G2. Let Kf and Lt
be the rational conjugacy classes of G1 and G2, respectively. Then we
have

γχiψj
((Kf , Ls)) = γχi

(Kf )γψj
(Ls).

This completes the proof. □
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Example 2.9. Let p and q be two prime numbers such that p > q,
and G be a finite group of the order pq. It is well-known that G ∼= Zpq
or G ∼= Tp,q. As a result of Theorem 2.8, one can easily prove that the
rational character table of Zp × Zq is QCT (Zp)⊗QCT (Zq).

Table 4. Rational Character Table of Zpq.

QCT (Zpq) K1 K2 K3 K4

γ1 1 1 1 1
γ2 q − 1 −1 q − 1 −1
γ3 p− 1 p− 1 −1 −1
γ4 pq − p− q + 1 1− p 1− q 1

Here, K1 = {id}, K2 = {p, 2p, . . . , (q − 1)p}, K3 = {q, 2q, . . . , (p −
1)q}, and K4 = a ∈ Zpq : (a, pq) = 1}.

Proposition 2.10. Suppose that p is prime, and q | p−1 and d1, · · · , dτ(q)
are the positive divisors of q. Then the rational character table of
G = Fp,q is given in Table 5.

Table 5. Rational Character Table of Fp,q.

QCT (Fp,q) K1 K2 Kj

γ1 1 1 1

γi ϕ(di) ϕ(di) cdi

(
q
dj

)
γτ(q)+1 p− 1 −1 0

Proof. Suppose that α = e
2πi
q and β = e

2πi
p . According to [5, Proposi-

tion 25.9 and Theorem 25.10], the q linear characters of Fp,q are defined
as χi(a

xby) = αiy, where 0 ≤ i ≤ q − 1. Moreover, the r = p−1
q

non-

linear characters of Fp,q are

ψj(g) =

{ ∑
s∈S β

sxvj g = ax

0 g = axby
,

where S is a subgroup of Z⋆p containing all powers of u, and the repre-
sentatives of the cosets of S in Z⋆p can be considered as {v1, v2, . . . , vr}.
The conjugacy classes of Fp,q are:

{1},
(avi)G = {avis : s ∈ S}, (1 ≤ i ≤ r),

(bn)G = {ambn : 0 ≤ m ≤ p− 1}, (1 ≤ n ≤ q − 1).
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Then the action of the Galois group Γ = Gal(
Q(α,

∑
s∈S β

s)

Q ) on Irr(Fp,q)

has exactly τ(q) + 1 orbits, as:

X1 = {1},

Xi = {χj | (j, q) =
q

di
; j = 1, · · · , τ(q)} (2 ≤ i ≤ τ(q)),

Xτ(q)+1 = {ψ1, ψ2, . . . , ψr}.
On the other hand, the orbits of the action of Galois group Γ on

Cl(Fp,q) are:

K1 = {1},
K2 = {ai : 1 ≤ i ≤ p− 1},

Kj+1 = ∪(k,q)= q
dj
(bk)G, (2 ≤ j ≤ τ(q)).

By [1, Theorem 4.2], the Schur index of all irreducible characters of
Fp,q is 1, and the proof is completed. □

Corollary 2.11. Let p and q be two prime numbers such that p > q
and q|p − 1. The rational character table of the group Tp,q is as Table
6.

In this case, the rational conjugacy classes are K1 = {id}, K2 =
⟨a⟩ \ {id} and K3 = Tp,q \ ⟨a⟩.

Table 6. Rational Character Table of Tp,q.

QCT (Tp,q) K1 K2 K3

γ1 1 1 1
γ2 q − 1 q − 1 −1
γ3 p− 1 −1 0

From now on, we consider the groups of the order pqr (p > q > r).
To compute the rational character tables of a group G of this order, we
first calculate the character table of all groups of this order. In Theorem
2.3, the rational character table of the cyclic Zn is computed. Thus it is
enough to assume that group G is non-cyclic. We now apply Theorems
2.3 and 2.8 to compute the rational character tables of Zr×Fp,q, Zq×Tp,r
and Zp × Tq,r as QCT (Zr) ⊗ QCT (Fp,q), QCT (Zq) ⊗ QCT (Tp,r), and
QCT (Zp)⊗QCT (Tq,r), respectively.

