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A NOTE ON BALANCED BIG COHEN–MACAULAY
MODULES
A. BAHLEKEH
Abstract. Let (R, m, k) be a Cohen-Macaulay complete local
ring with the canonical module ω. The aim of this note, is to show
that, under mild assumptions, the class of balanced big Cohen–
Macaulay modules coincides with the one consisting of those modules admitting a right resolution by modules in Addω. This generalizes the well-known result for the class of maximal Cohen–
Macaulay modules.

1. Introduction
Let (R, m, k) be a commutative noetherian local ring. Hochster [4]
defines a not necessarily finitely generated R-module M is big CohenMacaulay, if there exists a system of parameters of R which is an M regular sequence. Sharp [8] called a big Cohen-Macaulay R-module
M is (weak) balanced big Cohen-Macaulay, ((weak) balanced big CM,
for short), provided that every system of parameters of R is an (a
weak) M -regular sequence. A finitely generated R-module M is maximal Cohen-Macaulay (abbreviated, MCM), if it is either balanced big
Cohen-Macaulay or zero. It is known that, over a Cohen–Macaulay
complete local ring R with the canonical module ω, the class of maximal Cohen–Macaulay R-modules coincides with the class of thoses
modules admitting a right resolution by modules in addω; see Remark
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2.5. Here addω denotes the subcategory of finitely generated modules
formed by direct summands of finite direct sums of ω. Since balanced
big CM modules are generalization of MCM modules, it is conceivable
that such a characterization should be true for balanced big CM modules. This note is an effort to give some evidence in this direction.
In order to state our main result precisely, let us recall some notions.
Let Addω denote the full subcategory of R-modules consisting of all
modules isomorphic to direct summands of direct sums of copies of ω.
We also use Xω′ to denote the subcategory consisting of all modules M
admitting a right resolution by modules in Addω. A balanced big CM
R-module M is said to have an m-primary cohomological annihilator, if
there is an integer t ≥ 1 such that mt Ext1R (M, N ) = 0 for all R-modules
N . Now our main result can be stated as follows:
Theorem 1.1. Let (R, m) be a complete Cohen–Macaulay local ring
with the canonical module ω. Let M be a countably generated R-module
with an m-primary cohomological annihilator. Then M ∈ Xω′ if and
only if M is balanced big CM.
Throughout the paper, unless otherwise specified, (R, m, k) is a ddimensional commutative Cohen-Macaulay complete local ring with
the canonical (or dualizing) module ω. The category of all (finitely
generated) R-modules will be denoted by (modR) ModR.
2. results and proofs
As we have mentioned in the introduction, over a Cohen–Macaulay
complete local ring with the canonical module ω, a given module is
maximal Cohen–Macaulay if and only if it admits a right resolution by
modules in addω. The aim of this section is to prove the counerpart of
this result for balanced big CM modules. We begin with the followoing
definitions.
Definition 2.1. Let M be an R-module. A sequence of elements
x = x1 , . . . , xn ∈ m is called a weak M -regular sequence, provided
that xi is a non-zerodivisor on M/(x1 , . . . , xi−1 )M for any 1 ≤ i ≤ n
(for i = 1, we mean that x1 is non-zerodivisor on M ). If, in addition,
(x1 , . . . , xn )M ̸= M , then x is said to be an M -regular sequence. It is
worth remarking that if M is a non-zero finitely generated R-module,
then it follows from Nakayama’s lemma that any weak M -regular sequence is M -regular sequence, as well. It is also known that over local
rings, any permutation of M -regular sequence, is again M -regular sequence.
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Definition 2.2. Let M be a not necessarily finitely generated Rmodule. Following Hochster [4], we say that M is (weak) balanced big
Cohen-Macaulay, ((weak) balanced big CM, for short) provided that
every system of parameters of R is an (a weak) M -regular sequence.
It follows from the definition that finitely generated balanced big CM
modules are MCM. Indeed, M is MCM if it is zero or it is a finitely
generated balanced big CM module.
Definition 2.3. We say that a balanced big CM R-module M has an
m-primary cohomological annihilator, provided that mt Ext1R (M, −) = 0
over ModR, for some non-negative integer t. It should be observed that,
by [6, Lemma 2.14], this is equivalent to saying that mt ExtiR (M, −) = 0
for all i ≥ 1.
Definition 2.4. (1) By Addω (resp. addω) we mean the full subcategory of ModR (resp. modR) consisting of all modules isomorphic to
direct summands of direct sums (resp. finite direct sums) of copies of
ω.
(2) We let Xω (resp. Xω′ ) denote the subcategory of modR (resp. ModR)
consisting of all R-modules M admitting a right resolution by modules
in addω (resp. Addω), that is, an exact sequence of R-modules;
d

