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EQUALIZERS IN THE CATEGORIES FUZZ AND
TOPFUZZ

GH. MIRHOSSEINKHANI* AND N. NAZARI

ABSTRACT. It is well known that the categories Fuzz of fuzzes
and TopFuzz of topological fuzzes are both complete and cocom-
plete, and some categorical properties of them were introduced by
many authors. In this paper, we introduce the structure of equal-
izers in these categories. In particular, we show that every regular
monomorphism is an injective map, but monomorphisms need not
be injective, in general.

1. INTRODUCTION AND PRELIMINARIES

In 1992, Wang introduced the theory of topological molecular lat-
tices as a generalization of ordinary topological spaces, fuzzy topologi-
cal spaces and L-fuzzy topological spaces in terms of closed elements,
molecules, remote neighborhoods and generalized order-homomorphisms
[9]. Then, many authors characterized some topological notions in such
spaces, such as convergence theories of molecular nets or ideals, sepa-
ration axioms and other notions.

Topological fuzzes are an important special class of topological molec-
ular lattices. A fuzz is a pair (F, ') consisting of a completely distribu-
tive complete lattice F' and an order-reversing involution ’ : F' — F,
that is, z < y if and only if ¢y < 2’ and 2” = x for all z,y € F'. A
topological fuzz or a fuzzy topological space in the sense of Hutton, is
a triple (F, ', 7) such that (F, ') is a fuzz and 7 C F' is a topology, i.e.,
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it is closed under finite meets, arbitrary joins and 0,1 € 7, where 0 and
1 are the smallest and the greatest elements of F', respectively [5, 11].

The category of all fuzzes with their homomorphisms is denoted by
Fuzz, and the category of all topological fuzzes with their homomor-
phisms is denoted by TopFuzz. It is well known that these categories
are both complete and cocomplete, and some categorical properties of
them were introduced by many authors [3, 4, 5, 6, 7]. Also, the cate-
gory Fuzz is cartesian closed [1 1], but since the category TopFuzz has
the category Top of topological spaces as a reflective and coreflective
full subcategory, it follows that it is not cartesian closed [¢]. In this
paper, we introduce the structure of equalizers in these categories. In
particular, we show that every regular monomorphism is an injective
map, but monomorphisms need not be injective, in general.

Let us first recall some definitions and properties of fuzzes and topo-
logical fuzzes.

Definition 1.1. [9] An element a of a lattice F' is called coprime, if
a < bV cimplies a < bor a < ¢, for every b,c € F, and it is called
completely coprime if, for every S C F, a < V.S implies a < s for some
seS.

Throughout this paper, we denote by M (F) and M (F) the set of all
nonzero coprime elements and nonzero completely coprime elements of
a complete lattice F', respectively. Nonzero coprime elements are also
called molecules. If F'is a completely distributive complete lattice, then
F' is V-generated by the set M(F), i.e., every element of F is a join
of some elements of M (F'). Thus, a completely distributive complete
lattice is called a molecular lattice.

Let f: FF — G be a mapping between molecular lattices such that
preserves arbitrary joins. Then f has a right adjoint and denoted by

f. Moreover, f(y) = \/{z € F | f(x) <y} for every y € G.

Definition 1.2. [9] A mapping f : F' — G between molecular lattices
is called a generalized order-homomorphism (briefly, GOH) if f pre-
serves arbitrary joins and its right adjoint f preserves arbitrary joins
and arbitrary meets.

Definition 1.3. [10] A mapping f : (F,’) — (G, ') between fuzzes
is called an order-homomorphism or a fuzz map in this paper if f
preserves arbitrary joins and its right adjoint f preserves ’.

It is easy to show that every fuzz map is a GOH, but the converse
is not true, in general [10].
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Definition 1.4. [5, 11] A fuzz map f : (F,’,7) — (G, ’,n) between
topological fuzzes is said to be continuous if b € n implies f(b) € 7.

Lemma 1.5. [9] If f : F — G is a GOH, then f preserves the coprime
elements.

In the following, we recall some definitions and properties of cate-
gorical structures [1].

