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ON THE MAXIMAL SPECTRUM OF A MODULE
H. ANSARI-TOROGHY*, AND S. KEYVANI

ABSTRACT. Let R be a commutative ring with identity. The pur-
pose of this paper is to introduce and study two classes of modules
over R, called Max-injective and Max-strongly top modules and
explore some of their basic properties. Our concern is to extend
some properties of X-injective and strongly top modules to these
classes of modules and obtain some related results.

1. INTRODUCTION

Throughout this paper, R is a commutative ring with non-zero iden-
tity and M is a unitary R-module. For any ideal J of R containing
Anng(M), R and J denote R/Anng(M) and J/Anng(M), respectively.
Further, N, Z and Q denote the set of positive integers, the ring of in-
tegers, and the field of rational numbers, respectively.

For M as an R-module and P, N its submodules, the colon ideal of
M into N is defined as (N : M) = {r € R|[rM C N} = Anng(M/N).

A submodule P of M is said to be a prime submodule or p-prime
submodule if P # M and for p = (P : M), whenever re € P for r € R
and e € M, we have r € p or e € P. If () is a maximal submodule of
M, then @ is a prime submodule and (@ : M) := m is a maximal ideal
of R. In this case, we say ) is an m-maximal submodule of M [&, p.
61].

The prime spectrum (or simply, the spectrum) of M is the set of all
prime submodules of M and denoted by Specy(M) or X.
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The set of all maximal submodules of M is denoted by Maxg(M).
Moreover, if p € Spec(R) (resp., m € Max(R)), then Spec, (M) (resp.,
Maxy,(M)) is the set of all p-prime (resp., m-maximal) submodules of
M.

If Specg(M) # 0 (resp., Maxg(M) # (), the mapping v : Specgz (M)
— Spec(R) (resp., ¢ : Maxg(M) — Max(R) such that ¢)(P) = (P : M)
(resp., p(Q) = (Q : M)) for every P € Specy (M) (resp., Q € Maxr(M)),
is called the natural map of Specr(M) (resp., Maxg(M)) [L1, p. 417].

M is said to be X -injective if either X = () or X # () and the natural
map of X is injective [2, Definition 3.2].

The Zariski topology on X = Specy(M) is the topology 7y described
by taking the set Z(M) = {V(N)|N is a submodule of M} as the set
of closed sets of X, where V(N)={P € X|(P: M) 2D (N : M)} [,
p. 417].

The quasi-Zariski topology on X = Specy(M) is described as follows:
put V*(N) = {P € X|P O N} and Z*(M) = {V*(N)|N is a sub-
module of M}. Then there exists a topology 73, on X having Z*(M)
as the set of closed subsets of X if and only if Z*(M) is closed under
the finite union. When this is the case, 7}, is called the quasi-Zariski
topology on X and M is called a top R-module [13, p. 85].

There exists a topology on Maxg(M) having Z™(M) = {V"™(N)|N
is a submodule of M} as the set of closed sets of Maxg(M), where
V™(N) = {Q € Maxp(M)|(Q : M) O (N : M)}. We denote this
topology by 71;. In fact, this topology is the same as the subspace
topology induced by 73, on Maxg(M).

The quasi-Zariski topology on Maxg(M) is described as follows: put
V¥ (N) = {Q € Maxg(M)|Q O N} and Z*"(M) = {V*"(N)|N is
a submodule of M}. Then there exists a topology 737" on Maxg(M)
having Z*™(M) as the set of closed subsets of Maxg(M) if and only
if Z*™(M) is closed under the finite union. When this is the case,
i/ is called the quasi-Zariski topology on Maxg(M) and M is called
a Max-top (or M-top) R-module [7, Notation 1.1.7]. We recall that
when M is a top module, this topology is the same as the subspace
topology induced by 75, on Maxg(M).

The present authors introduced the concept of strongly top modules
and investigated some important properties of this family of modules.
A top R-module M is called strongly top if 73, = 7p/[, Definition 3.1].

In this paper, we will introduce two classes of modules, called Max-
injective and Max-strongly top modules (see Definitions 3.1 and 3.12).
It is shown that the class of Max-injective (resp., Max-strongly top)
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modules contains the family of X-injective (resp., strongly top) mod-
ules properly (see Propositions 3.3 and 3.13).