The character table of G5 can be computed directly from Proposition
2.10. We now compute the character table of groups Gi+5. Let G =
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Gi+5, to compute the conjugacy classes of G. We assume that U = ⟨u⟩
and V = ⟨v⟩ are the subgroups of order r of Z∗

q and Z∗
p, respectively.

Then we have,

Lemma 2.12. The conjugacy classes of G are

{1}, (avi)G, (bui)G, (ci)G, (bu
′
iav

′
i)G

where ui is a coset representative of U in Z∗
q, vi is a coset representative

of V in Z∗
p, and (u

′
i, v

′
i) is a coset representative of ⟨(u, v)⟩ in Z∗

q ×Z∗
p.

Proof. It is easy to see that for 1 ≤ k ≤ r − 1, c−kbck = bu
k
and so

bu
i
’s are conjugate and so |bG| ≥ r. On the other hand, ⟨ba⟩ ≤ CG(b),

and hence, |CG(b)| ≥ pq. This implies that |bG| ≤ r, and thus |bG| = r.
Further, one can prove that (bui)G(1 ≤ i ≤ q−1

r
) and (avj)G(1 ≤ j ≤

p−1
r
) are conjugacy classes of G. Therefore,

cG = {cbiaj| 0 ≤ i ≤ q − 1, 0 ≤ j ≤ p− 1},
...

(cr−1)G = {cr−1biaj| 0 ≤ i ≤ q − 1, 0 ≤ j ≤ p− 1},

(bu
′
iav

′
i)G = {bu

′
iav

′
i , bu

′
iuav

′
iv, · · · , bu

′
iu

r−1

av
′
iv

r−1},

where (u
′
i, v

′
i) is a coset representative of ⟨(u, v)⟩ in Z∗

q × Z∗
p and

|⟨(u, v)⟩| = r. □

It follows from Lemma 2.12 that G has p−1
r

+ q−1
r

+ (p−1)(q−1)
r

+ r
conjugacy classes and then the same number of irreducible characters.
On the other hand,

G/G
′
= ⟨c|cr = 1⟩ ∼= Zr.

Hence, G has r linear characters lifted from linear characters of G/G
′
.

These characters are as χ̃n : G/G
′ → C with χ̃n(c

mG
′
) = ϵmn, where

ϵ = e
2πi
r and m,n = 0, 1, · · · , r − 1.

According to [5, Theorem 17.11], all linear characters of G are as
χn : G→ C with χn(g) = χ̃n(gG

′
). Hence,

χn(a
w) = χ̃n(a

wG
′
) = χ̃n(G

′
) = χn(1) = 1,

χn(b
v) = χ̃n(b

vG
′
) = χ̃n(G

′
) = χn(1) = 1,

χn(b
v0aw0) = χ̃n(b

v0aw0G
′
) = χ̃n(G

′
) = χn(1) = 1,

χn(c
t) = χ̃n(c

tG
′
) = ϵtn(0 ≤ n ≤ r − 1 and 1 ≤ t ≤ r − 1).

where (v0, w0) is a coset representative of ⟨(u, v)⟩ in Z∗
q × Z∗

p.
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Here, we determine all the non-linear irreducible characters of G.
First notice that H = ⟨a⟩ is a normal subgroup of G, and if ur ≡
1(mod q), then

G/H = ⟨b, c| bq = cr = 1, c−1bc = bu⟩ ∼= Fq,r.