Definition 1.6. Let A?B be a pair of morphisms. A morphism F->A
is called an equalizer of f and g provided that foe = goe; and for any
morphism £’ A with foée =goé, there exists a unique morphism
E'SE such that ¢/ = coeé.

Definition 1.7. A morphism E-3A is called a regular monomorphism
provided that it is an equalizer of some pair of morphisms.

Definition 1.8. A square

is called a pullback square provided it commutes and that for any
commuting square of the form

g/

QLB
f’l !
A—sC

|

“

there exists a unique morphism QAP such that fok = ' and gok = ¢'.

Theorem 1.9. Let ALCEB be a pair of morphisms. If A&~ Ax BXAB

e fo
s a product of A and B, and E—A X B is an equalizer of A x Bﬁ C,
op2
then

p1oe A
f
C

|

-

paoe

]

s a pullback square.



220 MIRHOSSEINKHANI AND NAZARI

2. MAIN RESULTS

In this section, we give the structure of equalizers in Fuzz and
TopFuzz. Let (F,’) be a fuzz. Then for every complete join sub-
lattice E of F', i.e., E C F and it is closed under arbitrary joins, we
can define an order-reversing ¢ : E — E defined by z¢ = é(z’), where é
is the right adjoint of the inclusion map e : £ — F.

Definition 2.1. An element m of a fuzz (F, ') is called '-coprime if,
for every x € F, either m < x or m < 2’ but not both.

We denote by M (F) the set of all "-coprime elements of F. It is
easy to show that M(F) C M(F) C M(F). For any topological space
(X, 1), suppose P(X) denote the powerset of X and the order-reversing
involution on P(X) is the subset complement. Then (P(X),7) is a
topological fuzz and M(P(X)) = M(P(X)) = M(P(X)) = {{z} | = €
X}. In general, M (F) is a join generating base for a fuzz (F, ') if and
only if F' is fuzz isomorphic to P(M(F)), moreover M(F) = M(F) =

For a fuzz map f, since f and f preserve arbitrary joins, we have

A ~

f(0) = f(V@) = V¢ = 0 and similarly, f(0) = 0.

Lemma 2.2. Let f : F — G be a fuzz map. Then the following
statements hold:

(1) fof<id fof>id fofof=Ffandfofof=Ff, where

1d denote the identity map.

(2) f is unique, i.c., if go f > id and fo g <id, then g = f.

(3) f(1) = 1. Also, f(a) =0 if and only if a = 0.
Proof. For parts (1) and (2) see [2]. Since f(1) < 1, we have 1 <
f(f(1)) < f(1) and hence f(1) = 1. Now, let f(a) = 0. Then a <
f(f(a)) = f(0) = 0 and hence a = 0.

O

Lemma 2.3. Let f : F — G be a map between fuzzes such that pre-
serves all joins.
(1) If f is a fuzz map, then [ preserves’'-coprime elements.
(2) If M(F) is a join generating base for F, then f is a fuzz map
if and only if f preserves’-coprime elements.

Proof. (1): Let m € M(F} and y € G. Then either m < f(y) or m <

(f(y))" = f(¥). Thus either f(m) <yor f(m) <y If f(m) <yAy,
then m < f(yAy') = f(y) A f(y'), which is a contradiction. Thus f(m)
is a '-coprime element.
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2): Let y € G, m € M(F) and preserves '-coprime elements.
( y
Then

<fW)e fm <y e fmLyemt fy)em<(fy)
(y

Thus f(y') = (f(y)). Conversely, by part (1), the result holds. O

By Lemma 2.3, we have the following result.

Corollary 2.4. f : {0,1} — F is a fuzz map if and only if f(1) €

Definition 2.5. Let (F, /) be a fuzz and F be a complete join sublattice
of F. Then we say that (E,c) is a subfuzz of F' if (E,c) is a fuzz and
the inclusion map e : £ — F' is a fuzz map.

Example 2.6. Let F' = {0, x,y, 1}, where x and y are incomparable,
¥’ =y and y = x. Then F is a fuzz and E = {0, 2} is a subfuzz of F.
If A={0,1}, then A is a fuzz but it is not a subfuzz of F', because the
inclusion e : A — F' is not a fuzz map.