d

di−1

d

0
1
i
0 −→ M −→ w0 −→
w1 −→
· · · −→ wi −→
··· ,

with wi ∈ addω (resp. wi ∈ Addω).
(3) It is worth remarking that since ω is a selforthogonal R-module of
′
′
finite injective dimension, Exti>0
R (W, W ) = 0 for all modules W, W ∈
i
′ ∼
Addω.
Indeed, this follows from the isomorphisms ExtR (⊕j∈J ω, W ) =
∏
i
i
i
′
∼
j∈J ExtR (ω, W ) and ExtR (ω, ⊕j∈J ′ ) = ⊕j∈J ′ ExtR (ω, ω). One should
observe that the latter isomorphism holds, because ω is a finitely generated R-module. So it is easily seen that a given R-module M belongs
to Xω′ if and only if it is ω-Gorenstein projective in the sense of Holm
and Jrgensen [5]. This, in particular, yeilds that Xω′ is closed under
direct summands. Recall that an R-module M is selforthogonal, if
ExtiR (M, M ) = 0 for all i ≥ 1.
Remark 2.5. It is easy to see that MCM = Xω . To see this, according to [2, Theorem 3.3.10], a given module M ∈ modR is MCM if
and only if ExtiR (M, ω) = 0 = ExtiR (M ∗ , ω) for all i ≥ 1 and the
natural homomorphism δ : M −→ M ∗∗ is an isomorphism, where
M ∗ = HomR (M, ω). Now assume that M is an arbitrary MCM module
and · · · −→ P1 −→ P0 −→ M ∗ −→ 0 is an exact sequence in modR
such that each Pi is projective. So, applying the functor HomR (−, ω),
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implies that M admits a right resolution by modules in addω, giving the containment MCM ⊆ Xω . For the opposite containment, take
an R-module M in Xω . Since ω has finite injective dimension and
ExtiR (ω, ω) = 0 for all i ≥ 1, one may deduce that ExtiR (M, ω) = 0 for
all i ≥ 1. This, in turn, implies that M ∗ ∈ Xω and so ExtiR (M ∗ , ω) = 0
for all i ≥ 1. Now, one may use the fact that δω : ω −→ ω ∗∗ is an
isomorphism, and conclude that the same is true for δM : M −→ M ∗∗ .
Hence M will be a MCM module.

2.6. For a given R-module M and any non-negative integer n, Ωn M, (or
ΩnR M when there is some fear of confusion), stands for the n-th syzygy
of a projective resolution of M , and so it is uniquely determined, up to
projective direct summands.

The following result which is needed in the next theorem, has been
also appeared in the proof of [9, Theorem 2.4]. We include its proof
only for the reader’s convenience.

Proposition 2.7. Let M be a balanced big CM R-module with an mprimary cohomological annihilator. Then M is a direct summand of
ΩdR (M/xM ), for some R-sequence x = x1 , x2 , . . . , xd .

