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THE SPECTRAL DETERMINATION OF THE
MULTICONE GRAPHS K, v C WITH RESPECT TO
THEIR SIGNLESS LAPLACIAN SPECTRA

A. Z. ABDIAN*, G. H. FATH-TABAR, AND M. R. MOGHADDAM

ABSTRACT. The main aim of this study is to characterize new
classes of multicone graphs which are determined by their signless
Laplacian spectra. A multicone graph is defined to be the join of
a clique and a regular graph. Let C' and K, denote the Clebsch
graph and a complete graph on w vertices, respectively. In this
paper, we show that the multicone graphs K, 7 C are determined
by their signless Laplacian spectrum.

1. INTRODUCTION

In the past decades, graphs that are determined by their spectrum
have received much more and more attention, since they have been
applied to several fields, such as randomized algorithms, combina-
torial optimization problems and machine learning. An important
part of spectral graph theory is devoted to determining whether given
graphs or classes of graphs are determined by their spectra or not.
So, finding and introducing any class of graphs which are determined
by their spectra can be an interesting and important problem. Let
G = (V, E) be a simple graph with vertex set V = V(G) = {v1,...,v,}
and edge set F = E(G) = {e1,...,en}. Denote by d(v) the de-
gree of vertex v. All graphs considered here are simple and undi-
rected. All notions on graphs that are not defined here can be found
in [10,11,14,23,28,32]. A graph consisting of k disjoint copies of an
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arbitrary graph I' will be denoted by kI'. The join of two graphs G
and H is a graph formed from disjoint copies of G and H by connect-
ing each vertex of G to each vertex of H. We denote the join of two
graphs G and H by G \7 H. The complement of a graph G is denoted
by G. Let A(G) be the (0,1)-adjacency matrix of graph G. The ma-
trices L(G) = D(G) — A(G) and Q(G) = SL(G) = D(G) + A(G) are
called the Laplacian matrix and the signless Laplacian matrix of G,
respectively, where D(G) denotes the degree matrix. Note that D(G)

is diagonal. Let ¢4 > ¢o > --- > ¢, be the distinct eigenvalues of
G with multiplicities mq, msg, --- , m,, respectively. The multi-set
Specg(G) = {[@]™, @], -, [gn]™" } of eigenvalues of Q(G) is called

the signless Laplacian spectrum of G. We say two graphs G and H are
Q-cospectral if Specg(G) = Specg(H). Up to now, only some graphs

with special structures are shown to be determined by their spectra (DS,
for short) (see [1-9, 12, ,20,23,25-27,30,31] and the references
cited in them). Van Dam and Haemers [29] conjectured that almost all

graphs are determined by their spectra. Nevertheless, the set of graphs
that are known to be detrmined by their spectra is too small. So, dis-
covering infinite classes of graphs that are determined by their spectra
can be an interesting problem. About the background of the question
"Which graphs are determined by their spectrum?”, we refer to [29].
In [23,24] the authors characterized new classes of multicone graphs
which are determined by their signless Laplacian spectra. Abdian and
Mirafzal [7] characterized new classes of multicone graphs which were
DS with respect to their spectra. Abdian [I] characterized new classes
of multicone graphs with respect to their adjacency spectra as well as
their Laplacian spectra. Abdian also proposed four conjectures about
adjacency spectrum of complement and signless Laplacian spectrum of
these multicone graphs. In [2], the author shown that multicone graphs
K, 7 Pi; and K, 37 S are determined by their adjacency and their
Laplacian spectra, where Pj; and S denote the Paley graph of order
17 and the Schléfli graph, respectively. Also, this author conjectured
that these multicone graphs are determined by their signless Laplacian
spectra. In [3], the author proved that multicone graphs K, 7 L(P)
are determined by both their adjacency and Laplacian spectra, where
L(P) denotes the line graph of the Petersen graph. He also proposed
three conjectures about the signless Laplacian spectrum and the com-
plement spectrum of these multicone graphs. Abdian [?] characterized
multicone graphs K, 37 P with respect to adjacency spectra, Laplacian
spectra and signless Laplacian spectra, where P denotes the Petersen
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graph. The authors [25] characterized another new classes of multi-
cone graphs which are determined by their adjacency and Laplacian
spectra as well as their complement with respect to adjacency spectra.
For seeing some multicone graphs which have been characterized so far
refer to [1,0,9,25-27]. In the papers [1—1,6,7,9,25,206] graphs have not
been characterized with respect to their signless Laplacian spectra. In
this work, we present some techniques for characterizing these graphs
with respect to the signless Laplacian spectra and we show that the
multicone graphs K, 57 C' are determined by their signless Laplacian
spectrum.

