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A NOTE ON THE COMMUTING GRAPHS OF A
CONJUGACY CLASS IN SYMMETRIC GROUPS

S. H. JAFARI

ABSTRACT. The aim of this paper is to obtain the automorphism
group of the commuting graph of a conjugacy class in the sym-
metric groups. The clique number, coloring number, independence
number and diameter of these graphs are also computed.

1. INTRODUCTION

Let L = (V, E) be a graph with vertex set V and edge set E. The
(open) neighborhood N(a) of a vertex a € V is the set of all vertices
that are adjacent to a, and the closed neighborhood of a is defined as
Nla] = N(a)U{a}. The distance between vertices « and y in L, denoted
by d(x,y), is defined as the length of a shortest path connecting them.
Note that d(x,x) = 0, and d(z,y) = oo if there is no path connecting
x and y. The diameter diam(L) is the maximum of d(z,y) taken over
all pairs of vertices of L. A subset X C V is called an independence
set if there exists no edge with both endpoints in X. The independent
number a(L) is the maximum cardinality among all independent sets in
L and the chromatic number w(L) is the maximum number of vertices
that are mutually adjacent, that is the order of a maximum complete
subgraph of L. The chromatic number of L is the minimum number of
colors which are used for the coloring of the vertices of L, where any two
adjacent vertices has distinct colors. Let us denote the clique number
of L by x(L). The Kneser graph K,., is the graph whose vertices
are the m-subsets of a fixed n-set, and two vertices are adjacent if the
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corresponding m-subsets are disjoint. We refer to [(] for other graph
theory notations of this paper.

Let G be a group and S C G. The commuting graph C(G,S) is the
graph with vertex set S such that two vertices are adjacent if and only
if they commute. Akbari and his co-workers [!] studied the commut-
ing graph of a ring and Araijo et al. [2] investigated this graph for
semigroups. In [3], Bates et al. determined the diameter of C'(S,, X),
where X is the set of m—cycles and n > 2m + 1 > 7. In some special
cases, they obtained upper bounds for diameter of commuting graph.
In [4, 5], the authors, among others, obtained a number of results on
the diameter of commuting graph of a finite group.

In this paper, we apply the main properties of the Kneser graphs to
obtain the automorphism group of the commuting graph of a conjugacy
class in symmetric groups and then determine the clique number, the
independence number and the diameter of these graphs. For the sake
of completeness, we mention here the main properties of Kneser graphs
which is crucial throughout this paper.

Theorem 1.1. Suppose L = K., n > 2m and n =2m+ k. Then we
have

2. PRELIMINARY RESULTS

Let L be a graph. A subgraph H of L is called an EN -subgraph if any
two vertices of H have equal closed neighborhood. An EN-subgraph
of L is called M EN -subgraph if it is maximal among the set of all EN-
subgraphs of L. It can be seen that any EN-subgraph is complete and
the set of vertices of L can be partitioned into the vertex sets of all
M E N-subgraphs of L. Suppose x € V(L). The set of M EN-subgraph
B with z € V(B) is denoted by 7. Define the weighted graph L as
follows: V(L) = {Z|z € V(L)}, weight(T) = |Z| and two vertices T and
y are adjacent if and only if x and y are adjacent in L.

We start our result, by the following elementary lemma:

Lemma 2.1. Let L be a graph and ¢ € Aut(L). Then p € Aut(L),
where p(T) = p(x).
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Proof. Let L be a graph and ¢ € Aut(L). Since ¢(N[z]) = N[p(x)]
for all z, hence, B € L if and only if ¢(B) € L. On the other hand, if
x € B then ¢(B) = ¢(z), proving the lemma. O

Theorem 2.2. For a graph L with |V (L)| < oo, we have Aut(L) =

Aut(L) X HBev(f) S|B|.

Proof. Define ¢ : Aut(L) — Aut(L), by ¥(p) = P such that B(B) =
¢(B). Then 1 is homomorphism and |Aut(L)| < |kerl(y)||Aut(L)].
But kerl(vy) = {¢|p(B) = B, for all B € L}. On the other hand, all
functions where induced a bijection function on each B are in kerl(v)
and so kerl(y) = [[zey iz S)p|, where S, is the symmetric group of
degree n.