Proof. By the hypothesis, there exists an integer t > 0 such that
mt Ext1R (M, −) = 0 over ModR. Take an R- and also M -sequence
x = x1 , . . . , xd in mt . Applying the same argument given in the proof of
[3, Lemma 2.2] (see also [9, Lemma 2.1]) would imply that M is a direct
summand of ΩR (M/x1 M ). Moreover, for any i ≥ 0, [7, Lemma 2(ii),
page 140] gives rise to the isomorphism ExtiR (M, ΩR/x1 R (M/x1 M )) ∼
=
ExtiR/x1 R (M/x1 M , ΩR/x1 R (M/x1 M )). This, in particular, yields that
x2 Ext1R/x1 R (M/x1 M , ΩR/x1 R (M/x1 M )) = 0. Now one may apply [3,
Lemma 2.2] again and conclude that M/x1 M is an R/x1 R-direct summand (and so R-direct summand) of ΩR/x1 R (M/(x1 , x2 )M ) and hence
M will be an R-direct summand of ΩR ΩR/x1 R (M/(x1 , x2 )M ). Take the

A NOTE ON BALANCED BIG COHEN–MACAULAY MODULES

205

following commutative diagram;
0

0





R⊕s
/

0
0

/



R⊕s
/

ΩR (M/(x1 , x2 )M )


ΩR/x1 R (M/(x1 , x2 )M )


0

/



/

M/(x1 , x2 )M
/

M/(x1 , x2 )M

R⊕s


(R/x1 R)⊕s

/

/

0
0.



0

Now applying the first syzygy functor over R on the left column of
this diagram, gives rise to an R-isomorphism Ω2R (M/(x1 , x2 )M ) ∼
=
ΩR ΩR/x1 R (M/(x1 , x2 )M ), up to projective summands, implying that
M is an R-direct summand of Ω2R (M/(x1 , x2 )M ). Repeating this way,
one may infer that M is indeed a direct summand of ΩdR (M/xM ), as
desired.
□
Proof of Theorem 1.1. First we prove the ‘only if’ part. To this
end, assume that x is an arbitrary system of parameters of R. As
M ∈ Xω′ and x is a W -regular sequence for any W ∈ Addω, it is
fairly easy to see that x is a weak M -regular sequence. Since M has
an m-primary cohomological annihilator, one may find an integer t >
0 such that xt Ext1R (M, −) = 0. If M/xM = 0, by [1, Lemma 4.2]
M/xt M = 0 then by making use of [1, Lemma 4.1], we infer that
M is projective over R. This would imply that M/xM ̸= 0, because
R is Cohen-Macaulay. So we obtain a contradiction. For the reverse
implication, assume that t > 0 is an integer such that mt Ext1R (M, −) =
0 over ModR. In particular, taking a system of parameters x ∈ mt ,
we have xt Ext1R (M, −) = 0. So by Proposition 2.7, M is a direct
summand of ΩdR (M/xM ). Consequently, the result will be obtained
if we show that ΩdR (M/xM ) ∈ Xω′ , because Xω′ is closed under direct
,
summands. Suppose that M/xM = lim
−→i∈N Si where all Si s are finitely
generated submodules of M/xM and for any i ≤ j, αji : Si −→ Sj
is a monomorphism. Therefore, for any i < j one may find an Rmonomorphism hij : ΩdR Si −→ ΩdR Sj with Cokerhij is MCM. To see
this, take exact sequences of R-modules, 0 −→ ΩdR Si −→ Pd−1 −→
· · · −→ P0 −→ Si −→ 0 and 0 −→ ΩdR αji −→ Qd−1 −→ · · · −→ Q0 −→
αji −→ 0, where for 0 ≤ s ≤ d − 1, Ps , Qs are projective. Hence we will
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obtain the following commutative diagram of R-modules;
0

