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NEW BOUNDS AND EXTREMAL GRAPHS FOR
DISTANCE SIGNLESS LAPLACIAN SPECTRAL
RADIUS

A. ALHEVAZ*, M. BAGHIPUR AND S. PAUL

ABSTRACT. The distance signless Laplacian spectral radius of a
connected graph G is the largest eigenvalue of the distance signless
Laplacian matrix of G, defined as D?(G) = Tr(G) + D(G), where
D(Q) is the distance matrix of G and T'r(G) is the diagonal matrix
of vertex transmissions of G. In this paper, we determine some new
upper and lower bounds on the distance signless Laplacian spectral
radius of G and characterize the extremal graphs attaining these
bounds.

1. INTRODUCTION

In this article, we consider only connected, undirected, simple and
finite graphs, i.e, graphs on a finite number of vertices without multiple
edges or loops. G is the complement of the graph G. A graph is denoted
by G = (V(G), E(G)), where V(G) is its vertex set and F(G) is its edge
set. The order of G is the number n = |V(G)| and its size is the number
m = |E(G)|. The set of vertices adjacent to v € V(G), denoted by
N(v), refers to the neighborhood of v. The degree of v, denoted by dg(v)
(we simply write d, if it is clear from the context) means the cardinality
of N(v). A graph is called regular if each of its vertex has the same
degree. The distance between two vertices u,v € V(G), denoted by
dyy or dg(u,v), is defined as the length of a shortest path between u
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and v in GG. The diameter of GG is the maximum distance between any
two vertices of G. The distance matriz of G is denoted by D(G) and is
defined as D(G) = (du)uvev(e)- The transmission Trq(v) of a vertex
v is defined to be the sum of the distances from v to all other vertices
in G, ie., Trg(v) = >, duw-. A graph G is said to be k-transmission
ueV(G)
reqular if Trg(v) = k, for each v € V(G). The transmission of a graph
G, denoted by o(G), is the sum of distances between all unordered

pairs of vertices in G. Clearly, 0(G) = 1 Z Tra(v).

veV(Q)
For a graph G with V(G) = {v1,va,...,v,}, Tre(v;) has been re-
ferred as the transmission degree T'r; [20] and hence the transmission
degree sequence is given by {Try,Trs,...,Tr,}. The second transmis-

sion degree of v;, denoted by T; is given by T; = Z di;Tr;.
j=1

Let Tr(G) = diag(T'r1,Tra, ..., Tr,) be the diagonal matrix of ver-
tex transmissions of G. M. Aouchiche and P. Hansen [13, 14, 15] in-
troduced the Laplacian and the signless Laplacian for the distance ma-
trix of a connected graph. The matrix D¥(G) = Tr(G) — D(G) is
called the distance Laplacian matriz of G, while the matrix D?(G) =
Tr(G) + D(G) is called the distance signless Laplacian matriz of G.
Since DY(G) is symmetric (positive semi-definite), its eigenvalues can
be arranged as: p1(G) > po(G) > -+ > pu(G) > 0, where pi(G) is
called the distance signless Laplacian spectral radius of G. Afterwards,
we will denote p;(G) by p(G). As D%(G) is nonnegative and irre-
ducible, by the Perron-Frobenius theorem, p(G) is positive, simple and
there is a unique positive unit eigenvector X corresponding to p(G),
which is called the distance signless Laplacian Perron vector of G. For
some recent papers on spectral properties of the (generalized) distance
(signless Laplacian) matrix, see [1, 2, 3, 4, 5, 6, 7, 8,9, 10, 11, 12, 13,

, 10, 16, 17,19, 21, 23, 24, 30, 29, 36] and the references therein.