According to Proposition 2.10, the Frobenius group Fq,r has r linear
characters and q−1

r
irreducible characters of degree r. Let us denote

the non-linear characters by φ̃m. Then we have:

φ̃m(H) = r,

φ̃m(b
xH) =

r−1∑
i=0

λumxu
i

(1 ≤ m ≤ q − 1

r
, 1 ≤ x ≤ q − 1),

φ̃m(b
xcyH) = 0 (1 ≤ y ≤ r − 1),

where λ = e
2πi
q and u1, · · · , um are distinct coset representative of U =

⟨u⟩ in Z∗
q. By lifting these characters, we can compute q−1

r
irreducible

characters of G of degree r denoted by φm(1 ≤ m ≤ q−1
r
), e.g.

φm(a
x) = r (0 ≤ x ≤ p− 1),

φm(b
yax) =

r−1∑
i=0

λumyu
i

(0 ≤ x ≤ p− 1, 1 ≤ y ≤ q − 1),

φm(c
k) = 0 (1 ≤ k ≤ r − 1).

Similarly, for the normal subgroup K = ⟨b⟩ of G, we have:

G/K ∼= ⟨a, c| ap = cr = 1, c−1ac = av⟩ ∼= Fp,r.

Consequently, this group has p−1
r

irreducible characters of degree r de-

noted by θ̃l(1 ≤ l ≤ p−1
r
). Similar to the last discussion, the irreducible

characters of G lifted from θ̃l are as follows:

θl(a
x) = θl(b

yax) =
r−1∑
i=0

γvlxv
i

,

θl(b
y) = r,

θl(c
k) = 0 (1 ≤ k ≤ r − 1),

where γ = e
2πi
p and v1, · · · , vl are distinct coset representative of V =

⟨v⟩ in Z∗
p.

Finally, by considering subgroup G
′
= ⟨ba⟩ ∼= Zq×Zp, its irreducible

characters are of the form ψiξj(0 ≤ i ≤ q − 1, 0 ≤ j ≤ p− 1) and

ψi(b
y) = λiy, ξj(a

x) = γjx.
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This leads us to conclude that

ψiξj(b
yax) = ψi(b

y)ξj(a
x) = λiyγjx.

Let now m ∈ Z∗
q and n ∈ Z∗

p, then

(ψmξn ↑ G)(1) = |G|
|⟨ba⟩|

(ψmξn)(1) =
pqr

pq
= r.

On the other hand,

|CG(by)| = |CG′ (by)| = |CG(ax)| = |CG′ (ax)| = |CG(byax)|
= |CG′ (byax)| = pq,

and so

(ψmξn ↑ G)(ax) =
r−1∑
i=0

ξn(a
xvi) =

r−1∑
i=0

γnxv
i

,

(ψmξn ↑ G)(by) =
r−1∑
i=0

ψm(b
yui) =

r−1∑
i=0

λmyu
i

,

(ψmξn ↑ G)(byax) =
r−1∑
i=0

ψm(b
yui)ξn(a

xvi) =
r−1∑
i=0

λmyu
i

γnxv
i

(ψmξn ↑ G)(ck) = 0 (k = 1, · · · , r − 1).

Since
ψmξn ↑ G = ψmuiξnvi ↑ G,

thus, we get z = (p−1)(q−1)
r

characters of G. There still remains the
question as to whether such characters are distinct irreducible. As-
sume (u

′
i, v

′
i) be coset representative of subgroup {(1, 1), (u, v), · · · ,

(ur−1, vr−1)} of Z∗
q × Z∗

p and ηj = ψu′j
ξv′j

↑ G. According to Frobe-

nius Reciprocity Theorem, for H = G
′
= ⟨ba⟩, we verify:

⟨ηj ↓ H,ψu′juiξv′jvj⟩H = ⟨ηj, ψu′jξv′j ↑ G⟩G
= ⟨ηj, ηj⟩G.

