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ON SEMICOVERING, SUBSEMICOVERING, AND
SUBCOVERING MAPS

M. KOWKABI , B. MASHAYEKHY AND H. TORABI*

ABSTRACT. In this paper, by reviewing the concept of subcover-
ing and semicovering maps, we extend the notion of subcovering
map to subsemicovering map. We present some necessary or suffi-
cient conditions for a local homeomorphism to be a subsemicover-
ing map. Moreover, we investigate the relationship between these
conditions by some examples. Finally, we give a necessary and
sufficient condition for a subsemicovering map to be semicovering.

1. INTRODUCTION AND MOTIVATION

Steinberg [%, Section 4.2] defined a map p : X — X of locally path
connected spaces as a subcovering map if there exist a covering map
p 1Y — X and a topological embedding ¢ : X — Y such that p’ o
t = p. He presented a necessary and sufficient condition for a local
homeomorphism p : X — X to be subcovering. More precisely, he
proved that a continuous map p : X — X of locally path connected
and semilocally simply connected spaces is subcovering if and only if
p: X — X is a local homeomorphism and any path f in X with pof
null homotopic (in X) is closed, that is, f(0) = f(1) (see [, Theorem
4.6]).

Brazas [2, Definition 3.1] extended the concept of covering map to
semicovering map. A semicovering map is a local homeomorphism with
continuous lifting of paths and homotopies. We simplified the notion of
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semicovering map as a local homeomorphism with unique path lifting
and path lifting properties in [0, Theorem 2.4].

In this paper, we extend the notion of subcovering map to subsemi-
covering map. We call a local homeomorphism p : X — X a subsemi-
covering map if it can be extended to a semicovering map ¢ : Y — X,
that is, there exists a topological embedding ¢ : X — Y such that
qo @ = p. Moreover, if p, (1 (X, %)) = ¢.(m1 (Y, §o)), then we say that
p is a full subsemicovering map, when ¢ is a semicovering map, and it
is a full subcovering map when ¢ is a covering map. Since any covering
map is a semicovering map, every subcovering map is a subsemicover-
ing map. Note that there exists a subsemicovering map that is not a
full subsemicovering map (see Example 3.3).

In Section 2, among reviewing the concept of local homeomorphism,
path lifting property, unique path lifting property, and semicovering
map, we mention some needed results on these notions such as path
homotopy theorem for local homeomorphism and lifting criterion the-
orem for semicovering map. Also, we recall from [0, Lemma 3.1, 3.2] a
concept of defective lifting for local homeomorphisms, which is called
incomplete lifting.

In Section 3, we obtain some necessary or sufficient conditions for a
local homeomorphism to be a subsemicovering map. First, by intro-
ducing a strong version of the unique path lifting property which we
call it strong UPLP, we show that it is a necessary condition for a local
homeomorphism to be a subsemicovering map. Also, we prove that if
a local homeomorphism p : X — X is a subsemicovering map, then
any path f in X with p o f null homotopic (in X) is closed, that is,
f(0) = f(1). Moreover, we show that the latter condition on a local
homeomorphism p : (X, o) — (X, xo) is a sufficient condition for p to
be subsemicovering provided that p,(m (X, %)) is an open subgroup
of the quasitopological fundamental group 77 (X, z) (see [1] for the
notion of the quasitopological fundamental group). Second, we investi-
gate the relationship between these necessary or sufficient conditions by
some examples. For instance, we show that openness of p,(m (X, &))
is not necessary for a local homeomorphism p to be subsemicovering.
Moreover, we give some examples to show that none of the two neces-
sary conditions for a local homeomorphism to be subsemicovering are
sufficient and also the sufficient condition is not necessary. Also, we
show that a continuous map p : X — X of locally path connected
spaces is full subsemicovering if and only if p : (X, %) — (X, z0) is a
local homeomorphism and any path f in X with po f null homotopic (in
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X) is closed and p, (71 (X, %)) is an open subgroup of 7% (X, x). Fur-
thermore, we prove that a continuous map p : X — X of locally path
connected spaces is full subcovering if and only if p : (X, Zo) = (X, z)
is a local homeomorphism and that any path f in X with p o f null
homotopic (in X) is closed and p,(m (X, %)) contains an open nor-
mal subgroup of 7%?(X, x¢). Finally, by extending the notions strong
homotopy and the fundamental inverse category and monoid used by
Steinberg [¢] to semicovering maps, we give a necessary and sufficient

condition for a subsemicovering map to be semicovering.

