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ANNIHILATOR OF LOCAL COHOMOLOGY MODULES
UNDER THE RING EXTENSION R ⊂ R[X]
MASOUD SEIDALI SAMANI∗ AND KAMAL BAHMANPOUR
Abstract. Let R be a commutative Noetherian ring, I an ideal
of R and M a non-zero R-module. In this paper, we calculate
the extension of annihilator of local cohomology modules HIt (M ),
t ≥ 0, under the ring extension R ⊂ R[X] (resp., R ⊂ R[[X]]). By
using this extension we will present some of the faithfulness conditions of local cohomology modules, and show that if the Lynch’s
conjecture [11] holds in R[[X]], then it will holds in R.

1. Introduction
Throughout this paper, R denotes a commutative Noetherian ring
(with identity) and I is an ideal of R. The local cohomology modules
HIi (M ), i = 0, 1, 2, . . . , of an R-module M with respect to I were
introduced by Grothendieck [9]. They arise as the derived functors of
the left exact functor ΓI (−), where for an R-module M , ΓI (M ) is the
submodule
of M consisting of all elements annihilated by some power
∪∞
of I, i.e., n=1 (0 :M I n ). There is a natural isomorphism
HIi (M ) ∼
ExtiR (R/I n , M ).
= lim
−→
n≥1

We refer the reader to [9] or [5] for more details about local cohomology.
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Recall that, for an R-module M , the cohomological dimension of M
with respect to I, denoted by cd(I, M ), is defined as
cd(I, M ) := sup{i ∈ Z : HIi (M ) ̸= 0}.
One of the important problems in commutative algebra is determining
the annihilator of local cohomology modules. This problem has been
studied by several authors; see, for example, [1, 2, 3, 10, 11, 13]. In this
paper, we will calculate the extension of annihilator of local cohomology modules, under the ring extension R ⊂ R[X] (resp., R ⊂ R[[X]]),
as the first main result.
Lynch in [11] conjectured the following:
For every Noetherian local ring (R, m) and any ideal I of R, if
cd(I, R) = t > 0 then dim R/ AnnR HIt (R) = dim R/ΓI (R).
An another aim of this paper is to find a relation between the Lynch’s
conjecture in R and R[[X]].
2. Main results
The following lemma will be quite useful in this section.
Lemma 2.1. Let R be a Noetherian ring and M be a non-zero Rmodule. Let X be an indeterminate over R. Then for every monic
polynomial f ∈ R[X] of positive degree, the following statements hold:
(i) Γf R[X] (M ⊗R R[X]) = 0.
(ii) For every positive integer n,
(0 :H 1 (M ⊗ R[X]) f n ) ∼
= M [X]/f n M [X].
f R[X]

R

In particular, Hf1R[X] (M ⊗R R[X]) ̸= 0.
(iii) cd(IR[X] + f R[X], R[X]) = cd(I, R) + 1.
Proof. See [4, Lemma 2.9 and Theorem 2.10].

□

The next theorem is the first main result of this paper.
Theorem 2.2. Let R be a Noetherian ring, I an ideal of R and M
a non-zero R-module. Let HIt (M ) ̸= 0, for integer t ≥ 0. If J :=
AnnR HIt (M ), then
t+1
t
AnnR[X] HIR[X]
(M [X]) = AnnR[X] HIR[X]+f
R[X] (M [X]) = JR[X],

where X is an indeterminate over R and f ∈ R[X] is a monic polynomial of positive degree.
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Proof. Since R[X] is a faithfully flat R-algebra, it follows from [5, Thet
orem 4.3.2] that HIt (M ) −→ HIR[X]
(M [X]) is injective. Therefore,
t
t
(M [X]) = AnnR[X] HIR[X]
(M [X])∩R.
J = AnnR HIt (M ) = AnnR HIR[X]
t
So JR[X] ⊆ AnnR[X] HIR[X]
(M [X]).
On the other hand, using Lemma 2.1 and [14, Corollary 1.4] yield the
following isomorphism
t+1
t
∼ 1
HIR[X]+f
R[X] (M [X]) = Hf R[X] (HIR[X] (M [X])) ̸= 0.