Therefore, we can observe that

ηj ↓ H = ⟨ηj, ηj⟩G(
r−1∑
i=0

ψv′jui
ξv′jvi

) + χ,

where χ = 0 or it is a character ofH. Hence, ηj(1) ≥ r⟨ηj, ηj⟩G. Finally,
ηj(1) = r implies that ⟨ηj, ηj⟩G = 1, and so ηj is irreducible. On the
other hand, for (u

′
j, v

′
j) ∈ Z∗

q×Z∗
p, all ψu′j

ξv′j
’s are linearly independent,

and thus all ηj ↓ H (1 ≤ j ≤ (p−1)(q−1)
r

) are distinct. Consequently,
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the irreducible characters η1, · · · ηz are distinct. We summarize the
character table of G in the following theorem:

Theorem 2.13. Let p > q > r be distinct prime numbers, l1 =
(p−1)(q−1)

r
, l2 = p−1

r
, l3 = q−1

r
and ϵ = e

2πi
r . Then the group G has

l1 + l2 + l3 + r irreducible characters, as reported in Table 7.

Table 7. Character Table of Group Gi+5 for 1 ≤ i ≤ r.

g 1 avi bui bu
′
iav

′
i ck

1 ≤ i ≤ l1 1 ≤ i ≤ l2 1 ≤ i ≤ l3 1 ≤ k ≤ r − 1

χn 1 1 1 1 ϵkn

0 ≤ n ≤ r − 1
ηs r E F G 0

1 ≤ s ≤ l3
θl r C r D 0

1 ≤ l ≤ l1
φm r r A B 0

1 ≤ m ≤ l2

where λ = e
2πi
q , u1, · · · , ul1 are distinct coset representative of U =

⟨u⟩ in Z∗
q, v1, · · · , vl2 are distinct coset representative of V = ⟨v⟩ in Z∗

p,

(u
′
i, v

′
i) are coset representative of ⟨(u, v)⟩ in Z∗

q × Z∗
p and

A =
r∑
j=1

λumuiu
j

, B =
r∑
j=1

λumu
′
iu

j

, C =
r∑
j=1

γvlviv
j

, D =
r∑
j=1

γvlv
′
iv

j

,

E =
r∑
j=1

γv
′
sviv

j

, F =
r∑
j=1

λu
′
suiu

j

, G =
r∑
j=1

λu
′
su

′
iu

j

γv
′
sv

′
iv

j

.

and 1 ≤ l ≤ l1, 1 ≤ m ≤ l2, 1 ≤ s ≤ l3, 1 ≤ n ≤ r − 1.

Suppose G(p, q, r) be the set of all groups of order pqr, where p, q,
and r are distinct prime numbers with p > q > r.

Theorem 2.14. Let G ∈ G(p, q, r). Then, the rational character table
of G is equal to one of the Tables 8-13.

Proof. Using Theorems 2.3, 2.8 and Proposition 2.10, the rational char-
acter table of groups G1 − G5 are as reported in Tables 8-12. Let
G = Gi+5 for 1 ≤ i ≤ r−1. According to [7, Theorem 3], the Schur in-
dex of G is equal to 1. Since p, q, andr are prime numbers, one can eas-
ily check that ⟨as⟩ = ⟨at⟩, ⟨bm⟩ = ⟨bn⟩, ⟨ck⟩ = ⟨cl⟩, and ⟨bxay⟩ = ⟨bvaz⟩,
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where 1 ≤ s, t, y, z ≤ p − 1, 1 ≤ m,n, x, v ≤ q − 1, 1 ≤ k, l ≤ r − 1.
This implies that all rational conjugacy classes are

K1 = {id}, K2 = ∪l1i=1(a
vi)G, K3 = ∪l2i=1(b

ui)G,

K4 = ∪l3i=1(b
u′iav

′
i)G, K5 = ∪r−1

k=1(c
k)G.

On the other hand, let Q(A) = Q(ϵ, λu + λu
−1
, γv + γv

−1
), so the

action of Galois group Γ on Irr(G) has exactly five orbits, as follow:

X1 = {1}, X2 = {χn : 1 ≤ n ≤ r − 1}, X3 = {ηs : 1 ≤ s ≤ l3},

X4 = {θl : 1 ≤ l ≤ l1}, X4 = {φm : 1 ≤ m ≤ l2}.