2. NOTATIONS AND PRELIMINARIES

In this paper, all maps f : X — Y between topological spaces X
and Y are continuous. We recall that a continuous map p : X — X
is called a local homeomorphism if for every point & € X, there exists
an open neighborhood W of & such that p(W) is open in X and the
restriction map pl;, : W — p(W) is a homeomorphism. In this paper,
we denote a local homeomorphism p : X — X by (X,p) and assume
that X is path connected and locally path connected.

Assume that X and X are topological spaces and that p : X = X is
a continuous map. Let f : (Y,y0) — (X, x9) be a continuous map and
let & € p~'(x0). If there exists a continuous map f : (Y, o) = (X, Zo)
such that po f = f, then f is called a lifting of f. The map p has path
lifting property (PLP for short) if for every path f in X, there exists a
lifting f : (1,0) — ()~(, To) of f. Also, the map p has unique path lifting
property (UPLP for short) if for every path f in X there is at most
one lifting f : (I,0) = (X, %) of f (see [7]).

Brazas [2, Definition 3.1] generalized the concept of covering map by
the phrase “A semicovering map is a local homeomorphism with con-
tinuous lifting of paths and homotopies”. Note that amapp:Y — X
has continuous lifting of paths if p, : (pY), — (pX)pw) defined by
pp(@) = p o a is a homeomorphism, for all y € Y, where (pY), = {a:
I =10,1 = Y]a(0) = y}. Also, amap p: Y — X has continuous
lifting of homotopies if @, : (®Y'), = (X)) defined by ®,(¢) = po¢
is a homeomorphism, for all y € Y, where elements of (®Y'), are end-
point preserving homotopies of paths starting at y. He also simplified
the definition of semicovering maps by showing that having continuous
lifting of paths implies having continuous lifting of homotopies ( see |3,
Remark 2.5]).

The following theorem can be found in [0, Lemma 2.3].
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Theorem 2.1. (Local Homeomorphism Homotopy Theorem for Paths).

Let (X, p) be a local homeomorphism of X with UPLP and PLP. Con-
sider the diagram of continuous maps

)

L P
;BT
I x I —5 (X, x0),

where j(t) = (t,0) for allt € I. Then there exists a unique continuous
map F : I x I — X making the diagram commute.

The following corollary is a consequence of the above theorem.

Corollary 2.2. Let p: X = X be a local homeomorphism with UPLP
and PLP. Let xg,xvy € X and let f,g : [ — X be paths such that
f(0) = g(0) = x0, f(1) = g(1) = 21, and Tg € p~ (o). If F: [ =~ g rel
I and f, g are the lifting of f and g, respectively, with f(0) = 2o = §(0),
thenﬁ:fzg rel 1.

The following theorem can be found in [2, Corollary 2.6 and Propo-
sition 6.2].

Theorem 2.3. (Lifting Criterion Theorem for Semicovering Maps).

If Y is connected and locally path connected, f : (Y,yo) — (X, x0) is
continuous, and p : X — X is a semicovering map where X is path
connected, then there exists a unique f : (Y, ) — (X,i"o) such that

po f=fif and only if f.(m1(Y,y0)) C p*(m(f(,:io)).

The following theorem can be concluded from [0, Theorem 2.4].

Theorem 2.4. A map p : X — X is a semicovering map if and only
if it is a local homeomorphism with UPLP and PLP.

Note that there exists a local homeomorphism without UPLP and
PLP and so it is not a semicovering map.

Example 2.5. [6, Example 2.4] Let X = ([0,1] x {0})U({1/2} x
[0,1/2)) with the coherent topology with respect to

{[0,1/2] x {0}, (1/2,1] x {0}, {1/2} x (0,1/2)}
and let X = [0, 1]. Define p: X — X by

(5,1) s, t=0,
S, =
b s+1/2, s=1/2.
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It is routine to check that p is a local homeomorphism, which does not
have UPLP and PLP.

In Section 3, we need the concept of incomplete lifting for local home-
omorphisms, which has been introduced by the authors in [0, Lemma
3.1, 3.2] as follows.

Lemma 2.6. (see [0, Lemma 3.1}).

Let p: X — X be a local homeomorphism, let f be an arbitrary path
in X, and let &g € p~'(f(0)) such that there is no lifting of f starting
at To. If Ay = {t € I |f|joy has a lifting fi on [0,t] with f,(0) = Z},
then Ay is open and connected. Moreover, there exists o € I such that

Af = [0,0é).

Lemma 2.7. (see [0, Lemma 3.2]).

Let p : X — X be a local homeomorphism with UPLP, let f be an
arbitrary path in X and let &g € p~*(f(0)) such that there is no lifting
of f starting at Tg. Then, using notation of the previous lemma, there
erists a unique continuous map fa A =10,a) — X such thatpofa =
flio,e)- We call f., the incomplete lifting of f by p starting at To.

The following theorem is stated in [9, Theorem 3.7].