So
t
t
(M [X])),
AnnR[X] HIR[X]
(M [X]) ⊆ AnnR[X] Hf1R[X] (HIR[X]

and hence
t+1
JR[X] ⊆ AnnR[X] HIR[X]+f
R[X] (M [X]).
t
Now, we claim that AnnR[X] Hf1R[X] (HIR[X]
(M [X])) ⊆ JR[X]. Let g =
n
a0 + a1 X + · · · + an X be a non-zero polynomial with aj ∈ R, for all
t
(M [X])).
0 ≤ j ≤ n, and let g ∈
/ JR[X] but g ∈ AnnR[X] Hf1R[X] (HIR[X]
/ JR[X], it follows that there exists aj ′ ∈ R \ J, for 0 ≤ j ′ ≤ n,
Since g ∈
such that aj ′ HIt (M ) ̸= 0 and hence aj ′ b ̸= 0 for some b ∈ HIt (M ). It is
clear that
t
g∈
/ AnnR[X] ((HIt (M ))[X]) = AnnR[X] HIR[X]
(M [X]).

On the other hand, using Lemma 2.1 yields the following exact sequence
t
0 −→ (HIt (M ))[X] −→ ((HIt (M ))[X])f −→ Hf1R[X] (HIR[X]
(M [X])) −→ 0,
t
(M [X])).
which implies that ((HIt (M ))[X])f /(HIt (M ))[X] ∼
= Hf1R[X] (HIR[X]
Thus
g((HIt (M ))[X])f ⊆ (HIt (M ))[X].

In fact, g(((HIt (M ))[X])[1/f ]) ⊆ (HIt (M ))[X]. Let m > n be an integer, and set h := b/f m ∈ ((HIt (M ))[X])[1/f ]. Since f is a monic
polynomial of positive degree, it follows that f m is a monic polynomial of degree at least m. Since gh ∈ (HIt (M ))[X], it follows that
gb ∈ f m (HIt (M ))[X]. But, 0 ̸= gb = a0 b + a1 bX + · · · + an bX n and
n < m, which is a contradiction. Therefore,
JR[X] ⊆ AnnR[X] ((HIt (M ))[X])
t
= AnnR[X] HIR[X]
(M [X])
t
(M [X]))
⊆ AnnR[X] Hf1R[X] (HIR[X]

⊆JR[X].
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Thus, we obtain that
t+1
t
AnnR[X] HIR[X]
(M [X]) = AnnR[X] HIR[X]+f
R[X] (M [X]) = JR[X].

□
With a similar argument, we have the following corollary.
Corollary 2.3. Let R be a Noetherian ring, I an ideal of R and
M a non-zero R-module. Let HIt (M ) ̸= 0, for integer t ≥ 0. If
J := AnnR HIt (M ), then
t+1
t
AnnR[[X]] HIR[[X]]
(M [[X]]) = AnnR[[X]] HIR[[X]]+XR[[X]]
(M [[X]]) = JR[[X]].