This completes the proof. □

3. Appendix

In this section, the rational character tables of the groups G1, G2,
G3, G4, G5 and Gi+5, 1 ≤ i ≤ r − 1, all of which having the order
pqr are presented. These tables are computed by the methods given
by Proposition 2.10 and Theorems 2.3, 2.8, and 2.14.

Table 8. Rational Character Table of Group G1.

QCT (G1) K1 K2 K3 K4 K5 K6 K7 K8

γ1 1 1 1 1 1 1 1 1
γ2 r − 1 −1 r − 1 −1 r − 1 −1 r − 1 −1
γ3 q − 1 q − 1 −1 −1 q − 1 q − 1 −1 −1
γ4 a1 1− q 1− r 1 a1 1− q 1− r 1
γ5 p− 1 p− 1 p− 1 p− 1 −1 −1 −1 −1
γ6 a2 1− p a2 1− p 1− r 1 1− r 1
γ7 a3 p− 1 −1 −1 1− q 1− q 1 1
γ8 a4 −a3 −a2 p− 1 −a1 1− q −1 −1

Here, a1 = (q − 1)(r − 1), a2 = (p − 1)(r − 1), a3 = (p − 1)(q − 1),
and a4 = (p− 1)(q − 1)(r − 1). The rational conjugacy classes are,
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K1 = {idG1},
K2 = {pq, 2pq, . . . , (r − 1)pq},
K3 = {pr, 2pr, . . . , (q − 1)pr},
K4 = {qr, 2qr, . . . , (p− 1)qr},
K5 = {p, 2p, . . . , (r − 1)(q − 1)p},
K6 = {q, 2q, . . . , (r − 1)(p− 1)q},
K7 = {r, 2r, . . . , (q − 1)(p− 1)r},
K8 = {a ∈ Zpqr : (a, pqr) = 1}.

Table 9. Rational Character Table of Group G2.

QCT (G2) K1 K2 K3 K4 K5 K6

γ1 1 1 1 1 1 1
γ2 r − 1 −1 r − 1 −1 r − 1 −1
γ3 q − 1 q − 1 q − 1 q − 1 −1 −1
γ4 a1 1− q a1 1− q 1− r 1
γ5 p− 1 p− 1 −1 −1 0 0
γ6 a2 1− p 1− r 1 0 0

Here, a1 = (q − 1)(r − 1) and a2 = (p − 1)(r − 1). Let Fp,q =
⟨a, b : ap = bq = 1, b−1ab = au⟩. Also consider that L1 = {idZr} and
L2 = Zr \L1 are the rational conjugacy classes of Zr and T1 = {idFp,q},
T2 = {a, . . . , ap−1} and T3 = Fp,q\⟨a⟩ are the rational conjugacy classes
of Fp,q. Then we have K1 = L1 × T1, K2 = L2 × T1, K3 = L1 × T2,
K4 = L2 × T2, K5 = L1 × T3, and K6 = L2 × T3.

Table 10. Rational Character Table of Group G3.

QCT (G3) K1 K2 K3 K4 K5 K6

γ1 1 1 1 1 1 1
γ2 q − 1 −1 q − 1 −1 q − 1 −1
γ3 r − 1 r − 1 r − 1 r − 1 −1 −1
γ4 a1 1− r a1 1− r 1− q 1
γ5 p− 1 p− 1 −1 −1 0 0
γ6 a2 1− p 1− q 1 0 0

Here, a1 = (q−1)(r−1) and a2 = (p−1)(q−1). Let Fp,r = ⟨a, b : ap =
br = 1, b−1ab = au⟩. Consider L1 = {idZq} and L2 = Zq \ L1 are the
rational conjugacy classes of Zq and T1 = {idFp,r}, T2 = {a, . . . , ap−1},
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and T3 = Fp,r \ ⟨a⟩ are the rational conjugacy classes of Fp,r. Then
K1 = L1×T1, K2 = L2×T1, K3 = L1×T2, K4 = L2×T2, K5 = L1×T3,
and K6 = L2 × T3.