The investigation of matrices related to various graphical structures
is a very large and growing area of research. In particular, distance
signless Laplacian matrix (spectral radius) have attracted serious at-
tention in the literature. In [37], Xing et al. have determined the
graphs with minimum distance signless Laplacian spectral radii among
the n-vertex tree, unicyclic graphs and bipartite graphs, respectively.
In [30], the authors have determined the unique graphs with mini-
mum and second-minimum distance signless Laplacian spectral radii
among all bicyclic graphs of order n. In [25], bounds for distance sign-
less Laplacian spectral radius are given using vertex transmissions and
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in [29], lower bound for distance signless Laplacian spectral radius is
given in terms of chromatic number. In this paper, we give some upper
and lower bounds on the distance signless Laplacian spectral radius of
GG, analogously to the results obtained in the literature for the case of
distance matrix and also for signless Laplacian matrix.

2. NOTATIONS AND PRELIMINARIES

A column vector X = (1,9, ...,7,)T € R™ can be considered as a
function defined on V(G) which maps vertex v; to x;, i.e., X (v;) = x;
fori=1,2,...,n. Then,

X"TDUGNX = > di(w,+3),
{u}V(@)

and ) is an eigenvalue of D%(G) corresponding to the eigenvector X
if and only if X # 0 and for each v € V(G),

AT, = Z Ay (T4 + To).

ueV(G)

These equations are called the (), x)-eigenequations of G. For a
normalized column vector X € R" with at least one non-negative com-
ponent, by the Rayleigh’s principle, we have

p(G) = XTDYG)X,

with equality if and only if X is the distance signless Laplacian Perron
vector of G.

For a connected graph G and two nonadjacent vertices v and v in
V(@), recall that G 4+ wv is the supergraph formed from G by adding
an edge between vertices u and v. We now mention the following result
which will be useful to derive some of the main results of this article.

Lemma 2.1. [33] If A is an n X n nonnegative matriz with the spectral
radius AN(A) and row sums r1,7a, ..., y, then

min r; < A(A) < max ;.
1<i<n 1<i<n

Moreover, if A is irreducible, then both of the equalities holds if and
only if the row sums of A are all equal.

The following is the well known Weyl’s inequality and can be found
in [27]. Note that the equality case was discussed in [35].
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Lemma 2.2. Let X andY be Hermitian matrices of order n such that
Z =X+Y. Then
Me(Z) S N(X) + Me—jr(YV), n > k>35> 1,
where \i(M) is the i'™" largest eigenvalue of the matriz M. In either of

these inequalities, equality holds if and only if there exists a unit vector
that is an eigenvector to each of the three eigenvalues involved.

3. BOUNDS ON DISTANCE SIGNLESS LAPLACIAN SPECTRAL RADIUS

In this section, we give some bounds on the distance signless Lapla-
cian spectral radius. We first list some important observations about
the components of the distance signless Laplacian Perron vector.

Lemma 3.1. If X = (x1,2s,...,2,)" is the distance signless Laplacian
Perron wvector of a graph G and x; = max{zg|k = 1,2,...,n}, then
Tr, > &4

[ 2 .

Proof. From the i-th eigenequation we have,

=1
Then, we get p(G) — Tr; = 377, dij3-. Hence, p(G) — Tr; < Tr;, and

therefore Tr; > @, as desired. O

Corollary 3.2. Let Trl  and Tr?,  denote the mazimum and the
second mazimum verter transmission of G, respectively. If p(G) =
Trl. .+ Tri.. and Trl,  # Tr?. ., then the vertex corresponding to

the mazimum Perron component is the vertex having mazimum trans-
misston.

Proof. Let X = (x1,%9,...,7,)T be the distance signless Laplacian
Perron vector of G and z; = max{x;| £ = 1,2,...,n}. Then, using

1 2
Lemma 3.1 we have, T'r; > M, and thus Tr; = Tr} 0

max*

Lemma 3.3. Let X = (z1, %o, ...,7,)T be the distance signless Lapla-
cian Perron vector of a graph G and Trl, , Tr?,.  denote the mazi-

mum and the second maximum vertex transmission of it, respectively.
If p(G) = Trt +Tr?. and Trl  +# Tr? ., then the second maz-

max max max max’ 5
. . T
imum Perron component is greater than or equal to T:'l“a"xs, where
max

ry = max{xi|lk =1,2,...,n}
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Proof. If z; = max{xzy| k = 1,2,...,n; k # s} then from the s-th
eigenequation, we have

p(G)xs = Trex,+ Z ds;z;,

j=1
ie., (p(G)—Trl Jx, < Trl. ., [by Corollary 3.2]
: > TTIQIlaX
. ——ax
Le, 2y 2 s

max

O

We now give our first upper bound on p(G) in terms of transmission
degrees of G.