2. PRELIMINARIES

In this section, we review some properties of prime and maximal
submodules.

Remark 2.1. Let M be an R-module.

(a) Let K be a submodule of M such that (K : M) is a maximal
ideal of R. Then, K is a prime submodule of M [%, Proposition
2J;

(b) If N is a maximal submodule of M, then N is a prime submod-

ule of M and (N : M) is a maximal ideal of R [3, Proposition

4f;

(c¢) Let N be a prime submodule of M and S be a multiplicatively
closed subset of R. Then, S™'(N :g M) = (S7'N :5-15 ST M)
[10, Corollary 1].

Remark 2.2. [1, Proposition 3.3]. Let M be an R-module and p €
Max(R). Then every p-prime submodule of M is contained in some
p-maximal submodule of M.

Remark 2.3. [9, Lemma 2|. Let N and L be submodules of an R-
module M, and P a p-prime submodule of M such that NN L C P. If
(N:M)<Zp,then L C P.

Remark 2.4. [13, Lemma 1.6]. Let p be a prime ideal of R and let M be
an R-module. Let N be any submodule of M and let K € Spec,(M).
Then, KN N = N or KN N € Spec,(N).

3. MAIN RESULTS

Definition 3.1. Let M be an R-module. We say that M is a Max-
injective module if Maxr(M) = () or Maxg(M) # 0 and the natural
map of Maxg(M) is injective.
Proposition 3.2.

(a) Fvery X-injective module is Maz-injective;

(b) Q ® Q is not Maz-injective Q-module.
Proof. (a) This is clear by Remark 2.1 (b).
(b) 0® Q and Q & 0 are maximal submodules of the Q-module Q ® Q
with 00 Q: Qe Q)= (Q20: Qe Q), whilt 06 Q # Q0. O

The following proposition shows that the class of Max-injective mod-
ules contains X-injective modules properly.
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Proposition 3.3. In the following cases, the Z-module M is Mazx-
injective, while it is not X -injective.

(a) M=QeoQ;

(b) M = Q& [];,cn Z/piZ, where {p;}ien are prime integers.

Proof. (a) See [3, Table of Example 3.1].
(b) It is not difficult to see that Maxz (M) = {p;M|i € N} and

(v (]z/r2).Qe (@Z/p2)},
ieN
is a set of prime submodules of M. Hence, by the above arguments,
M is a Max-injective module. But M is not X-injective, because (0 ®
(ILenZ/piZ) : M) = (Q®(®ienZ/piZ) : M), while 0&(] [,y Z/piZ) #
Q @ (®ienZ/piZ). O

We recall that a topological space (X, 7) is a Ty space if for each pair
x, y € X, there exists an open set U such that z € U but y ¢ U.

Lemma 3.4. Let M be an R-module. Then the following are equiva-
lent:
(a) M is Maz-injective;
(b) (Mazr(M),Typ) is a Ty space;
(c) For every P, Q € Mazgr(M), (P : M) = (Q : M) implies that
P=0Q;
(d) [Max,(M)| <1 for every p € Max(R).

Proof. The proof is straightforward. O

Lemma 3.5. Let (M,);er be a family of R-modules and let p € Max(R).
Set M = ®;erM;. Then for each Q; € Max,(M;), we have Q; &
(®1pie1M;) € Mazy(M).

Proof. 1t is enough to prove the lemma in the case that M = M, & M.
So, let Q1 € Maxg(M;). Then, M/Q & My is isomorphic to M;/Q; is
a simple R-module so that Q1 @ Ms is a maximal submodule of M. We
have similar argument for M; @ @y, where Q2 € Maxg(Ms;). Hence,
the proof is complete. Il

Proposition 3.6. Let M be an R-module and let p € Max(R). Then

(a) Every homomorphic image of Maz-injective R-module is Maz-
mjective;

(b) If M is a finitely generated Max-injective module, then M, is a
Maz-injective R,-module;

(c) Let M be a free R-module. Then M is Max-injective if and only
if M is cyclic.
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Proof. (a) This is straightforward by using the fact that if NV is a sub-
module of M, then Maxr(M/N) = {Q/N : Q € Maxr(M),Q 2O N}.
(b) Let W; and Ws be maximal submodules of M, and (W; : M,) =
(Wy @ My). Then Wy N M and Wy N M are p-maximal submodules
of M, by [5, Lemma 2.7]. Hence by hypothesis, W, N M = Wy N M.
Therefore, (W N M), = (Wo N M),. This means W; = W, as desired.
(c) («) This follows from Proposition 3.2 (a). (=) Since M is a
free module, we have M = @;c;R. We claim that [I| = 1. Oth-
erwise if |I| > 1, then we can choose o, € I such that o # f.
Suppose that m € Max(R). Then, m & (BqxierR) € Maxy (M) and
m @ (PpricrR) € Maxu (M), by Lemma 3.5. Since M is Max-injective,
then m @ (BazicrR) = m & (BpricrR), a contradiction. Hence, M is
cyclic, as desired. 0

Definition 3.7. A family (M;);c; of R-modules is said to be maz-
compatible if for all i # j in I, there does not exist a maximal ideal p
in R with Max,(M;) and Max,(M;) both non-empty.

Theorem 3.8. Let (M;)ic; be a family of R-modules and let M =
DicrM;. Assume that M is a Max-injective R-module. Then

(a) (M;)ier is a family of maz-compatible Max-injective modules;
(b) MaXR(M) = {Qj D (@j#iGIMi)le - MaXR(Mj),j c [}

Proof. (a) Let M = @1 M; be a Max-injective R-module. Then for
eachi € I, M; is Max-injective, by Proposition 3.6 (a). Now, let k,j € T
with k& # j and p € Max(R). We will prove that Max, (M) = 0 or
Max,(M;) = 0. If both are non-empty, we can find Q) € Max,(M})
(resp., @; € Max,(M;)). Hence, Q ® (BrriciM;) € Max, (M) (resp.,
Q; & (BjrierM;) € Maxy(M)), by Lemma 3.5. Since M is Max-
injective, it follows that Q @ (BpricrM;) = Q; B (BjricrM;), a con-
tradiction. (b) Let @ € Maxgr(M) so that (Q : M) = p for some
p € Max(R). Since Q) # M, there exists j € I such that Q) N M; # M,.
Then we have Q N M; € Spec,(M;), by Remark 2.4. Hence, there ex-
ists W € Max,(M;) such that Q@ N M; € W, by Remark 2.2. Thus,
W (®ierM;) € Max, (M), by Lemma 3.5. Since M is Max-injective,
it follows that Q@ = W @ (®,erM;). Therefore,

MaxR(M) - {Q] D (@j;éiEIMi”Qj € MaXR(M]‘>,j S I}
The reverse inclusion is obvious by Lemma 3.5, and we are done. [l

A submodule N of an R-module M is semi-maximal if NV is an in-
tersection of maximal submodules. Also, by Rad(N) we mean the
intersection of all maximal submodules of M containing N, and in case
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N is not contained in any maximal submodule, Rad(N) is defined to
be M.
We need the following proposition.

Proposition 3.9. Let M be an R-module. Then the following state-
ments are equivalent:
(a) M is Max-top;
(b) For every mazimal submodule Q of M, whenever N and L are
semi-maximal submodules of M with N N L C Q, then N C Q
or L C Q.

Proof. (a)=(b) Let @ € Maxg(M) and also N, L be semi-maximal
submodules of M such that NN L C (. Since N and L are semi-
maximal submodules of M, we have N = M;cp, N; and L = Nyep, Ly,
where N;, Ly € Maxg(M) for all : € A; and ¢ € Ay. Since M is Max-
top, there exists submodule J of M such that V*"(N) U V*"(L) =
V*m(J). It is easy to see that J C NNL. Hence, V*™(NNL) C V*™"(J).
Now, we have

V(N)UV*™(L) CV™(NNL)CV*™(J) CV*™N)UV™(L).