□
Corollary 2.4. Let R be a Noetherian ring, I an ideal of R and
M a non-zero R-module. Let X be an indeterminate over R and
f be a monic polynomial of positive degree. For an integer t ≥ 0,
t+1
AnnR HIt (M ) = 0 if and only if AnnR[X] HIR[X]+f
R[X] (M [X]) = 0 (resp.,
t+1
AnnR[[X]] HIR[[X]]+XR[[X]] (M [[X]]) = 0 ).
Proof. The assertion follows from Theorem 2.2 (resp., Corollary 2.3).
□
The following theorem will be useful in the proof of Corollary 2.6.
Theorem 2.5. Let R be a (not necessarily local ) Noetherian ring, I an
ideal of R and M a finitely generated R-module such that cd(I, M ) =
t > 0. Then HIt (M ) is not finitely generated.
Proof. First, it is clear that for every p ∈ Supp HIt (M ), cd(IRp , Mp ) =
cd(I, M ) = t. So, without loss of generality, we may assume that
(R, m) is a Noetherian local ring and M is a finitely generated Rmodule. Since Supp M = Supp R/ Ann M , it follows from [7, Theorem
2.2] and [5, Theorem 4.2.1] (the Independence Theorem) that
cd(I, M ) = cd(I, R/ Ann M ) = cd(I(R/ Ann M ), R/ Ann M ).
t
Since HI(R/
Ann M ) (−) is a right exact functor and M is an R/ Ann M module, it follows from [5, Exercise 6.1.8] that
H t (M )/ m H t (M ) ∼
= H t (M ) ⊗R R/ m
I

I

I

t
∼
= (HI(R/
Ann M ) (R/ Ann M ) ⊗R/ Ann M M ) ⊗R R/ m
t
∼
(R/ Ann M ) ⊗R/ Ann M M/ m M
=H

I(R/ Ann M )
t
∼
= HI(R/
Ann M ) (M/ m M )

∼
= HIt (M/ m M ) = 0.

Therefore, HIt (M ) = m HIt (M ) and hence by Nakayama’s lemma we
can deduce that the R-module HIt (M ) is not finitely generated.
□
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Corollary 2.6. Let R be a (not necessarily local ) Noetherian ring, I
an ideal of R and M a finitely generated R-module. If cd(I, M ) = 1,
then AnnR HI1 (M ) ⊆ ZR (M ).
Proof. Let AnnR HI1 (M ) ⊈ ZR (M ). Hence there exists x ∈ AnnR HI1 (M ),
such that x ∈
/ ZR (M ). An exact sequence
x

0 −→ M −→ M −→ M/xM −→ 0
induces the exact sequence
f

x

ΓI (M/xM ) −→ HI1 (M ) −→ HI1 (M ),
which implies that HI1 (M ) is a finitely generated R-module. But, in
□
view of Theorem 2.5, this is a contradiction.
For the next result we need the following lemma.
Lemma 2.7. Let R be a commutative Noetherian ring and X be an
indeterminate over R. Then every associated prime ideal of R[X] is
extended, and hence
AssR[X] (R[X]) = {p R[X] : p ∈ AssR (R)}.
Proof. See [8, Theorem].

□

Theorem 2.8. Let R be a Noetherian ring, I an ideal of R and M a
non-zero R-module. Let X be an indeterminate over R and f ∈ R[X]
be a monic polynomial of positive degree. Then for an integer t ≥ 0,
AnnR HIt (M ) ⊆ ZR (R) (the set of all zero-divisors of R ) if and only
t+1
if AnnR[X] HIR[X]+f
R[X] (M [X]) ⊆ ZR[X] (R[X]).
Proof. The assertion follows from Theorem 2.2, [12, Theorem 7.5] and
Lemma 2.7.
□
Corollary 2.9. Let R be a Noetherian ring and I an ideal of R with
cd(I, R) = 1. Let X be an indeterminate over R and f ∈ R[X] be a
monic polynomial of positive degree. Then
2
AnnR[X] HIR[X]+f
R[X] (R[X]) ⊆ ZR[X] (R[X]).

In particular, if R is an integral domain, then
2
1
AnnR[X] HIR[X]+f
R[X] (R[X]) = AnnR[X] HIR[X] (R[X]) = 0.

Proof. The first assertion follows from Corollary 2.6 and Theorem 2.8.
Moreover, the last assertion is immediate from Corollary 2.4.
□
Remark 2.10. Let R be a Noetherian ring, I an ideal of R and M
an R-module. If HIt (M ) ̸= 0, for integer t, then it follows from
t
Lemma 2.1 that HIR[X]
(M [X]) is not an injective R[X]-module. So,
t
injdimR[X] HIR[X] (M [X]) > 0.
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Corollary 2.11. Let R be a Noetherian ring, I an ideal of R and M
an R-module, such that HIt (M ) ̸= 0, for integer t ≥ 0. If
t
injdimR[X] HIR[X]
(M [X]) = 1,

then
t+1
t
AnnR[X] HIR[X]+f
R[X] (M [X]) = AnnR[X] HIR[X] (M [X]) ⊆ ZR[X] (R[X]),

where f is a monic polynomial of positive degree.
In particular, AnnR HIt (M ) ⊆ ZR (R).
t
Proof. Since injdimR[X] HIR[X]
(M [X]) = 1, there is an exact sequence
t
0 −→ HIR[X]
(M [X]) −→ E0 −→ E1 −→ 0,
t
as an injective resolution of HIR[X]
(M [X]), which induces the following
exact sequence
t
Γf R[X] (E1 ) −→ Hf1R[X] (HIR[X]
(M [X])) −→ 0.

If
t+1
1
t
AnnR[X] HIR[X]+f
R[X] (M [X]) = AnnR[X] Hf R[X] (HIR[X] (M [X]))

⊈ ZR[X] (R[X]),
t
(M [X]))\ZR[X] (R[X]). So,
then there exists g ∈ AnnR[X] Hf1R[X] (HIR[X]
we have the following exact sequence
t
Γf R[X] (E1 )/gΓf R[X] (E1 ) −→ Hf1R[X] (HIR[X]
(M [X])) −→ 0.
t
(M [X])) ̸= 0, it follows that Γf R[X] (E1 ) =
̸ gΓf R[X] (E1 ).
Since Hf1R[X] (HIR[X]
On the other hand, Γf R[X] (E1 ) is an injective R[X]-module. Thus the
exact sequence
g

0 −→ R[X] −→ R[X] −→ R[X]/gR[X] −→ 0,
g

induces the exact sequence Γf R[X] (E1 ) −→ Γf R[X] (E1 ) −→ 0. Therefore, Γf R[X] (E1 ) = gΓf R[X] (E1 ), which is a contradiction.
□
We need the following notation in the proof of Corollary 2.12.
Notation. [6, Theorem A.11] Let (R, m) −→ (S, n) be a homomorphism of Noetherian local rings. If M is a finitely generated R-module
and N is an R-flat finitely generated S-module, then
dimS (M ⊗R N ) = dimR M + dimS N/ m N.
Corollary 2.12. Let (R, m) be a commutative Noetherian local ring, I
an ideal of R and i be a non-negative integer. Let X be an indeterminate
over R, and set S := R[[X]]. Then, the following statements are
equivalent:
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(i) dimR R/ AnnR HIi (R) = dimR R/ΓI (R).
i
(ii) dimS S/ AnnS HIS
(S) = dimS S/ΓIS (S).
Proof. Since R −→ S is a faithfully flat ring homomorphism, it follows
from Corollary 2.3 that
R/ AnnR H i (R) ⊗R S ∼
= S/ AnnS H i (S).
IS

I

Also using [5, Theorem 4.3.2] yields the following isomorphism
R/ΓI (R) ⊗R S ∼
= S/ΓIS (S).
Now, the assertion follows from the Notation.

□

Now, we are ready to state and prove the second main result of this
paper.
Corollary 2.13. Let (R, m) be a commutative Noetherian local ring
and let I be an ideal of R with cd(I, R) = t > 0. If the Lynch’s
conjecture holds in R[[X]], then it holds in R.
Proof. By the assumption we have
cd(J,R[[X]])

dimR[[X]] R[[X]]/ AnnR[[X]] HJ

(R[[X]]) = dimR[[X]] R[[X]]/ΓJ (R[[X]]),

for any ideal J of R[[X]] with cd(J, R[[X]]) > 0. Since R[[X]] is a
faithfully flat R-algebra, it follows easily that
cd(IR[[X]], R[[X]]) = cd(I, R) = t > 0.
So, we have
t
dimR[[X]] R[[X]]/ AnnR[[X]] HIR[[X]]
(R[[X]]) = dimR[[X]] R[[X]]/ΓIR[[X]] (R[[X]]).