Theorem 2.8. For a connected, locally path connected space X, there
is a one-to-one correspondence between its equivalent classes of con-
nected covering spaces and the conjugacy classes of subgroups of its
fundamental group (X, x¢) with open core in T (X, ).

The following theorem can be found in [3, Theorem 2.21].

Theorem 2.9. Suppose that X is locally wep-connected and xy € X.
qtop

A subgroup H C m1(X, o) is open in w{" P (X, x¢) if and only if H is a
semicovering subgroup of m (X, xg).

The following corollary is a consequence of the above theorem (see
[3, Corollary 3.4]).

Corollary 2.10. Every semicovering subgroup of m1(X,xo) is open in
qtop X
T ( 7370)'

3. SUBSEMICOVERING AND SUBCOVERING MAPS

Let p : X — X be a local homeomorphism. We are interested in
finding some conditions on p or X under which the map p can be
extended to a semicovering map ¢ : Y — X. We recall that Steinberg
8, Section 4.2] defined a map p : X — X of locally path connected
and semilocally simply connected spaces as a subcovering map (and X
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a subcover) if there exist a covering map p Y — X and a topological
embedding 7 : X — Y such that p’ oi = p. We are going to extend this
definition as follows.

Definition 3.1. Let p : X — X be a local homeomorphism. We say
that p can be extended to a local homeomorphism q : Y — X, if there
exists an embedding map ¢ : X < Y such that qop = p. In particular,
if ¢ is a covering map, then p is called a subcovering map (see [, Section
4.2]) and if ¢ is a semicovering map, then we call the map p a subsemi-
covering map. Moreover, if p,(m(X, %0)) = ¢.(m (Y, 7)), then we call
the map p full subcovering and full subsemicovering, respectively.

Note that since every covering map is a semicovering map, every
subcovering map is a subsemicovering map. Also, if p : ()~( ,To) —
(X, z0) can be extended to ¢ : (?,gjo) — (X, z0) via ¢ : (X,a?o) —
(Y, ), then p, (71 (X, %)) is a subgroup of ¢, (m (Y, %)).

The following example shows that a local homeomorphism may be
extended to various covering maps.

Example 3.2. Let X = S'Vv St = {e*™ + 1|t € R} U {e*™ — 1|t € R}
be the figure eight space, let X =R x {0} (Unez{(—1,1) x {n}}), and
let p: X — X be defined by

627rit+1 s=0
t,s) = . ’ ’
p(t:s) {627”3—1, s # 0.

Then p is a subcovering map, since p can be extended to the universal
cover of the figure eight space introduced in [5, Section 1.3] which we
denote it by h : Z — X. Note that one can extend p to the covering
q:Y = X where Y = (R x {0}) Upen (S* x {n}) via an embedding
map ¢ : X =Y defined by

(t,0), s =0,
t,s) = ’
elt;s) {(ew,t), s #0.
Hence p can be extended to two coverings which are not equivalent
since p.(m1(X,Z0)) = ha(mi(Z, 2)) = {1} but {1} = p.(m (X, %)) S
¢:(m (Y, %0)) < mi(X,29). Note that p is a full subcovering map since
P(mi(X, Zo)) = hu(mi(Z, Z0)).

The following example shows that there exists a subsemicovering
map that is not a full subsemicovering map.

Example 3.3. Let X = [, .n{(z.y) € R*|(z — 2)? +4? = 5} be
the Hawaiian Earring space. Brazas [2, Example 3.8] introduced a
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connected semicovering p : X — X with discrete fibers, which is not
a covering map. Put X = p~ (X \ ((0,1]) x {0}), then X is path
connected. It is easy to see that every loop in X is null homotopic.
Also, ¢ = p|g : X — X is a local homeomorphism with g, (m (X, Zo)) =
{1} < m(X). Calcut and McCarthy [1, Theorem 1] proved that for
a connected and locally path connected space X, semilocally simply
connectedness of X is equivalent to openness of the trivial subgroup
in 7°?(X). Hence the trivial subgroup is not open in 7% (HE) since
HE is not semilocally simply connected at the point (0,0). This implies
that g, (m (X, &)) is not open in #%”(HE). Since ¢ can be extended to
the semicovering map p, ¢ is a subsemicovering map. Note that ¢ is not
a full subsemicovering map since otherwise there exists a semicovering
map r : Y — HE such that 7, (7, (Y, 7)) = ¢.(m (X, &0)). By Corollary
2.10, 7, (w1 (Y, §o)) is open in 7%P(HE) but g, (m (X, #)) is not open
in 7T‘11t°p (HE), which is a contradiction.

In the following, we define a strong version of the unique path lifting
property in order to find a necessary condition for a local homeomor-
phism to be subsemicovering.