Theorem 3.4. Let G be a graph of order n with the transmission degree
sequence {Try,Try,...,Tr,}. Then

p(G) < max {Tr;+Tr;}, (3.1)

1<4,5<n
with equality holding if G is a transmission reqular graph.

Proof. Let X = (1, ...,2,)" be an eigenvector of Tr(G) "1 D?(G)Tr(G)
corresponding to p(G) and x, = max{z;[j = 1,2,...,n}. The (¢, j)-th
entry of Tr(G)1D?(G)Tr(G) is

{ Tr, if i=j

%dij otherwise.
We have
Tr(G)’lDQ(G)Tr(G)X = p(G)X. (3.2)

From the k-th equation of (3.2), we have

Tr; dk
p(Gxy, = TTka+Z T]Tkj 7
TT"dk'
ie., (p(G)—Try)x, = .
(p(G) k)T ; Tr, Y
T'r;

e, xk(p(G) = Try)x, = Z T—xkdk]x] <z Z ik dkj, (3.3)

j=1
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ie, p(G) < Try + — Z Tridy;
j 1
1
< Trit - max (Tr;} Z dyj (3.4)
< Trit max {Tr;}

<
< s (T 7).
Which completes the proof of inequality (3.1). Now suppose that
equality in (3.1) holds, then all inequalities in the above argument must
be equalities. From equality in (3.3), we get 1 = x5 = -+ = x,,. From

equality in (3.4), we get Ty o Tn 1;;;3:"(#]6{ ri}

Set Try := max {T'r;}. Then we have the following two cases:
1<j<n | j#k

Case (1): If T'ry = T'rg, then all the transmissions of the vertices are
equal and G is a transmission regular graph.

Case (2): If T'ry # T'rs, then we consider the following two subcases:

Subcase (2.1): Try =n — 1. In this case the vertex vy is adjacent to
all the other remaining n — 1 vertices in GG, and therefore G = S,,. But

on — 8 In? — 32 32
since p(S,) = n +Von nt , it contradicts the fact that

(3.1) holds. ?

Subcase (2.2): Tri, > n—1. In this case thereexists 1 < j<n, k #j
such that for a vertex v; we have dj;, > 2. But then Tr; # T'r,, which
is impossible. 0

In the following result, we give bounds on p(G), in terms of trans-
mission degrees and second transmission degrees of graph G.

Theorem 3.5. Let G be a graph of order n. If the transmission de-
gree sequence and the second transmission degree sequence of G are
{Try,Try,...,Tr,} and {11, Ts,...,T,}, respectively, then

1
< Tr2 +T))5.
p(G) ‘/_vfélx?(}é)< r? +T;)

Moreover, the equality holds if and only if Tr? + T; is the same for all
v; € V(G). Also

> Tr? + T,z
p(G) fvzglvl{l@( r?+T;)e.

Moreover, the equality holds if and only if Tr? + T; is the same for all
v; € V(G)
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Proof. Since D® = Tr+ D, by a simple calculation we have, r, (D%) =

2Tr; and r,,(DTr) = r,,(D?) = Zd”TrJ Then

7j=1
Q\2y 2 2
ro((D9)?) = r,,(Tr* + TrD + DTr + D?)
= Trirvi(DQ) +2 Z dijTr; = 2(T7‘Z-2 + Z di;Tr;)
J=1 j=1

By Lemma 2.1, we get

1
< T +T 2
p(G) < V2 2 max (Tr} + 1)z,

and the equality holds if and only if Tr? + T; is the same for all
v; € V(G)
The second part can be proved similarly. O

Corollary 3.6. If A denotes the maximum degree of a graph G, then

p(G) = V3((2n - A)? —4n+A>é, (3.5)

with equality holding if and only if G is a reqular graph with diameter
less than or equal to 2.

Proof. 1t is easily seen that Tm >di+2(n—d;—1)=2n—d; —2 and
Ti=3"5 1 diTry > 370, d;. Therefore, by Theorem 3.5, we have

GQ) > Tr? + T3
p(G) > fvlgg?c)(rJr )

> \/§<(2n—di—2)2+di+4(n—di—1))

(SIS

1

(2n — A — 2)? (4n—3A—4)>5

v((
_ \/§< (2n — A —4n+A>
5)

The equality in (3.5) holds if and only if the diameter of G is less
than or equal to 2 and all coordinates the distance signless Laplacian
perron vector of G are equal. In other words, for d = 1, we get a
complete graph K. And for d = 2, we get G is a regular graph.

Conversely, it is easily seen that p(G) = v2((2n — A)? —4n + A)
if G is a regular graph with diameter less than or equal to 2.

=

N

O
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Corollary 3.7. If 6 and d denote the minimum degree and diameter
of a graph G, respectively, then

d(d— 1)

p(G)§2<dn— —1—6(d—1)>.

Proof. 1t is easily seen that,

d(d —1)

Tr; < dit 24 +(d—1)+d(n—1—d;—(d—2)) = dn— —1—di(d—1).

If T'rmax is the maximum vertex transmission, then 7T; = Z?Zl dijTr; <
(Trmax)?. Then by Theorem 3.5, we have

Q) < V2 Tr2 +T))2
p(G) < \fvf??ﬁ&( r? +T;)

< \/§<<dn— d(d; Yy s 1))2

+ (dn - d(dz_ Dy s 1))2>

< \/§<2(dn— d(dz_ Yy s- 1))2>

[N

N|=

O

We now give a Nordhaus-Gaddam type inequality for the distance
signless Laplacian spectral radius of a graph and its complement.

Corollary 3.8. Suppose G be a graph such that both G and G are

connected. Let 6 and A be the minimum degree and the mazimum
degree of G, respectively. Then

p(G)+p(G) <2(2nk —(t —1)t+n+d—A—1)—2),

where k = max{d,d},t = min{d,d} and d,d are the diameters of G
and G, respectively.
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Proof. Let § denote the minimum degree of G. Then § =n — 1 — A,
and by Corollary 3.7, we have

p(G) + p(G) < z(dn—@—l—a(d_n)
+ Q(dn_@_l_ad_l))
= 2n(d+d)— (d(d—1)+d(d—1)) —4

— 2d—-1)—2(n—1—-A)d—1)
< 202nk—(t—-1)(t+n+d—A—-1)—2).

O

The following result is analogous to the result presented by Maden
et al. in [32] in the case of signless Laplacian matrix of G.

Theorem 3.9. Let G be a graph of order n. If the transmission de-
gree sequence and the second transmission degree sequence of G are
{Try,Try,...,Tr,} and {11, Ty, ..., T,}, respectively, then

(Ter TT?+Ti”idij(Tj+Tr]2-)\
p(G) < ax 2j1 , (36)
\ /
with equality holding if and only if G is transmission reqular.
Proof. Let X = (z1,79,...,7,)T be an eigenvector corresponding to

the eigenvalue p(G) of Tr~Y(G)D?(G)Tr(G). We assume that one
eigencomponent x; is equal to 1 and the other eigencomponents are
less than or equal to 1. The (i, j)-th entry of Tr(G)~"'D?(G)Tr(G) is

{ Tr; if i=j

T7‘j .
T d;; otherwise.
We have

Tr(G)'DR(G)Tr(G)X = p(G)X. (3.7)
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From the i—th equation of (3.7), we have

p(Gx; = TTZ$Z~I—Z szj:v],

T
ie, p(G) = Tri+ Z = i (3.8)
7j=1
Again from the j—th equation of (3.7),
" Tr
p(G)x] = