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ARTINIANNESS OF COMPOSED LOCAL
COHOMOLOGY MODULES

H. SAREMI*

ABSTRACT. Let R be a commutative Noetherian ring, and let a
and b be two ideals of R such that R/(a +b) is Artinian. Let
M and N be two finitely generated R-modules. We prove that
H](H(M,N)) is Artinian for j = 0,1, where t = inf{i € Ny :
H!(M, N) is not finitely generated}. Also, we prove that if dim Supp
(HY(M,N)) <2, then H}(H!(M,N)) is Artinian for all <. More-
over, we show that if dim N = d, then H}(H'(N)) is Artinian
for all j > 1. o

1. INTRODUCTION

Throughout this paper, let R be a commutative Noetherian ring
with non-zero identity, and let M and N be two finitely generated
R-modules. For an ideal a of R, let H:(M, N), i € Ny denote the gen-
eralized local cohomology modules of two R-modules M and N with
respect to a (see [7], [11], and [3] for the definitions and basic proper-
ties). With M = R, one clearly obtains the ordinary local cohomology,
which was introduced by Grothendieck (see [0] and [1]). One of the
main problems in the study of local cohomology modules is to deter-
mine when they are Artinian. Recently, some results have been proved
about the Artinianness of local cohomology modules (see [3], [9], [13],

(151, [P, [1]; and [11]).
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Mafi and the author in [11] have proved the Artinianness of graded
composed local cohomology modules. Aghapournahr and Melkersson,
in [1], have shown that if ¢ and b are ideals of R such that R/(a + b)
is Artinian and dim N/aN < 2, then H}(H!(N)) is Artinian for all i.
In [2], Bahmanpour, Naghipour, and Sedghi have proved that if R is
local with maximal ideal m and N of dimension d, then H! (H?(N))
is Artinian. We prove that with uniform proofs, some general results
about Artinianness of generalized local cohomology modules.

Namely, our main aim in this paper is to establish the following
theorem:

Theorem 1.1. Let a, b be ideals of R such that R/(a + b) is Artinian.
(1) Then Hg(H;(M, N)) is Artinian for j = 0,1, provided that t =
inf{i € Ny : H:(M, N) is not finitely generated}.

(1) If dim Supp(Hi(M, N)) < 2, then HL(H:(M,N)) is Artinian for
all i. Moreover, HY(Hi(M,N)) is Artinian for all i if and only if
H2(Hi(M,N)) is Artinian for all i.

(1i1) Hg(Hg_l(N)) is Artinian for all j > 1, where dim N = d.

2. RESULTS

Theorem 2.1. Let a, b be ideals of R such that R/(a + b) is Artinian.
Then H](HL(M, N)) is Artinian for j = 0,1 and all t < inf{i € N :
H}(M,N) is not finitely generated}.

Proof. Let F(.) :=Ty(.) and G(.) := Hompg(M,,(.)). We claim that
H}(Hompg(M,T,(E))) = 0 for all injective R-module F and all i > 1.
Since I'.(E) is an injective R-module and any injective R-module de-
composes into a direct sum of indecomposable injective R-modules, we
may and do assume that I'y(E) = E(R/p), for some prime ideal p of R.
( Note that the functor H}(.) commutes with direct sums, and as M is
finitely generated the functor Homp(M,.) also commutes with direct
sum.) Since Homg(M, E(R/p)) = Homg(M,Homg, (R,, E(R/p))) =
Homp,(M,, E(R,/pR,)), we deduce that Homp(M, E(ﬁ/@)) is an Ar-
tinian R,-module. Thus Hj(Hompg(M, E(R/p))) = Hip (Hom(M, E(R
/p))) = 0, as claimed. Thus since (FG)(.) = Iyo(M,.), by [12, Theo-
rem 11.38], there is the Grothendieck’s spectral sequence

Ep* = HY(HY(M, N)) — HYI(M, N).

Since EP is a subquotient of E5? for all » > 2, by [1, Exercises 2.1.9
and 7.1.4] and our hypotheses, we have that EP? is Artinian for all
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r>2,p>0,and ¢ < t. For each r > 2, and p,q > 0, let ZP7 =
Ker(EP4 — EPTa="1) and BP? = im(EP~"7"~1 — EP4). For all
r > 2 and p = 0,1, we have the exact sequences

P,q P,q P4
0 — B — ZM — B, — 0,

and
0 — ZP9 — BP9 —s BPFHaTHL (. (1)

Notice that BP' = (0 and BP™™'="*1 is Artinian for all » > 2 and
p = 0,1. Hence, we have that Z?* = EP!, (1) for all r > 2 and
p=0,1. Now, EP! is isomorphic to a subquotient of Hgi;(]\/[, N), and
so it is Artinian for all p > 0, by [¢, Corollary 2.6]. Since EPt = Ept
for r sufficiently large, we have that EP' is Artinian for all p > 0 and
all large r. Fix r, and suppose Efjfl is Artinian for p = 0,1. From
the isomorphism (f), we have that Z?* is Artinian for p = 0,1. From
the exact sequence (f) we get that EP?' is Artinian. Continuing in this
fashion, we see that EP' is Artinian for all » > 2 and p = 0,1. In
particular, F5' = HP(H!(M, N)) is Artinian for p = 0, 1. O

The following corollaries immediately follow by Theorem 2.1.

Corollary 2.2. (see 11, Corollary 2.2]) Let a, b be ideals of R such that
R/(a+1b) is Artinian. Then H)(H,(M,N)) is Artinian for j = 0,1.

Corollary 2.3. Let a, b be ideals of R such that R/(a + b) is Artinian,
and let t be a nmon-negative integer such that grade(M/aM,N) = t.
Then H}(H.(M,N)) is Artinian for j =0, 1.

Proposition 2.4. Let a, b be ideals of R such that R/(a+b) is Ar-
tinian, and t be a non-negative integer. Let H) (HL(M,N)) be Artinian
for all i # t and for all j. Then Hg(Hé(M, N)) is Artinian for all j.
Proof. Consider the Grothendieck spectral sequence

By = Hy(Hi(M, N)) — HYH(M, N).

For each r > 2, we consider the exact sequence

at _
0 — Kerd?' —s EP! Sy pPAt=rtl ()

It follows from our hypotheses that the R-module EP*™~+1 is Ar-
tinian. Note that EP? is a subquotient of EY? for all p,q > 0. There
is an integer s such that E2? = EP4 for all p, q and all » > s. Also, for
each n > 0, there is a finite filtration

0:¢n+1Hng¢ang Q(élH”quOHn:Hngb(M’N)’
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such that EP"P = ¢PH" /PP H™ for all 0 < p < n. Thus E2Y is
Artinian for all p,q¢ > 0. Since EP' = Kerd”',/imd’~ ;772 it
follows that Ker d”', is Artinian for all p > 0. Hence, using the exact
sequence () for r = s—1, we deduce that E?, is Artinian for all p > 0.

By continuing this argument repeatedly for integer s — 1,s — 2,...,3
instead of s, we obtain that Ef " is Artinian for p > 0. This completes
the proof. O

Definition 2.5. We denote by cd(a, M, N) the cohomological dimen-
sion of M and N with respect to a, which is sup{i € Ny : H:(M, N) #

0}. One can easily see that cd(a, M, N) = cd(a, N) if M = R.

Corollary 2.6. Let a, b be ideals of R such that R/(a + b) is Artinian,
and let cd(a, M, N) = 1. Then H](H,(M,N)) is Artinian for all i, j.

Proof. This is clear by Proposition 2.4. 0
The following result extends [!, Corollary 2.10].