2. SOME DEFINITIONS AND PRELIMINARIES

Some useful established results about the spectrum are presented in
this section, will play an important role throughout the paper.

Lemma 2.1 ( [12]). Let G be a graph with n vertices, m edges, t

triangles and vertex degrees dy,dy,--- ,d,. Let Ty = > (¢:;(@))", then
i=1

To=nTi=>d=2m, To=2m+>.d} and Ty = 6t + 3> d? +

=1 =1 =1

Lemma 2.2 ( [15]). In any graph the multiplicity of the eigenvalue 0 of
the signless Laplacian is equal to the number of bipartite components.

Lemma 2.3 ( [23]). Let G be an r-regular graph on n vertices and G
is determined by its signless Laplacian spectrum. Let H be a graph Q-
cospectral with Gy K,. If dy(H) =dy(H) = -+ =d,(H) =n+m—1,

then H = K,, v G.

Lemma 2.4 ( [12,23]). Let G be a connected graph of order n(n > 1),
and the minimum degree of G is 6. Then g, < 0.

Lemma 2.5 ( [23]). Fori = 1,2, let G; be an r;-reqular graph on n;
vertices. Then

Pocy) (T — n2) Poa,) (v — n1)
P _
Q(GIVGQ)(‘T) (l‘ _ 27,1 _ ng)(ZE _ 27,2 _ nl) f(I),

where f(z) = 2% — (2(r1 + 1) + (n1 +n2))x + 2(2r179 + 110y + T2N0).

Lemma 2.6 ( [12]). Let G be a graph on n vertices with vertex degrees
di,dy, -+ ,dy. Then min{d; +d;} < ¢1 < max{d; +d;}, where (i,j)
runs over all pairs of adjacent vertices of G.
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Lemma 2.7 ( [21]). Let G be a graph of order n > 2 and ¢;(G) >
©(G) > ... > ¢.(G). Then ¢2(G) < n —2. Moreover, qx11(G) =n — 2
(1 <k < n)if and only if G has either k balanced bipartite components
or k + 1 bipartite components.

Lemma 2.8 ( [12]). Let G be a graph with mazimum degree d; and
second maximum degree dy. Then qo(G) > dy — 1. If ¢2(G) = dy — 1,
then d1 = dg.

Remark 2.9. For further information about the Clebsch graph, one can
refer to [13,19]. Also, Spec,(C) = {[10]1, 2]°, [—2]10}.

3. MAIN RESULTS

In the following we always suppose that A =d; >dy > --- > d, =9
and ¢y > g2 > -+ = @y,

Proposition 3.1. The signless Laplacian spectrum of the multicone
graph Ky <7 C' is:
1

STEVEIN g, o

2

Proof By Lemma 2.5 the result follows(see also Theorem 3.1 of [12]).
O

Theorem 3.2. The multicone graph K; <7 C' is DS with respect to its
signless Laplacian spectra.

Proof First, it is easy and straightforward to see that there is no
disconnected graph ()-cospectral with the multicone graph K; v C.
Otherwise, let Specy(G) = Specy (K1 v C) and G = H; U Hy, where
H; (i = 1,2) are the subgraph of G. It is easy to check that any of H;
must have three signless Laplacian eigenvalues. It is well-known that a
graph has one or two signless Laplacian eigenvalue(s) if and only if it
is either isomorphic to a disjoint union of isolated vertices or a disjoint
union of complete graphs on the same vertices, respectively. But, by
the spectrum of G and Specg(K,) = {[2w — 21", [w— Z]w_l} this case
(having three distinct signless Laplacian eigenvalues for any of sub-
graphs H; and Hs) cannot happen. So, any graph Q-cospectral with
the multicone graph K57 C, the cone of the C' graph, is connected. By
Lemma 2.6 it is clear that 2d; > ¢; &~ 23.21. So, d; = A > 12. Also, it
follows from Lemma 2.4 that 0 > ¢;7 = 9. This means that § > 10. By

37 — /89
TV_+

Lemma 2.8 dy < 1 =~ 14.78. Hence we can conclude that
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0 =di7 <10 < dy < 14.
We consider the following cases:
Case 1. dy = 10.

So, dy = d3 = --- = dy; = 0 = 10. Therefore, by Lemma 2.1
d; + 160 = 192. So, d; = 30, a contradiction, since 10 < d; < A = 16.