We now find a subgroup H of Aut(G) such that H N kerl(yp) = 1.
Since L is finite, there exists a total order < on V(L). Set H =
{p|o(B) € V(L), for all B € V(L) and ¢ preserve the partial order
}. Tt is clear that H is a subgroup of Aut(L). Let ¢ € H, B =
{zy,...,7,} € V(L) and ¢(B) = B where z; < 79 < --- < 2;. So,
{p(x1),...,0(x¢)} = B and consequently ¢(z;) = z;, for all i. Thus,
if ¢ € H then ¢(B) = B if and only if ¢(z) = =z, for all z € B.
Thus, H N kerl(y)) = 1 and then |Aut(L)| > |kerl(v)||H|. Now f :

H — Aut(L) given by f(¢) = ¥(¢) is an homomorphism. Assume
that h € Aut(L). For B = {z1,...,2,} € L, x1 < ... < x4, we
define p(z;) = y;, where h(B) = {y1,..., 0}, v1 < ... < y. lf 2,y
are adjacent and z,y € B for some B, then ¢(z),o(y) € ¢(B) and
are adjacent. If x,y are adjacent and x € B,y € By for some By #
By, then ¢(z) € ¢(B1),¢(y) € ¢(B2) and, since By, By are adjacent,
©(B1), ¢(Bs) are adjacent and consequently (), p(y) are adjacent.
Thus ¢ € Aut(L) and f(¢) = h. Consequently, f is an automor-
phism, which completes the proof. U

For a graph L, we define the relation ~ on V(L) as follows: a ~ b
if and only if N(a) = N(b). It is easy to see that ~ is an equivalence
relation on V(L). Denote the equivalence class of z by [z]. More-
over, define the weighted graph L with vertex set {[z]||z € V(L)},
weight([z]) = |[x]] and, [z] is adjacent to [y] if and only if x is adjacent
to y. Then we can see that no pair of elements of [z] are adjacent in
L. Similar to the Theorem 2.2, we can obtain the following:

Theorem 2.3. For a finite graph L, we have Aut(L) = Aut(L) x
v Sial-

We have the following important theorem:
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Theorem 2.4. For a finite graph L with |V (L)| > 2, the following
hold:
(1) (L) = (L) and if L, L are regular then o(L) = ra(L), where
r is the weight of each vertex of L.
(2) x(L) = x(L) and if L, T are reqular then x(L) = rx(L), where
r is the weight of each vertez of L.
(3) w(L) = w(L) and if L, L are reqular then w(L) = rw(L), where
r is the weight of each vertex of L.
(4) If L is not complete, then diam(L) = diam(L).

(5) Let L be connected but not complete. If L is compiete, then

diam(L) = diam(L) + 1 otherwise diam(L) = diam(L).

Proof. (1) It is clear that a(L) > a(L). Let {z1,...,2s} C V(L) be an
independent set. Then z;,x; are not adjacent and, then 7;,7; are not
adjacent. Thus (L) < a(L), as required. Also, if {[z1],...,[zs]} € L
is an independent set then any element of [z;] is not adjacent to any
element of [z;], therefore [z1]U...U[z4] is an independent set of L. On
the other hand, if A is a maximal independent set of L and « € A, then
[z] € A and {[z]|x € A} is an independent set of L. Thus, a(L) > s/r,
which completes (1).

(2) The proof of x(L) = x(L) is trivial. Assume that {uy,...,u} is
a coloring set of L. We use r distinct colors u}, ..., u} for vertices in

T, where x has color u;. Thus, x(L) < ryx(L). Let S be a coloring set
for L and wu, is the color of z. We consider the color of b € T for T
and obtain a coloring set for L. Assume that A is an arbitrary subset
of V(L), where |[ANT| = 1. Then {u,|x € A} is a coloring set of L.
Consequently, |S| > rx(L), as required.

(3) Is similar to (1).

(4) Is elementary.

(5) We see that L is complete if and only if L is a complete k-partite

graph, where & = |L|. So, we assume that L is not complete. Let
diam(L) = s > 2, d([a], [b]) = s and, [a] = [ag] — [a1] — - - — [as] = [b] is
a path. Then a = ay—a; —---—as = bis a path and thus d(a,b) < s. If
d(a,b) =t and a = xg—xy — - -+ — x; = b is a path, then we can obtain

a path with length less than or fqual to t. From Which~d(a,b) =5

and diam(L) < diam(L). Since L is not complete, diam(L) > 2. Let
d(z,y) = diam(L) =t for t > 2 and x = xg —x1 — -+ — 2y = y is
a path. Because d(z,y) > 2, [z] # [y] and thus d(z,y) = d([z], [y]),
which completes the proof. O
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Note. For a graph L, if L or Lis regular with equal weights, then we
can consider this graphs un-weighted.

3. MAIN RESULTS

Let 0 = (12...m) be a cycle of length m in S, and S = 5. We
obtain the automorphism group, chromatic number, clique number and
diameter of C'(S,,S). We start by the following elementary lemma.

Lemma 3.1. Cg, (0) = (o) x Sym({m +1,...,n}).

Proof. It is enough to see that n(n —1)...(n —m +1)/m = |o%| =
[Sy i Cg,(0)] and (o) x Sym({m +1,...,n}) C Cs, (o). O

Corollary 3.2. Consider the graph C(S,,S). If (m,n) # (2,4), then
the vertices of any M EN -subgraph are the generators of {(«), for some
a€es.