Now using Corollary 2.12 yields the assertion.

□
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ANNIHILATOR OF LOCAL COHOMOLOGY MODULES UNDER THE
]RING EXTENSION R ⊂ R[X
M. SEIDALI SAMANI AND K. BAHMANPOUR
ﭘﻮﭼﺴﺎز ﻣﺪولﻫﺎی ﮐﻮﻫﻤﻮﻟﻮژی ﻣﻮﺿﻌﯽ ﺗﺤﺖ ﺗﻮﺳﯿﻊ ﺣﻠﻘﻪای ]R ⊂ R[X
ﻣﺴﻌﻮد ﺻﯿﺪﻋﻠﯽ ﺳﺎﻣﺎﻧﯽ و ﮐﻤﺎل ﺑﻬﻤﻦﭘﻮر
داﻧﺸﮑﺪهی ﻋﻠﻮم ،داﻧﺸﮕﺎه ﻣﺤﻘﻖ اردﺑﯿﻠﯽ ،اردﺑﯿﻞ ،اﯾﺮان
ﻓﺮض ﮐﻨﯿﺪ  Rﺣﻠﻘﻪای ﺟﺎﺑﺠﺎﯾﯽ و ﻧﻮﺗﺮی I ،اﯾﺪهآﻟﯽ از  Rو  Mﯾﮏ -Rﻣﺪول ﻏﯿﺮﺻﻔﺮ ﺑﺎﺷﺪ .ﻣﺎ در
اﯾﻦ ﻣﻘﺎﻟﻪ ﺗﻮﺳﯿﻊ ﭘﻮچﺳﺎز ﻣﺪولﻫﺎی ﮐﻮﻫﻤﻮﻟﻮژی ﻣﻮﺿﻌﯽ )  ،t ≥ ٠ ،HIt (Mرا ﺗﺤﺖ ﺗﻮﺳﯿﻊ ﺣﻠﻘﻪای
]) R ⊂ R[Xﺑﻪﺗﺮﺗﯿﺐ ]] (R ⊂ R[[Xﻣﺤﺎﺳﺒﻪ ﻣﯽﮐﻨﯿﻢ .ﺑﺎ اﺳﺘﻔﺎده از اﯾﻦ ﺗﻮﺳﯿﻊ ،ﺑﺮﺧﯽ از ﺷﺮاﯾﻂ
وﻓﺎداری ﻣﺪولﻫﺎی ﮐﻮﻫﻤﻮﻟﻮژی ﻣﻮﺿﻌﯽ را اراﺋﻪ داده ،و ﻧﺸﺎن ﻣﯽدﻫﯿﻢ ﮐﻪ اﮔﺮ ﺣﺪس ﻟﯿﻨﭻ ] ،[١١در
]] R[[Xﺑﺮﻗﺮار ﺑﺎﺷﺪ ،آﻧﮕﺎه در  Rﻧﯿﺰ ﺑﺮﻗﺮار ﺧﻮاﻫﺪ ﺑﻮد.

ﮐﻠﻤﺎت ﮐﻠﯿﺪی :ﭘﻮچﺳﺎز ،ﺑﻌﺪ ﮐﻮﻫﻤﻮﻟﻮژﯾﮑﯽ ،ﯾﮑﺪﺳﺖ وﻓﺎدار ،ﮐﻮﻫﻤﻮﻟﻮژی ﻣﻮﺿﻌﯽ ،ﻣﻘﺴﻮمﻋﻠﯿﻪ ﺻﻔﺮ.
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