Definition 2.7. Let (F, ', u) be a topological fuzz and (F, ¢) a subfuzz
of F. If § = é(u), then (E, ¢, 9) is also a topological fuzz which is called
a topological subfuzz of F.

Now, we present a characterization of subfuzzes. Let F' be a fuzz.
In the following we consider a mapping J : F' — F' which satisfies the
following conditions:

(S1) J(a) < aforall a € F;

(S2) JoJ=J,;

(S3) J preserves arbitrary joins;

(S4) J((J(a))) = J(da') for all a € F.

Lemma 2.8. Let (F, ') be a fuzz and E be a complete join sublattice
of F. Then (E,c) is a subfuzz of F if and only if there exists a
mapping J : F — F which satisfies the conditions (S1) — (S4), such
that E = ImJ and o° = J(d') for each a € E.

Proof. Let (F,c) be a subfuzz of F'. Since the inclusion map e : E — F
is a fuzz map, if we define a mapping J : F — F by J(a) = é(a) for
each a € F, then the result holds.

Conversely, let J : FF — F be a mapping which satisfies the condi-
tions (S1) — (54), such that E = ImJ and a¢ = J(a') for each a € E.
Since J preserves joins, it follows that F is a complete join sublattice
of F' and hence is a complete lattice. Since J preserves order, c¢ is an
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order-reversing. Now, we show that ¢ is an involution on E. Let xz € F.
Then we have

v = (J(x))* = (J(@)) = J(") = J(z) = =.
The infimum in £ is as following:
Mierd (a;) = (Vier(J(a:))*)" = (Vierd (a;))°

= (J(Viera}))* = J(Viera;)" = J(Niera;).
On the other hand, we have

VieiMjesJ(aij) = J(VietNjesaij) = J(Njes Vier aij) = Njeg Vier J(ai;).

Thus E is a completely distributive lattice and hence (F,¢) is a fuzz.
Finally, we show that e : F — F'is a fuzz map. Let x € F. Then we
have

é(x) =Vv{J(a) | J(a) <z} =é(x) =J(é(x)) <z =é(x) < J(x).

Since J(x) < z, it follows that é(x) = J(z). Thus, for any z € F we
have:

Lemma 2.9. Let (F,') be a fuzz and E be a complete join sublattice
of F. Let S be the collection of all mappings J : F' — F which satisfy
the conditions (S1) — (S4) and ImJ C E. Then S with respect to
pointwise order has a mazximal element v such that for each J € S,
ImJ CImyCE.

Proof. Consider vy : F' — F given by v(a) = V{J(a) | J € S} for every
a € F. Then we have:

(1) v(a) < a;
(2) v(v(a) =YV jes /(@) = Vies Vjes I(J(a))
= Vies 1(a) = y(a);
(3) ’Y(\/zel a;) = VJeS (Vzel a;) = \/JES \/zel J(a;)
= Vier Vies /(@) = Viepv(ai);
(4) 1((v(@))) = Vjes J(1(a))) = Vjes I (Vies (@)
= Vies J(Ares(@))') =V jes Mies I ((I(a))')
= Vyes /(@) = y(d).
It is easy to see that for every J € §, J < v and Imy C E. On
the other hand, we have J(a) = J(J(a)) < ( (a)) < J(a). Thus
J(a) = ”y(J(a)), and hence ImJ C Imy. O

By Lemmas 2.8 and 2.9, we have the following result.
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Corollary 2.10. Let (F, ') be a fuzz and A be a complete join sublattice
of F'. Let S be the collection of all subfuzzes B of F' such that B C A.
Then S has a mazimal element.

Theorem 2.11. The equalizer of F*%G in Fuzz is the pair (F,e),

9
where E is the mazimal subfuzz of F' such that E C Ey, == {z € F|
f(z) =g(x)} and e : E — F is the inclusion map.

Proof. Let h: N — F be a fuzz map such that foh = goh. Consider
a mapping J : F — F given by J(a) = h o h(a) for every a € F.
Since hohoh = ﬁ, it is easy to show that J satisfies the conditions
(S1) — (S4). Thus Imh = ImJ C Ey, and hence h(z) € E. Now, we
define @ : N — E by a(x) = h(z). Then eoa = h and for every z € F
we have

a(a°) = &(é(w)7) = o é(a’) = h(a') = (h(x)) = (a(x))"
Thus « is a fuzz map. Finally, it is easy to check that « is unique. [

Similar to the proof of Theorem 2.11, we have the following result.