Definition 3.4. Let p : X — X be a local homeomorphism, let f :
[0,) — X be an arbitrary continuous map, and let f 0,a) —
X be the incomplete lifting of f defined in Lemma 2.7 with starting
point Z; € p~*(f(0)). Then, we say that p has the strong unique
path lifting property (strong UPLP for short) if there exist (55, > 0
and an open set Usz,) € X such that f(a — (s, @) € Uzy) and
Plugay @ Ugso) = PUirz)) is one-to-one. Note that ply, ., is a
homeomorphism since it is open. We call Uy 3,) a strong neighborhood.

In the following lemma, we show that every local homeomorphism
with strong UPLP has UPLP.

Lemma 3.5. If a local homeomorphism has strong UPLP, then it has
UPLP.

Proof. Suppose that p : X — X is a local homeomorphism with strong
UPLP but it does not have UPLP. Then there exist f; and f» such
that pofl = f =pofrand fi(0) = fo(0) = Z. Put A = {t €
I|fi(t ) = f2(t)}. We show that A is an open subset of I. Let a € A;
then fi(a) = fo(a) = b. Since (X,p) is a local homeomorphism, there
exists V' C X such that b € V, ply : V — p(V) is a homeomorphism.
Clearly W = f71(V) N f;4(V) is an open subset of I. Let w € W;
then p o fi(w) = po fo(w), fi(w), fo(w) € V, and p|y is one-to-one.
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Therefore fi(w) = fo(w), and hence W C A. Thus A is an open
subset of I. Since 0 € A, we can consider the connected component
containing 0 in A, C say, which is open and connected, so there exists
a € [ such that C' = [O,a).lDeﬁne At B =1[1— ;XZ, 1— m] —
t—(1—
[0:1] by Au(t) = (==

25 —) for all n € N. Note that \, is a
homeomorphism. Now, we define

( +1)) (1_2><n

(Jil(t)’ te [0,1-59),
H{(An(t) x (0 = 755))
A= M(0)) x (1=159))), t€ Ban=4i+1,i €N,
i 2(An(t) x (a +135))
h(t) =9 +((1 =) x (@ = ;%7))), € Bayn=4i+2,i €Ny,
2(An(t) X (a = 355))
(= Aa(®) x (a+335)), € Bayn=4i+3,i €N,
() x (o +759))
| H(I=Xa(t) x (@ = 3%5)), t€Byn=4iieN,

and put h = po h. It is easy to see that h and h are continuous
map. Since p has strong UPLP, there exist £(;3,) > 0 and an open set

U(h Zo) C X such that h( haf())v 1) g U(h,i"o) and p|U(h,5:0) : U(h,:Eo) —
P(Uhz)) is one-to-one. There exists n € N such that 1_2‘ < E(hi0)
and by the definition of h we have f;(a) € h(1 — E(hz)» 1) and fola) €

h(1 — E(hzo)s 1). But file) # fo(a) and po fi(a) = po fo(a) which
contradicts to injectivity of p| O

Uth,zg)

There exists a local homeomorphism with UPLP that does not have
strong UPLP.

Example 3.6. Let X = HE = |J,.y{(#,y) € R?|(z — %)2 +? = #}
be the Hawaiian Earring space. Put W; = UnE{N\{MH}}{(y,z) S
R?|(y — £)? + 22 = L} and
1 1
Si={( Ay — (1= 2)) +2* = ()" 2> 0}

U, 2y = (1 — -
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o

FIGURE 1. X

for every i € N. Let X = ((0,1)x {0} x {0}) U2, ({1— 75} x (WiUS)))
be a subset of R? (see Figure 1). We define p: X — X by

(y, 2), le—i%l,iGN,
p(z,y,2) =

(1 +cos(#),sin(:2==)), 1—-+<zr<l—- ieN

% 1—z /7 1—x//7 ) 1417

It is routine to check that p is a local homeomorphism that has UPLP.
Let a: I — X be a loop defined by

oft) = {(o, 0), te o,

1
— 2
Hl4cos(£5),sin(£%)), 1-3<t<1-45 ieN\{1}.

The loop a has no lifting with starting point (%, 0,0) and the incomplete
lifting of a with starting point (3,0,0) is &: [0,1) — X defined by

(3,00, telo, i,
a<t>_{(t,0,0), tei ).

Thus & does not have any strong neighborhood. Therefore p does not
have strong UPLP.

o=

N =
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In the following theorem, we show that the strong UPLP is a nec-
essary condition for a local homeomorphism to be a subsemicovering
map.

Theorem 3.7. If p is a subsemicovering map, then p has strong UPLP.