/ Ωd Si
R


0

hii

/ Ωd Sj
R

/ Pd−1

/ ···


/ Pd1 ⊕ Qd−1

/ ···

/ P0

/ P0 ⊕ Q0

/ Si

/0

αij


/ Sj

/ 0,

where all middle columns are split monomorphism. This, in conjunction with [10, Proposition 1.4], gives rise to the short exact sequence
hij

of MCM modules, 0 −→ ΩdR Si −→ ΩdR Sj −→ ΩdR αji −→ 0. Moreover,
it can be easily seen that {ΩdR Si , hij }i,j∈N forms a direct system. In
d
particular, there exist free R-modules P, Q such that lim
−→ΩR Si ⊕ P =
ΩdR (M/xM ) ⊕ Q. Now one may invoke [1, Lemma 6.2] and deduce that
d
′
d
′
lim
−→ΩR Si ∈ Xω . Consequently, ΩR (M/xM ) ∈ Xω , as well. So the proof
is finished.
Remark 2.8. Assume that R is a Gorenstein local ring. Then R is
Cohen–Macaulay with ω = R, and in particular, XR′ is exactly the class
of all Gorenstein projective R-modules. Indeed, since R is Gorenstein,
every projective R-module has finite injective dimension and then, for
any M ∈ XR′ , Exti≥1
R (M, P ) = 0, for all projective R-modules P . Consequently, M is Gorenstein projective.
As a direct consequence of the above theorem, we include the result
below.
Corollary 2.9. Let R be a Gorenstein local ring and let M be a countably generated R-module with an m-primary cohomological annihilator.
Then M is Gorenstein projective if and only if it is a balanced big CM
module.
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ﻣﻄﺎﻟﻌﻪ ﻣﺪولﻫﺎی ﮐﻮﻫﻦ-ﻣﮑﺎﻟﯽ ﺑﺰرگ ﻣﺘﻌﺎدل
ﻋﺒﺪاﻟﻨﺎﺻﺮ ﺑﻬﻠﮑﻪ
ﮔﺮوه رﯾﺎﺿﯽ ،داﻧﺸﮕﺎه ﮔﻨﺒﺪ ﮐﺎووس ،ﮔﻨﺒﺪ ﮐﺎووس ،اﯾﺮان
ﻓﺮض ﮐﻨﯿﺪ ) (R, mﯾﮏ ﺣﻠﻘﻪی ﺟﺎﺑﺠﺎﯾﯽ ﮐﻮﻫﻦ-ﻣﮑﺎﻟﯽ ﮐﺎﻣﻞ ﻣﻮﺿﻌﯽ ﺑﺎ ﻣﺪول ﮐﺎﻧﻮﻧﯽ  ωﺑﺎﺷﺪ .در اﯾﻦ
ﻣﻘﺎﻟﻪ ﻧﺸﺎن ﻣﯽدﻫﯿﻢ ﮐﻪ ﺗﺤﺖ ﺑﺮﺧﯽ ﺷﺮاﯾﻂ ﺿﻌﯿﻒ ،رده ﻣﺪولﻫﺎی ﮐﻮﻫﻦ-ﻣﮑﺎﻟﯽ ﺑﺰرگ ﻣﺘﻌﺎدل ﺑﺎ رده
ﻣﺪولﻫﺎﯾﯽ ﮐﻪ دارای ﺗﺤﻠﯿﻞ راﺳﺖ از ﻣﺪولﻫﺎ در  Addωﺑﻮده ،ﺑﺮاﺑﺮ ﻣﯽﺑﺎﺷﺪ .اﯾﻦ ﻣﻄﻠﺐ ﺗﻌﻤﯿﻢ ﯾﮏ ﻗﻀﯿﻪ
ﺷﻨﺎﺧﺘﻪ ﺷﺪه ﺑﺮای ﻣﺪولﻫﺎی ﮐﻮﻫﻦ-ﻣﮑﺎﻟﯽ ﻣﺎﮐﺰﯾﻤﺎل ﻣﯽﺑﺎﺷﺪ.
ﮐﻠﻤﺎت ﮐﻠﯿﺪی :ﻣﺪولﻫﺎی ﮐﻮﻫﻦ-ﻣﮑﺎﻟﯽ ﻣﺎﮐﺰﯾﻤﺎل ،ﻣﺪولﻫﺎی ﮐﻮﻫﻦ-ﻣﮑﺎﻟﯽ ﺑﺰرگ ﻣﺘﻌﺎدل ،ﻣﺪول
ﮐﺎﻧﻮﻧﯽ.