;
Theorem 2.12. e : (E,§) — (F,7) is an equalizer of (F, T)?(G, n) in
TopFuzz if and only if e is an equalizer in Fuzz and § = {é(a) | a € 7}.

Corollary 2.13. If M(F) is a join generating base for F, then the

s
equalizer of F?—’G in Fuzz is the pair (E,e), where E is the complete

join sublattice generated by the set ]T/[/fg ={m € M(F) | f(z) = g(x)}
and e : E — F' is the inclusion map.

Proof. Consider v : F' — F given by y(a) = V{m € My, | m < a} for
every a € F. It is easy to show that the map v satisfies the conditions
(S1) — (S4) and Im~y = E. On the other hand, for every mapping J :
F — F which satisfies the conditions (S1) — (S4) and ImJ C Ey,, we

have J(a) = J(V{m € M(F) | m < a})=V{J(m) | m e M(F),m <
a}. Since J(m) < m, so for every m € M(F), either J(m) = m
or J(m) = 0. Thus ImJ C Imry, which shows that E is a maximal
subfuzz of F' such that E' C Fy,, as desired. O

Remark 2.14. [8] The category Top is a reflective and coreflective full
subcategory of TopFuzz via the embedding power functor P : TOP —
TopFuzz defined by P(X, 1) = (P(X), 7).

f
Example 2.15. Let X? Y be two arbitrary continuous functions.
PU)

Then the equalizer of P(X) ?)P(Y) in TopFuzz is the pair (F,e),
g

o)
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where E is the complete join sublattice generated by the set {{z} |
r € X, f(x) =g(x)} and e : E — P(X) is the inclusion map. Thus
E =P(Ey,), where Ey, :={z € X | f(z) = g(x)} is the equalizer of
f and g in the category Top. This of course amounts to the familiar
fact that the reflector P preserves limits.

Recall that an extra order < on a complete lattice L is defined by
a < b if, for every subset S C L, b < VS implies a < s for some s € §

[7].

Let {F;}icr be a family of fuzzes. In [I1], the product of {F;}icr in
Fuzz was given by ®;cif; = {A C [[,c; Fi | A =] A; and for every
x € A there exists y € A such that z; <y; for every i € I}, where | A is
the lower set of A. Now, by Theorem 1.9, we have the following result.

Corollary 2.16. Let FLLEG bea pair of fuzz maps. If FEFRGHBGE

e fop
1s the product of F and G, and E—F X G is the equalizer of F ® GgO:piL,
then the square

o

p1oe
—_—

&=

p2oe

-~
M~ <~
~

@Q

g
1s a pullback in Fuzz.

By Theorems 2.11 and 2.12, we have every regular monomorphism in
Fuzz and TopFuzz is an embedding map, but the following example
shows that monomorphisms need not be injective, in general.

Example 2.17. A monomorphism in Fuzz and TopFuzz need not be
an injective map. For instance, consider F' = {0, z,y, 1}, where z and
y are incomparable, ' = z, y = y and G = {0, a, 1}, where 0 < a < 1,
a’ = a. Let the mapping f : F' — G defined by: f(0) =0, f(z) = a,
f(1) = f(y) = 1. Then f is a Fuzz-morphism, but it is not injective.
Now, we show that f is monomorphism. Let L?F such that r # s.
Then there exists a m € M (L) such that r(m) # s(m). Since r and s
preserve coprime elements, it follows that r(m) and s(m) € M(F) =
{z,y}. Without loss of generality, let (m) = z and s(m) = y. Then
f(r(m)) = a # f(s(m)) = 1, this implies that for # fos. Also, if
71 = 79 = {0, 1}, then f is a TopFuzz-morphism, and hence the result
holds for TopFuzz.