Proof. If p : X — X is a semicovering map, then it is easy to check
that p has strong UPLP. Suppose that p is subsemicovering which is
not a semicovering map. So there exists a semicovering map q : Y - X
with an embedding map ¢ : X — Y such that go © = p. Since p is not
semicovering, there exists a path f in X with no lifting. By Lemma
2.7, there exists f : [0,a) — X with starting point #o € p~'(f(0))
such that po f = f. Also, since ¢ is a semicovering map, the map ¢
has PLP. Thus there exists a lifting f of f in Y with starting point
©(io) and o(f([0,))) = f\[o,a)- Since ¢ is a semicovering map, there
exists an open neighborhood U at f(a) such that ply : U — p(U) is
a homeomorphism. Put Uz = ¢~ (U) N X, then there exists ¢ > 0
such that f(a— e, a) C Uitz)- Also, p: Uirzy — p(Uyz)) is one-to-one
since ¢ : U — q(U ) is a homeomorphlsm O

Steinberg [3, Theorem 4.6] proved that the condition “if f is a path
in X with po f null homotopic (in X ), then f(0) = f(1)”is a necessary
condition for a local homeomorphism p : X — X to be subcovering. In
the following theorem, we show that this condition is also a necessary
condition for a local homeomorphism to be subsemicovering.

Theorem 3.8. Ifp: (X, %) — (X, 20) is a subsemicovering map, then

(1) p: (X, 3) — (X, o) is a local homeomorphism;
(2) if f is a path in X with p o f null homotopic (in X), then
F0) = f(1). ()

Proof. Let p' : (Y, o) — (X, ) be a semicovering map which is an ex-
tension of p via an embedding ¢ : X =Y, that is, p'o @ = p. Consider
i to be an arbitrary element of X. Since p/ is a local homeomorphism,
there exists an open neighborhood W of ¢(Z) such that p'|y : W —
p/(W) is a homeomorphism. Since ¢ is an embedding, ! (W) is an
open neighborhood of & and pl,-1w) : ¢ (W) — p(e~'(W)) is a
homeomorphism. Hence p : (X, &) — (X, o) is a local homeomor-
phism. If f is a path in X and po f is null homotopic, then by the
definition of a semlcovermg map, there exists f:I—Y with starting
point ¢(f(0)) such that p' o f = po f. By Corollary 2.2, f is null
homotopic in Y since f is a lifting of p o f. Thus f is a loop. Also
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o(f) = f since f and ¢(f) are two liftings of po f with starting point
©(f(0)). Since ¢ is an embedding and ¢(f) = f, so f is a loop. O

In the following, we are going to find a sufficient condition for extend-
ing a local homeomorphism to a semicovering map. For this purpose
first, note that Steinberg in [$, Theorem 4.6] presented a necessary and
sufficient condition for a local homeomorphism p : X — X to be sub-
covering. More precisely, he proved that a continuous map p : XX
of locally path connected and semilocally simply connected spaces is
subcovering if and only if p : X — X is a local homeomorphism and
any path f in X with p o f null homotopic (in X) is closed, that is,
f(0) = f(1). We show that the latter condition on a local homeo-
morphism p : (X,i:o) — (X, z) is a sufficient condition for p to be
subsemicovering provided that p,(m (X, Zo)) is an open subgroup of
the quasitopological fundamental group 7% (X, x).

Theorem 3.9. Letp : (X, 7o) — (X, x0) be a map such that p,(m, (X, %))
s an open subgroup of 7Tq P(X,x0). Then p is a subsemicovering map
if and only if
(1) p: (X,70) — (X, ) is a local homeomorphism;
(2) if f is a path in X with p o f null homotopic (in X), then
f(0) = f(1).

Proof. The necessity follows by Theorem 3.8. For sufficiency, using
Theorem 2.9, let p’ : (Y, §o) = (X, x0) be the semicovering map associ-
ated to the open subgroup p, (m (X, #)). Since semicoverings have lift-
ing criterion (see Theorem 2.3), by lifting p to (Y, §), we obtain a map-
ping ¢ : (X, %) — (Y, #o) such that p'op = p. First, we show that ¢ is
injective. Suppose ¢(71) = p(Z2). Let f; : (I,0,1) — (X, %0, %), j =
1,2, be two paths. Note that we use here notation [f;], j = 1,2 for the
homotopy classes in the fundamental groupoid (see [7, Section 1.7]).
Then p((f)e([f7]) € m(7, i), 50 P (o(1FDe (D) € P(m(Y. )
and p'(p[f))e([fT']) = p([f2)p([fi']) since p o ¢ = p. Note that
po(m (X, E)) = p*(m(Y o)), so there is a loop f at xy such that
]

(1) = p((LDp([fD-

Therefore

p(Lf2 (£ 0D = p(lfz Dp(fDe(f Dp(]) = L]

Hence, the assumption implies that f, *(ff1) is a loop (at &), whence
1 = To. It remains to show ¢ : (X, %) — (Y, 7o) is an open map.
To prove this, we show that ¢ is a local homeomorphism since every
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local homeomorphism is an open map. It is enough to show that for
an arbitrary element ¥ of X, there exists an open neighborhood Wj;
such that ¢|w, : Wz — ©(W;z) is a homeomorphism. If V; is an open
neighborhood obtained from local homeomorphism p at Z and U,z is
an open neighborhood obtained from local homeomorphism p’ at ¢(Z),
then W; = V(¢ (Uys)). Since ¢ is continuous, W; is open in X.
Also ¢|lw, = plw, o p' _1’U¢(i>3 hence ¢|w, is a homeomorphism. Thus
¢ is a local homeomorphism. OJ

The following corollary is a consequence of Theorems 3.9 and 2.9.

Corollary 3.10. A map p : (X, %) — (X, z0) is a full subsemicovering
map if and only if
(1) p: (X, &) — (X, o) is a local homeomorphism;
(2) if f is a path in X with p o f null homotopic (in X ), then
(0) = (1)

(3) pu(mi(X, &) is an open subgroup of T (X, xo).

Proof. Since every full subsemicovering map is a subsemicovering map,
the necessity of conditions (1) and (2) are obtained by Theorem 3.8.
To prove condition (3), let p can be extended to a semicovering map
q: (Y,9) — (X, x0) such that p,(m (X, Z0)) = ¢.(m1(Y,90)). Hence
P (m1 (X, %)) is open in 77 (X, ) since, by Corollary 2.10, ¢, (71 (Y, %))
is open in 7¥(X, xy). Sufficiency is obtained similar to the proof of
Theorem 3.9. U

The following corollary can be concluded by the classification of con-
nected covering spaces of X, Theorem 2.8, and Theorem 3.9.

Corollary 3.11. A map p : (X, &) — (X,z0) is a full subcovering
map if and only if
(1) p: (X, &) — (X, o) is a local homeomorphism;
(2) if f is a path in X with p o f null homotopic (in X ), then
f(0) = f(1);
(3) pu(mi(X, E0)) contains an open normal subgroup of T8 (X, x).
We need the following lemma for the next example.

Lemma 3.12. Let p : X — X be a local homeomorphism. Suppose
that X s Hausdorff and that every null homotopic loop o in X is of
the form 117", «;, where

Oé(t) _ (fz o Al)(t)’ le [O’ai]v
z (ftom)(®), telasl],



ON SEMICOVERING, SUBSEMICOVERING, AND SUBCOVERING MAPS 239
in which 0 < a; <1, f; is a path in X, \; : [0,a;] — [0,1] is defined by

Ai(t) = £, and ; : [ai, 1] — [0,1] s defined by i(t) =
i € N. Then p has the condition (%) in Theorem 3.8.

Proof. Let & be a path in X such that po & = « is null homotopic in
X. By the hypothesis, without loss of generality, we can assume that

w~ {(FoN@. el
(F o), tela)

where f is a path in X, X\ : [0,a] — [0,1] is defined by A(t) = £,
v : [a,1] — [0,1] is defined by ~(t) = tT, and a € [0,1]. Put A =
{t € [0,a]|a(t) = (& on)(t)} where 1 : [ ,a] — [a,1] is defined by
n(t) = t+1—L We show that A is a nonempty clopen subset of
[0,a] which implies that A = [0,a]. Clearly A is nonempty since for
t = a we have a(a) = (@ on)(a). Let b € A, then a(b) = (& o
n)(b) = ¢. Since p is a local homeomorphism, there exists V C X
such that ¢ € V and ply : V — p(V) is a homeomorphism. Put
W = (a'(V)n (aon) (V) N|0,a], then W is an open subset of
[0,a]. If w € W, then (po &)(w) = a(w) = (f o A)(w) = f(¥). Also
since (w +1— %) € [a 1], we have (po (& on))(w) = a(n(w)) =

alw+1-%) = (foy)(w+1—4) = [T = f(2)
Hence (p o &)(w) = ( ) = (po(@omn))(w). Since p is one to one
on V and a(w), (& o 77)( ) € V, we have a(w) = (& on)(w). Hence
W C A and therefore A is open. Now we show that A is closed. Let
b e [0,a]\ A; then &(b) # (& on)(b). Since X is Hausdorff and p is a
local homeomorphism, there exist open neighborhoods V) of &(b) and
V(&on)(b) of (64 o 'r]) (b) such that v&(b) N V(don)(b) = ¢ and p|V&(b) : V&(b) —
P(Vaw)) p|V(&on)<b> : V(am7 y») — P(Viaon))) are homeomorphisms. Put
W = (a*(Vaw) Ng~(Vym))) N[0, a], then W is an open subset of [0, a]
and b € W and W C o, a] \ A which implies that A is closed. Hence
0 € A which implies that &(0) = & o n(0). Thus &(0) = &(1) and so p
has the condition (¥). O

The following example shows that the condition (%) is not a suf-
ficient condition for p to be subsemicovering. Hence we cannot omit
openness of p.(m1(X, %)) from the hypotheses of Theorem 3.9.