Table 11. Rational Character Table of Group G4.

QCT (G4) K1 K2 K3 K4 K5 K6

γ1 1 1 1 1 1 1
γ2 p− 1 −1 p− 1 −1 p− 1 −1
γ3 r − 1 r − 1 r − 1 r − 1 −1 −1
γ4 a1 1− r a1 1− r 1− p 1
γ5 q − 1 q − 1 −1 −1 0 0
γ6 a2 1− q 1− p 1 0 0

Here, a1 = (q−1)(r−1). Let Fq,r = ⟨a, b : aq = br = 1, b−1ab = au⟩.
Consider L1 = {idZp} and L2 = Zp \ L1 are the rational conjugacy
classes of Zp, and T1 = {idFq,r}, T2 = {a, . . . , aq−1} and, T3 = Fq,r \ ⟨a⟩
are the rational conjugacy classes of Fq,r. Then K1 = L1 × T1, K2 =
L2×T1, K3 = L1×T2, K4 = L2×T2, K5 = L1×T3, and K6 = L2×T3.

Table 12. Rational Character Table of Group G5.

QCT (G5) K1 K2 K3 K4 K5

γ1 1 1 1 1 1
γ2 r − 1 r − 1 −1 r − 1 −1
γ3 q − 1 q − 1 q − 1 −1 −1
γ4 a1 a1 1− q 1− r 1
γ5 p− 1 −1 0 0 0

Here, a1 = (p − 1)(r − 1) and a2 = (p − 1)(q − 1). Let Fp,qr =
⟨a, b : ap = bqr = 1, b−1ab = au⟩. Then, the rational conjugacy classes
are, K1 = ⟨idG5⟩, K2 = {ai : 1 ≤ i ≤ p − 1}, K3 = ∪r−1

i=1 (b
iq)G5 ,

K4 = ∪q−1
i=1 (b

ir)G5 and K5 = ∪(k,qr)=1(b
k)G5 .
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Table 13. Rational Character Table of Group G =
Gi+5, 1 ≤ i ≤ r − 1.

QCT (Gi+5) K1 K2 K3 K4 K5

γ1 1 1 1 1 1
γ2 r − 1 r − 1 r − 1 r − 1 −1
γ3 q − 1 q − 1 −1 −1 0
γ4 p− 1 −1 p− 1 −1 0
γ5 (p− 1)(q − 1) −q + 1 −p+ 1 1 0

Here, K1 = {idGi+5
}, K2 = ∪l1i=1(a

vi)G, K3 = ∪l2i=1(b
ui)G, K4 =

∪l3i=1(b
u′iav

′
i)G and K5 = ∪r−1

k=1(c
k)G are the rational conjugacy classes

of G and γ1 = 1, γ2 =
∑r−1

n=1 χn, γ3 =
∑l3

s=1 ηs, γ4 =
∑l1

l=1 θl and

γ5 =
∑l2

m=1 φm.
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متناهی گروه�های از برخی گویای سرشت�های جدول
قربانی٢ مجتبی و اشرفی١ علیرضا سید شبانی١، حسین

٨٧٣١٧۵٣١۵٣ پستی کد محض، ریاضی گروه ریاضی، علوم دانشکده کاشان، دانشگاه ١کاشان،

١٣۶ - ١۶٧٨۵ پستی کد ریاضی، گروه پایه، علوم دانشکده رجایی، شهید دبیر تربیت دانشگاه ٢تهران،

مرتبه گروه�های و pq مرتبه گروه�های ،T۴n دودوری گروه� سرشت�های جدول محاسبه به مقاله، این در
شده�است. آورده نیز گویا-سرشت جدول خواص از برخی هم�چنین پرداخته�ایم. pqr

گالوا. گروه سرشت، جدول گویا، سرشت�های جدول کلیدی: کلمات

۶
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