Case 2. dy = 11.

Let we have a vertices of degree 10 and 16 — a vertices of degree 11
between d; for 2 < i < 17. Therefore, d; + 10a + (16 — a)11 = 192.
This implies that d; — a = 16 and so a + 16 = d;. But 16 > d; > 10
and so a + 16 = d; € {10,11,...,16}. It is clear that a can only be 0.
This means that we have 16 vertices of degree 11 and so d; = 16. In
this case, it follows from Lemma 2.3 that G = K; v C.

Case 3. dy = 12.

Let we have a vertices of degree 10, b vertices of degree 11 and ¢ > 1
vertices of degree 12 between d; for 2 < ¢ < 17. So, by Lemma 2.1 we
get:

a+b+c=16,
4a 4 5b + 6¢ + dy = 192,
16a + 25b + 36¢ + d? = 2192.

—d? + 23d,
2
22d; and ¢ = —40. It is clear that d, € {12,13,14,15,16},

0<a,bc<16and 0 <a+b+c=16. Now, by replacing d; in a, b or
¢ we will have a contradiction.

By a simple calculating we get a = —56,b=112+d? —

21dy — d?

Case 4. dy = 13.

Let we have a vertices of degree 10, b vertices of degree 11, ¢ vertices
of degree 12 and d > 1 vertices of degree 13 between d; for 2 < i < 17.
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a+b+c+d=16,
10a + 11b + 12¢ + 13d + d; = 192,
100a 4 121b + 144c + 169d + dF = 2192.

—d? + 23d
By a simple calculating we get a = ZG Tt esh 56 —d, b =

2
21dy — d?

112+ d? — 22d; + 3d and ¢ = —40 — 3d. In a similar manner

of case 4 we have a contradiction.
Case 5. dy = 14.

Let we have a vertices of degree 10, b vertices of degree 11, ¢ vertices
of degree 12, d vertices of degree 13 and e > 1 vertices of degree 14
between d; for 2 < i < 17.

a+b+c+d+e=16,
10a + 110+ 12¢ + 13d + 1de + d; = 192,
100a + 121b + 144c + 169d + 196e + d3 = 2192.

—d? + 23d,

By a simple calculating we get a = —56—d—3e, b=

21d; — d2
112+ d? —22d, +8e+3d and ¢ = ————L — 40 — 3d — 6e. In a similar

manner of case 3 or 4 we receive to a contradiction.]

Proposition 3.3. The signless Laplacian spectrum of the multicone
graph Ky <7 C' is:

{[26]', [14]°, [10]", [16]'}.

Proof By Lemma 2.5 the result follows(see also Corollary 3.1 of [21]).
U

Theorem 3.4. The multicone graph Ky <7 C' is DS with respect to its
signless Laplacian spectra.

Proof Let G be (Q-cospectral with a multicone graph K5 57 C. By
Lemma 2.6 we can conclude that ¢;(G) = 26. So, 2d; > 26. This
means that d; > 13. On the other hand, it follows from Lemma
2480 > q1g3 = 6 > 11(it is straightforward to see that any graph Q-
cospectral with the multicone graph Kj 57 C' is connected). By Lemma
2.7 of [18] d3 < 1442 ~ 15.2 and so 11 < § < d3 < 15. Now, we
consider the following cases:
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Case 1. d3 = 11.

Take d; + dy = x and d? + d3 = y and note that d; > 13 and so
24 < x < 34.

In this case d3 = dy = d5 = --- = dig = 6 = 11. Therefore,
x4+ 176 = 226 and so x = 50, a contradiction.

Case 2. d3 = 12.

Assume that there are a vertices of degree 11 and 16 — a vertices of
degree 12 between d; for 3 < ¢ < 18. So, z+11la+ (16 —a)12 = 226 and
so x = a+34. So, we must have 24 < xr =a+34 <34 or —10 <a <0.
It is clear that a can be only 0. This means that G has 12 vertices
of degree 16 and © = dy + dy = 34. Therefore, d; = dy = 17 and by
Lemma 2.3 the result follows.

Case 3. d3 = 13.

Assume that there are a vertices of degree 11, b vertices of degree 12
and ¢ > 1 vertices of degree 13 between d; for 3 <7 < 18. So

a+ b+ c =16,
1la + 125+ 13¢ = 226 — z,
121a + 144b 4 169c = 2882 — y.

23—y

One can easily check that a = —102 +
21z — vy

,b=170 — 22x +y

and ¢ = —52 +

even.To put that another way,

. S0, the summation of the z and y must be

T = 26(d1 = d2 = ]_3)7 T = 30(d1 = d2 = 15),
y = 338. ’ y = 450. ’

Tr = 34(d1 == d2 == 17), Tr = 28(d1 == d2 == 14),

y = 5T78. ’ y = 392. ’

2 =32(dy =dy=16), [ 2 =28(d; =15,dy = 13),

y = 5l2. ’ y = 394. 7

Tr = 30(d1 = 17, d2 = 13), Tr = 32(d1 = 17, d2 = 15),
y = 458. "]y =514 ’
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x =30(dy = 16,dy = 14),
y = 452.

It is clear that 0 < a,b,c = 16. Now, by replacing any of the above
cases we will have a contradiction.

Case 4. d3 = 14.

Suppose that there are a vertices of degree 11, b vertices of degree
12, ¢ vertices of degree 13 and d > 1 vertices of degree 14 between d;
for 4 <i¢<11. So

a+b+c+d=16,

11a + 12b+ 13c + 14d = 226 — z,
121a + 144b 4 169c¢ + 196d = 2882 — y.
23z —
It is easy to see that a = —102 —3d+ i
2l —y

b= 170+8d— 22z +y

and ¢ = —52 — 6d +
be even, since a is a non-negative integer number. So,

{ x = 30(d; = dy = 15), { v =34(d, = dy = 17),

. S0, the summation of the z and y must

b

y = 450. y = bT78.
x = 28(dy = dy = 14), x = 32(dy = dy = 16),
y = 392. ")y =512 ’
{ v =32(dy = 17,dy = 15), { x = 30(d; = 16,dy = 14),
— 514. ")y =452,

It is clear that 0 < a,b,c,d = 16 and d > 1. Now, by replacing any
of the above cases we will have a contradiction.

Case 5. d3 = 15.

Let there are a vertices of degree 11, b vertices of degree 12, ¢ vertices
of degree 13, d vertices of degree 14 and e > 1 vertices of degree 15
between d; for 3 <i < 18. So,

a+b+c+d+e=16,
1la + 12b+ 13c+ 14d + 15e = 226 — «,
121a + 144b + 169c¢ + 196d + 225¢ = 2882 — y.



THE SPECTRAL DETERMINATION OF THE MULTICONE GRAPHS 139

231 —
we get a = —102 — 3d — 6e + X Y

21z — y

, b=170+8d + 1be — 222 +y

and ¢ = —52 — 6d — 10e + . Put simply,

{ x:SO(d1:d2:15),{ z=34(dy = dy = 17),

y = 450. y = H78. ’
x = 32(dy = dy = 16), x =32(dy = 17,dy = 15),
y =5l2. ’ y = bHl4.

In a similar manner of Case 3 or 4 we will have a contradiction. [

Now, we show that multicone graphs K, 57 C' are DS with respect
to their signless Laplacian spectra. For proving this fact we need one
lemma.

Lemma 3.5. Let G be a graph of order n. If n — 2 is one of the
signless Laplacian eigenvalues of G with the multiplicity of at least 2
and ¢1(G) > n — 2, then G is the join of two graphs.

Proof By Lemma 2.7 G has either at least 2 balanced bipartite com-
ponents or at least 3 bipartite components. In other words, G is dis-
connected. Thus G is connected and it is the join of two graphs. [

Remark 3.6. Note that in Lemma 3.5 the condition ¢;(G) > n — 2 is
critical. For instance, consider the graph which is the disjoint union of
two triangles. It is easy to see that the signless Laplacian spectrum of
this graph is { [4]%, [1]4}, whereas this graph is not the join of any two
graphs.

Theorem 3.7. Multicone graphs K,, 7 C' are DS with respect to their
signless Laplacian spectra.

Proof We solve the theorem by the mathematical induction on w.
For w = 1,2 this theorem was proved(see Theorems 3.2 and 3.4). Let
the theorem be true for w; that is, if Specy(H) = Specy (K, v O),
then H = K, 7 C, where H is an arbitrary graph @-spectral with
a multicone graph K, 57 C(the inductive hypothesis). We show that
it follows from Specg(G) = Specg(Kyi1 vV O) that G = Ky 7 C.
It is clear that G has one vertex and 16 + w edges more than H and
Specg(G) = Specg(K1%7 H)(by the inductive hypothesis H = K,,\7C).
On the other hand, by Lemma 3.5 G' and H are the join of two graphs.
So, we must have G = K; sy H. Now, the inductive hypothesis follows
the result. [J
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