Example 3.13. Let p : X — X = HE be the local homeomorphism
introduced in Example 3.6. By using Lemma 3.12, p has the condition
(%). Let a: I — X be a loop introduced in Example 3.6. The path «
has no lifting with starting point (%, 0,0) and the incomplete lifting of

o with starting point (3,0,0) is & : [0,1) — X, introduced in Example
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3.6. Hence & does not have any strong neighborhood. Therefore p does
not have strong UPLP and so it is not subsemicovering (see Theorem
3.7).

If p: (X, %) — (X, ) is a local homeomorphism, then openness of
p«(m1(X, %)) is not a necessary condition for p to be a subsemicovering
map. The following example gives a subsemicovering map p : X - HE
in which p, (71 (X, &)) is not an open subgroup of 7%’ (HE).

Example 3.14. Let g : X = X be the local homeomorphism intro-
duced in Example 3.3. We recall that X = HE and q*(m(f(,io)) =
{1} < m(HE). It is known that {1} is not open in 7%*’(HE) since
HE is not semilocally simply connected (see Example 3.3). Hence
¢ (m1 (X, 20)) is not open in 77P(HE) but ¢ is a subsemicovering map.

Ifp: (X, ) — (X, @) is a local homeomorphism with the condition
(%) and p.(m (X, To)) = {1}, then p is not necessarily a subsemicov-
ering map. See the following example.

Example 3.15. Let p : X — X = HE be the local homeomorphism
introduced in Example 3.6. Put X = X \ {(r,s,0) € R¥|r € {(1 —
=7)li € N}, s € (0,1]}; then X is path connected. It is easy to see
that every loop in X is null homotopic. Also, ¢ = p|x : X = X is
a local homeomorphism with ¢, (m (X, 20)) = {1} < m;(X). By using
Lemma 3.12, g has the condition (¥). Let o : I — X be a loop defined
by

o) = {(0, 0), telo,iju{1},

T +cos(Z),sin(£5)), 1-1<t<1--5, ieN\{1}.

The loop « has no lifting with starting point (%, 0,0) and the incomplete
lifting of  with starting point (3,0,0) is & : [0,1) — X defined by

L = 1300, te[0,3],
alt) = {(t,0,0), te ).

Thus & does not have any strong neighborhood. Therefore ¢ does not
have strong UPLP. Since strong UPLP is a necessary condition for ¢
to be a subsemicovering map, ¢ is not a subsemicovering map.

By Theorems 3.7 and 3.8, the strong UPLP and the condition ()
are two necessary conditions for a local homeomorphism to be a sub-
semicovering map. It is natural to ask the relationship between these
two necessary conditions. The following example shows that the strong
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UPLP does not imply the condition (%), even if p,(m1 (X, %)) is an
open subgroup of 77 (X, x).

Example 3.16. Let X = D? be the disk in R? and let X = {(z,9)|0 <
y < 1,z €R}. Define p : X — X by
1

plz,y) = me
It is routine to check that p is a local homeomorphism with strong
UPLP, which does not have the condition (%). Note that p is not
one-to-one and since D? is simply connected, p, (w1 (X, %)) is an open
subgroup of 7¥"?(D?) = {1}.

2rx

In the above example, X is simply connected and X is path con-
nected but p is not one-to-one since p is a map without the condition
(%). More precisely, if p : (X, %) — (X, ) is a map with the con-
dition (%), X is simply connected, and Y is a path connected space,
then p is one-to-one.

The following example shows that the condition (%) does not imply
the strong UPLP.

Example 3.17. Let p : X — X be the local homeomorphism intro-
duced in Example 3.6. It is easy to check that p is a local homeomor-
phism with the condition (¥ ) (see Example 3.13) and we recall that p
does not have strong UPLP (see Example 3.6).

By extending the notions strong homotopy and the fundamental in-
verse category and monoid used by Steinberg [, Section 3] to semicov-
ering maps, we give a necessary and sufficient condition for a subsemi-
covering map to be semicovering. Note that, the same necessary and
sufficient condition for a subcovering map to be covering is not stated
in [3]. First, we recall the notion strong homotopy equivalence. Let
f: I — X beapath and let f, : I — X be given by fi(s) = f(ts), for
every t € I. It is convenient to think of f; as the prefix of f of length
t. Use the notation ~j, for the equivalence relation of being homotopic
relative to base points. For two paths f,g : (1,0,1) — (X, xo, %), the
map f is strongly homotopic to g, denoted by f ~; g, if f ~} g and for
every t € I there exists ¢’ € I such that f; ~, g;, and vice versa. As
an example, any two reparametrizations of the same path are strongly
homotopic. If f is a path in X, then we use [f]s to denote its strong
homotopy class and [f] to denote its homotopy class. Also, Steinberg
defined a category p;(X) with involution. He showed that u(X) is an
inverse category (see [3, Proposition 3.2]) and called p;(X) the funda-
mental inverse category of X. If x € X, then the local inverse monoid
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at z is denoted by pi(X,z) and it is called the fundamental inverse
monoid of X at x.

Steinberg [3, Section 4] obtained the following results (Lemma 3.18,
Lemma 3.19 and Theorem 3.20) for subcoverings of a semilocally simply
connected space (see [8, Lemma 4.1,Lemma 4.7,and Theorem 4.8]).
Similarly, according to lifting criterion and homotopy lifting property
for semicovering maps, we can state and prove the following results for
an arbitrary subsemicovering map.

Lemma 3.18. (see [¢, Lemma 4.1]).

Let p : (Y,yo) = (X,z0) be a semicovering map, and suppose that
f17f2 : (]7071) — (Y7 yO;yl) are p(fbthS such that p([fl]s) < p([fQ]S)
Then [f1]s < [fe]s- In particular, if po f1 ~gs po fo, then fi ~ fo.

Lemma 3.19. (see [8, Lemma 4.7])(Path Lifting Property for Sub-
semicovering).

Letp: (X,0) — (X, 20) be a subsemicovering map and let f : (I,0) —
(X,z) be a path. Then there exists f : (I,0) — (X,Zo) such that

po f=fif and only if [ffls € pu(pr (X, F0)). Moreover, f is unique
when it exists.

Theorem 3.20. (Lifting Criterion Theorem for Subsemicovering |3,
Theorem 4.8]).

Letp: (X, %) = (X, 20) be a subsemicovering map and let g : (Z,z) —
(X, x) be a continuous mapping with Z locally path connected. Then
there is a lift § : (Z,2) — (X, &) of g if and only if g.(u(Z,z)) C
p*(ul(f(,i"o)). Moreover, § is unique.

Using Lemmas 3.18, 3.19 and Theorem 3.20, we give a necessary
and sufficient condition for a subsemicovering map to be semicovering.
Note that there is no similar result for subcovering maps in [8].

Theorem 3.21. Let p: (X, %) — (X, z0) be a subsemicovering map.
Then p is a semicovering map if and only if [f fls € ps(p1(X,Zo)) for
an arbitrary path f in X.

Proof. Suppose that p is a semicovering map and that f : (1,0) —
(X, x) is an arbitrary path in X. Since p has PLP, there exists f:
(I,0) = (X, &) such that po f = f. Hence f € u(X,%) and so
[ff]s € p*(ul(X7570))' -

Conversely, let p : X — X be a subsemicovering map; then there
exists a semicovering map ¢ : ¥ — X with an embedding map ¢ :
X — Y such that g o @ = p. It is enough to show that p has PLP and
UPLP (see Theorem 2.4). We can conclude that p has PLP by Lemma
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3.19. Since ¢ has UPLP and p can be extended to ¢, the map p has
UPLP. Hence p is a semicovering map. 0

The following corollary is an immediate consequence of Theorem
3.21.

Corollary 3.22. Let p : (X,%) — (X, x0) be a subsemicovering map
and let X be a space such that every semicover of X is a cover. Then
p is a covering map if and only if [ffls € p.(u1 (X, Zo)) for every path
f:(I,0) = (X, x).

If X is a semilocally simply connected space, then every semicover
of X is a cover (see [2, Corollary 7.2]).

Corollary 3.23. Let p: (X, %) — (X,zo) be a subcovering map and
let X be a semilocally simply connected space. Then p is a covering map

if and only if [ffls € p.(u1(X, %)) for every path f: (I,0) — (X, z).

The following corollary is a consequence of Theorem 3.21 and [0,
Theorem 4.2].

Corollary 3.24. Suppose that p : (X, 7o) — (X, x0) is a subsemicou-
ering map and that X is locally path connected, such that [m (X, o) :

p*(m(f(,io))] is finite. If [ff]s € p*(,ul(X,fcg)) for every path f :
(1,0) = (X, x), then p is a covering map.
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