Proof. Suppose o« € S. Without loss of generality, we can assume
that « = (12...m). By Lemma 3.1, N[o] = S N (o ) U Sym({m +

n})) = (SN{a)U(SNSym({m+1,...,n})). If 8 € N(a)—(a),
then 8 € Sym({m+1,...,n}). We see that @ = 3 if and only if (m, n)
= (2,4), and hence the result follows. O

We are now ready to present our main result.

Theorem 3.3. Suppose n > 2m and n = 2m + k. Then,

(1) a(C(S,.5)) = alim

(2) X(C(S,, S) = b(m) (1 — 2m +2),

(3) w(C(Sn, 5) = ¢(m)[ ],

(4) diam(C(S,,S)) = ["=] + 1,

(5) Aut(C(S,,S)) = (S, x S%) x S?, where a=¢(m),
b

— nn=l)-(n—m+l) , _ (g(nj))'; d= Z and ¢ is the Euler func-

m—1
k

Proof. Since C(S,, S) is a graph with equal weights ¢(m), we can as-
sume that it is un-weighted. Let L be such a graph and z = (a; ... a,) €
S. Since (m,n) # (2,2), hence T = gen(z), where gen(z) is the set
of all generators of (z). Since N((12...m)) = {8 | B8 € Sym(m + 1,

., n)}, N((ay...amn))=N((by...by)) if and only if {ay,...,an} =
{01, ..., bin}. Therefore, [z] = {(br...bp) {1, b} = {a1,. .., am}}
We now consider the graph L. Then two Vertices a=1[(ar...am) am)] and
b=1[(by...by)] are adjacent if and only if {as,...,a,} and {by, ..., by}
are disjoint. But |S N S, = (m — 1)l and |[(12...m)| = ¢(m), thus
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(m—1)!
p(m)
this graph to be un-weighted, say L’. Hence, V(L) is all subsets of

{1,...,n} with m elements such that two vertices are adjacent if and
only if they are disjoint. This concludes that L’ is the Kneser graph
K,..,. By above assumption and Theorems 1.1, 2.2, 2.3 and 2.4, the
proof will be proved. O

and so we can consider

all weights of vertices of L are equal to

It is merit to mention here that the part (d) of Theorem 3.3 is a
main result of [3].

Acknowledgments

The author would like to thank the referee for his/her careful review
of the manuscript and for some helpful suggestions.

REFERENCES

1. S. Akbari, A. Mohammadian, H. Radjavi and P. Raja, On the diameters of
commuting graphs, Linear Algebra Appl. 418 (2006), 161-176.

2. J. Aratjo, M. Kinyon and J. Konieczny, Minimal paths in the commuting graphs
of semigroups, European J. Combin. 32(2) (2011), 178-197.

3. C. Bates, D. Bundy, S. B. Hart and P. J. Rowley, A note on commuting graphs
for symmetric groups, Electron. J. Combin. 16(1) (2009), R6.

4. M. Giudici and A. Pope, The diameters of commuting graphs of linear groups
and matrix rings over the integers modulo m, Australas. J. Combin. 48 (2010),
221-230.

5. A. Iranmanesh and A. Jafarzadeh, On the commuting graph associated with the
symmetric and alternating groups, J. Algebra Appl. 7(1) (2008), 129-146.

6. D. B. West, Introduction To Graph Theory, Prentice Hall, Inc., Upper Saddle
River, NJ, 1996.

Sayyed Heidar Jafari
Department of Mathematics, Shahrood University of Technology, P.O. Box
3619995161-316, Shahrood, Iran.
Email: shjafarib5b@gmail.com



Journal of Algebraic Systems

A NOTE ON THE COMMUTING GRAPHS OF A
CONJUGACY CLASS IN SYMMETRIC GROUPS

S. H. JAFARI
Ol (5o s S 53 w3 00y S (2wl OIS

SAR> > s
U‘J:’.‘ cajJ.:oL.i» (bjj.bu (w2 a5 ls

u‘j)ﬁ-’)”ﬁ e}ﬁ)‘d‘@ij) OT@“TJ ($4€ 500 ASCM.;\ @‘ﬁ‘bﬁ;&“@\’“l’ J‘Jf

MLZAdqu‘JJ Lou_La\&M .Juj.& Lz.:br.bLoj)fjbeJJ;‘WJ;‘.bjjbmd‘;Ja

o el s igead ol 0l (5las S35 s 00, S gl (plule SIS sy o 055
NI V. SO0 PN bd‘ﬁw\ﬁ 5 JMin) sue cL;;uJ sas (glad o> sue

(2ol B e i 1595 05,5 () lie 09 S s gudS SIS