Theorem 2.18. If f : F' — G is a monomorphism in Fuzz and
TopFuzz, then the restriction mapping f |37 M(F) — M(G) is
imjective.
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Proof. Let my,ms € M(F) and f(m;) = f(mgy). Consider r,s

{0,1} — F given by r(0) = s(0) = 0, (1) = mq, s(1) = mg. By
Corollary 2.4, r and s are fuzz maps and continuous with respect to
the discrete topology on {0,1}. Now, we have for = f os and hence
by hypothesis r = s. Thus m; = r(1) = s(1) = ma. O

3. CONCLUSIONS

It is well known that the categories Fuzz of fuzzes with their ho-
momorphisms and TopFuzz of topological fuzzes with their homo-
morphisms are both complete and cocomplete, and some categorical
properties of them were introduced by many authors. In this paper,
we have presented the structure of equalizes in these categories. For
this, we have defined some concepts as subfuzz and topological subfuzz
and shown that equalizers are embedding and continuous embedding
fuzz maps. Thus, every regular monomorphism in these categories is
an injective map, but we have shown that monomorphisms need not
be injective, in general.

Acknowledgments

We are very grateful to the referee(s) for the careful reading of the
paper and for the useful comments.

REFERENCES

1. J. Adamek, H. Herrlich and G. E. Strecker, Abstract and concrete categories,
John Wiley and Sons Inc., New York, 1990.

2. T. S. Blyth, Lattices and ordered algebraic structures, Springer-Verlag, London,
2005.

3. C. L. Chang, Fuzzy topology spaces, J. Math. Anal. Appl., 24 (1968), 182-190.

4. M. Demirci, Category theoretic fuzzy topological spaces and their dualities,
Fuzzy Sets and Systems, 227 (2013), 1-24.

5. B. Hutton, Products of fuzzy topological spaces, Topology Appl., 11 (1980),
59-67.

6. B. Hutton and I. Reilly, Separation axioms in fuzzy topological spaces, Fuzzy
Sets and Systemns, 3 (1980), 93-104.

7. Y. M. Li, Exponentiable objects in the category of topological molecular lat-
tices, Fuzzy Sets and Systems, 104 (1999), 407-414.

8. Y. M. Li, and Z. H. Li, Top is a reflective and coreflective subcategory of fuzzy
topological spaces, Fuzzy Sets and Systems, 116 (2000), 429-432.

9. G. J. Wang, Theory of topological molecular lattices, Fuzzy Sets and Systems,
47 (1992), 351-376.



226 MIRHOSSEINKHANI AND NAZARI

10. G. J. Wang, Order-homomorphisms on fuzzes, Fuzzy Sets and Systems, 12
(1984), 281-288.

11. Z. Yang, The cartesian closedness of the category Fuzz and function spaces on
topological fuzzes, Fuzzy Sets and Systems, 61 (1994), 341-351.

Ghasem Mirhosseinkhani
Department of Mathematics and Computer Sciences, Sirjan University of Technol-
ogy, Sirjan, Iran.
Email: gh.mirhosseini@yahoo.com, gh.mirhosseini@sirjantech.ac.ir

Narges Nazari
Department of Mathematics, University of Hormozgan, Bandarabbas, Iran.
Email: nazarinargesmath@yahoo.com



Journal of Algebraic Systems

EQUALIZERS IN THE CATEGORIES FUZZ AND TOPFUZZ
GH. MIRHOSSEINKHANI AND N. NAZARI
}G%U 55\3 LSLM:*“) BL Lh)'\.wdbt.’.a

"6 S s S
O‘J:’.‘ ‘U\’J:"“’ cul}J“M (X2 s&asls ‘JSWSUL; 9 L5"£L’..J saSiils)
Q‘J.:“‘ cw\.f.i—)d;f cQ\f}nﬁ J&iils ‘s‘élf.i saSisls Y
b3l Jali 5Bl w5 il ol 50wy & il oo sadiad bl s G 05 4
e a3l i ool 53 ladslan St L e g Lo el ol 3 <ol st e
S ol Lol a5 Lol ol St 8IS0 S ol (20 S5 o S iaon LS

[ vvswou)

Sledsles L ;“;\3 5t :6.\:15CJLJS



	1. Introduction and preliminaries
	2. Main results
	3. Conclusions
	References