Therefore, V(NN L) = V**(N)UV**(L). Now, NN L C @ implies
that Q € V*"(NNL), sothat Q € V*(N) or Q € V*"(L). Therefore,
N CQor L CQ, as required.

(b)= (a) Let S and T be submodules of M. We will show that

V(S U V(T) = V™ (Rad(S) N Rad(T)).
Clearly, for every submodule K of M, we have V*™(K) = V*™(Rad(K)).
Hence,

VE(S)yuvem(T) C V™ (Rad(S) N Rad(T)).
To see the reverse inclusion, let P € V*™(Rad(S) N Rad(T)), so that
Rad(S) NRad(T") C P. It then follows that Rad(S) C P or Rad(T") C

P, by hypothesis. In either case, we have P € V*"(S) U V*™(T'), and
the proof is complete. Il

Remark 3.10. We recall that every top module is X-injective, by [2,
Proposition 3.3]. The following example shows that this property is
not true for Max-top and Max-injective modules, in general.

Example 3.11. Consider M = Zy ® Zs as a Zo-module. Then, M is
Max-top but is not Max-injective. ( See [7, Example 1.1.16].)

Definition 3.12. Let M be a Max-top R-module. We say that M is
a Max-strongly top module if 73" = 71;.
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It is easy to check that every strongly top module is Max-strongly
top. The following proposition shows that this containment is proper
in general.

Proposition 3.13. Let M = Q & Q. Then M is a Maz-strongly top
Z-module, while it is not strongly top.

Proof. This follows by [3, Table of Example 3.1] and the fact that every
strongly top module is a top module. Il

Remark 3.14. Let (X, 7) be a topological space and Y C X. We write
(cl(Y))(x,r) to denote the topological closure of Y in (X, 7).

Lemma 3.15. Let M be an R-module. Then the following statements
are equivalent:

(a) M is an Mazx-strongly top module;

(b) For every submodule N of M, there exists submodule K of M

such that V™(N) = V™(K);

(c) V¥™(N) =V™(Rad(N)), for every submodule N of M.
Proof. (a) < (b) This follows from the fact that we have always 7}; C
e

(a) < (c) Let M be an Max-strongly top R-module and N a sub-
module of M. By hypothesis, there exists submodule K of M such that
V' (N) =V™(K). But, V"(K) is a closed subset of (Maxgr(M),71}),
hence
(Cl(vm(K)))(MaxR(M),Tﬁ) = V™(K).
On the other hand, it is well known that
(Cl(vm(K)))(MaXR(M),Tﬁ) = <d<vm(K)))(SpeCR(M)’TM) N MaXR(M)'
Now, by [11, Proposition 5.1], we have
(Cl(vm(K)))(MaxR(M),rg;) = V(Ngevmx)@) N Maxp(M).
We claim that
V(Ngevmx)@) N Maxp(M) = V™ (Rad(N)).
To see this, Let P € V(Ngeymx)@) N Maxg(M). Then,
Hence, P € V™(K). But, V"(K) = V**(N) C V"(Rad(N)). There-
fore,
V(OQGV’”(K)Q) N MaXR(M> Q Vm(Rad(N))

To see the reverse inclusion, let W € V™ (Rad(N)). Then, we have

(W : M) 2 (Rad(N) : M) 2 (Ngevmi @ : M).



80 H. ANSARI-TOROGHY, AND S. KEYVAN

This implies that, W € V(Ngeymx)@) N Maxz(M) and
V™(Rad(N)) € V(Ngevmx)@) N Maxg(M).

By the above arguments, we have V*™(N) = V"™ (Rad(N)). The re-
verse implication follows from the fact that 77 C 737". O

Remark 3.16. The ring R is a perfect ring if it is satisfies DCC condition
on principal ideals. Clearly, every Artinian ring is perfect. One can
easily see that if R is a perfect ring, then every prime ideal of R is a
maximal ideal. Furthermore, every perfect ring is a semilocal ring [0,
Theorem P or Example 3(6)].

Proposition 3.17. Let M be a Max-injective R-module. Then M 1is
Maz-strongly top in the following cases:

(a) M is non-faithful and R is PID;

(b) [Maz(R)| < oo;

(¢) R is a perfect ring.

Proof. (a) Let N be a submodule of M. To prove M is Max-strongly
top module, it is enough to show that V*™(N) = V™(Rad(N)), by
Proposition 3.15. Clearly, V*™(N) C V™(Rad(N)). To see the reverse
inclusion, let
A ={W|W € Maxr(M),W DO N}.

Obviously, A is a finite set because R is PID and each W € A is a
maximal submodule and M is non-faithful. Now, let @ € V™ (Rad(XN)).
Then, ) € Maxg(M) and we have

(@Q: M) D (Rad(N) : M) D Niwen(W : M).

This implies that (Q : M) = (K : M), for some K € A. So, @ = K by
hypothesis. Therefore, @ O N so that @) € V*™(N), as desired.
(b) and (c) We have similar argument as in part (a). O

Corollary 3.18. Let M be a Max-injective R-module. Then M is
Mazx-top in each case listed in Proposition 3.17.

Proposition 3.19. In the following, in each case, the R-module M s
Maz-strongly top:
(a) M =Zy) = S™'Z, where p is a prime integer, S =Z\ (p) and
R=17;
(b) |Max(R)| < oo and for every Q € Mazr(M), there exists p €
Max(R) such that Q) = pM;
(¢) M = @;erM;, where (M;)icr is a family of prime compatible
X -injective R-modules and R is a perfect ring,
(d) M = @yeaR/1Iy, where A is a finite index set and I, (A € A)
are comaximal ideals of R.



ON THE MAXIMAL SPECTRUM OF A MODULE 81

Proof. (a) This follows from [3, Table of Example 3.1], Proposition 3.2
(a), and Proposition 3.17 (a).

(b) Follows from Proposition 3.17 (b).

(c) Follows from [2, Proposition 3.7 (¢)], Proposition 3.2 (a), and Propo-
sition 3.17 (c).

(d) Follows from [13, Corollary 5.5], Theorem 3.8 (b), and Lemma
3.15. ]

Proposition 3.20. Let M be an R-module and also p € Max(R).
Then,

(a) Every homomorphic image of Maz-strongly top R-module is
Mazx-strongly top;

(b) If M s a finitely generated Maz-strongly top module, then M,
is Maz-strongly top R,-module.

Proof. (a) Let M be a Max-strongly top R-module and N a submodule
of M. Let K/N be a submodule of M/N. By Lemma 3.15, it is
enough to prove that V™(Rad(K/N)) = V*"(K/N). To see this, let
L € V"™(Rad(K/N)). Then, L = Q/N, where N C @) € Maxg(M).
This implies that

(Q/N : M/N) 2 (Nncpevn(x)P/N : M/N)
= Nncpeven ) (P/N : M/N).

Therefore, we have (Q : M) 2 ((ycpeyemy P+ M), by [12, Result
1]. Tt then follows that @ € V™(Rad(K)). Since M is a Max-strongly
top R-module, we have V*(K) = V™(Rad(K)), by Lemma 3.15 so
that @ € V*"(K). Hence, V™ (Rad(K/N)) C V*"(K/N). The reverse
inclusion is clear, and the proof is complete.

(b) Let N, a submodule of M, for some submodule N of M. By
Lemma 3.15, it is enough to prove that V*™(N,) = V™(Rad(N,)).
It is clear that V*™(N,) € V™(Rad(XN,)). Conversely, assume that
W e V™(Rad(Ny)). Then, there exists ) € Maxg(M) such that
W = @y and (Q :g M) = p, by [0, Lemma 2.7]. It then follows
that

(Qp Ry Mp) ) (Rad(Np) ‘Ry Mp)
2 ((Rad(N))y :r, M,)
DO (Rad(N) :g M),.
But (Qp :r, My) = (Q :r M)y, by Remark 2.1 (c). Therefore, Q €
V™(Rad(N)), so that @ € V*™(N), by Lemma 3.15. This implies that
W e V*™(N,). Hence the proof is complete. O
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Theorem 3.21. Let (M;);c;r be a family of R-modules and let M =
DicrM;. Suppose that there exists t € I such that My is simple and
faithful. Then,
(a) If M is Max-strongly top, then for every j € I with j # t, we
haveMaxg(M;) = 0;
(b) If M is Max-injective and (M;);cr is a family of X-injective
modules, then M is Max strongly top if and only if | Maxg(M)| =
1;
(c) If M is X -injective, then M is Max strongly top if and only if
| Maxg(M)| =1;
(d) If M is X-injective and Maxgr(M;) = {0}, then M is Max-
strongly top if and only if for every j € I with j#t, Maxg(M;) =
0.

Proof. (a) Let j € I with j # t. We will show that Maxg(M;) = 0.
Otherwise, choose Q; € Maxp(M;). Set M7 := @;,erM;. Then, by
Lemma 3.5, K; := Q; & MJ € Maxg(M). Clearly, 0 € Maxg(M,) so
that K, = 0® M" € Maxg(M), by Lemma 3.5. Clearly, (K; : M) =0
and hence K; € V™(K;). Now, by Lemma 3.15,

VI (Ky) = V™ (Rad(Ky)) = V7(KY).

Therefore, K; € V*"(K,) so that K; O K;. This implies that Q); O M;,
a contradiction.
(b) (<) This is clear by Lemma 3.15. Conversely, by Theorem 3.8 (b),

Maxp(M) = {Q; & (®;iecrM;)|Q; € Maxr(M,),j € I}.

Now the result follows from part (a).
(c) and (d) Follows by Lemma 3.15, Theorem 3.8 (c), and part (a). O

We need the following simple lemma.

Lemma 3.22. Let M be an R-module and ¢ : Mazgr(M) — Max(R)
be the natural map of Mazg(M). Then, ¢~1(V™(3)) = V™(IM), for
every ideal 3 of R containing Ann(M).

Proof. Straightforward. O

An R-module M is said to be Max-surjective if either M = (0) or
M # (0) and the natural map of Maxg(M) is surjective [1, Definition
3.1].

Theorem 3.23. Let M be Max-surjective, Max-injective, and a Max-
strongly top R-module. Then (Maxg(M),1y}) and (Maxg(M), 13") are
homeomorphic with Max(R) with its topology induced by the Zariski
topology of Spec(R).
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Proof. Let ¢ : Maxg(M) — Max(R) be the natural map of Maxgz(M).
As M is a Max-surjective, a Max-injective module, ¢ is a bijective map.
Now, let J be an ideal of R such that Anng(M) C J. By Lemma 3.22
and [ 1, Result 3],we have

o (V(3) =V
= Maxp(M) N V*(IM) = V"™(IM).

So, ¢ : (Maxg(M), i) — Max(R) is continuous. Now, let N be a
non-zero submodule of M. Then, by Lemma 3.22 and Lemma 3.15, we
get

m(IM) = Maxg(M) NV (IM)

¢~ (V™ ((Rad(N) : M))) = V™ ((Rad(N) : M)M)
= V™(Rad(N)) = V*™(N).
Since ¢ is surjective, then

¢(V™(N)) = V™((Rad(N) : M)).
Hence, ¢ : (Maxg(M), ;") — Max(R) is a closed map. Therefore,
(Maxgr(M), 7;7*) is homeomorphic with Max(R). Now, since M is
Max-strongly top, we have 73 = 737", Hence, (Maxg(M), 71) is home-

omorphic with Max(R), as required.

Example 3.24. Let M = Zy & Z3. Then (Maxz (M), 7}) and (Maxy(
M), ;") are homeomorphic with Max(Z/Annz(M)), by [3, Table of
Example 3.1], Proposition 3.17 (a), and Theorem 3.23.

An R-module M is a multiplication module if for every submodule
N of M, there exists an ideal J of R such that N = JM [13, p. 91].

Corollary 3.25. Let M be a finitely generated multiplication R-module.
Then (Mazgr(M), 71}) and (Maxg(M), 737") are homeomorphic to Maa(
R).

Proof. M is both Max-surjective and Max-injective by [1, Example 3.2],
[2, Proposition 3.3|, and Proposition 3.2 (a). Now, the result follows by
[1, Example 3.1 (a)] and Theorem 3.23 and the fact that every strongly
top module is Max-strongly top. U
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