Proposition 2.7. Let a, b be ideals of R such that R/(a+b) is Ar-
tinian and let dim Supp(H, (M, N)) <1 for alli. Then H}(H}(M,N))
1s Artinian for all 1,j.

Proof. Consider the Grothendieck’s spectral sequence

By = Hy(Hi(M,N)) — HYH(M,N).

Hence, for each n, there is a finite filtration
0=¢"""H" C¢"H" C ... C ¢'H" C ¢"H" = H (M, N),

such that EP"=P = gPH" /P H™ for all p = 0,1,...,n. Thus ERY
is Artinian for all p,q. Since dim Supp(H:(M,N)) < 1, we get that
H}(Hi{(M,N)) = 0 for all j > 2 and all i. Hence, it is enough for
us to prove that H}(H:(M,N)) is Artinian for all 4 and j = 0, 1.
Using the exact sequence (1) as in the proof of Theorem 2.1, we obtain
Byt = z)' 2 py' > =% and By’ & 7' ® Byt = .~ ELY for
all i. Therefore, ES" and E," are Artinian for all 4, and so the result
follows. 0

The following theorem extends [!, Theorem 2.11].

Theorem 2.8. Let a, b be ideals of R such that R/(a + b) is Artinian,
and let dim Supp(H:(M,N)) < 2. Then
(i) HX(H! (M, N)) is Artinian for all i.
(ii) HO(H! (M, N)) is Artinian for all i if and only if H2(H:(M, N))

is Artinian for all i.
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Proof. (i) Since dim Supp(H: (M, N)) < 2, by using the exact sequence
(1) as in the proof of Theorem 2.1, we obtain E,” = Z," = Ey* >~ . =
EL" for all 4. Hence, H}(H!(M,N)) is Artinian for all 4.

(i3) For each 4, consider the exact sequence

0,7
0 — Kerd — EY* 25 271 4 cokerdd — 0.
by using the exact sequence (1) as in the proof of Theorem 2.1, Ker 3" 2
Ey' = .. = E% for all i and also cokerdy’ = Ey*~'/imdy’. Since
By imdy' = Kerdy'™' /imdy' = E3'7' = = E2i-1 it follows
that cokerdy’ = E%~'. Hence, Ker dy" and cokerdy" are Artinian, and
so the results follow. 0J

The following corollary is a generalization of [2, Theorem 2.7], and
immediately follows by Theorem 2.8.

Corollary 2.9. Let a, b be ideals of R such that R/(a + b) is Artinian.
If dim R/a < 2, then Hy(HL(N)) is Artinian for all i.

The following theorem is a generalization of [2, Theorem 2.8].

Theorem 2.10. Let a, b be ideals of R such that R/(a + b) is Artinian.
Then Hj(H{~'(N)) is Artinian for all i > 1, where dim N = d.

Proof. By the Grothendieck’s spectral sequence, for all p,q, we have
Ep® = Hy(Hi(N)) = Hy(N).
b\Ha L, lath

By [10, Theorem 2.3], dim Supp(H¢™(N)) < 1, and so Hi(HI ' (N)) =
0 for all ¢ > 2. Hence, it is enough to prove that Hj(HJ '(N)) is

Artinian. There is a finite filtration B
0= ¢d+1Hd g ¢de g g ¢1Hd g QbOHd — H5+Q(N>7

such that BR3P = ¢PHY/¢pPTLH for all p = 0,1,...,d. Hence, EP4 is
Artinian for all p,q. For each r > 2, consider the exact sequence

_ 1 dp?! _
0 — Kerdp®™' — B} 2 BT

Since B, = 0 and E!*"%" is subquotient of E,T""" it follows
that EM1 = Kerdb?! for all 7. Since im d!™"%+"=2 = 0 for all r
2, we get that Ejfl_l =~ Kerdb® ! for all » > 2. Hence, E%’d_l
Kerdy™' = gy ' = = gld-1 and so H}(HY'(N)) is Artinian, as
required.
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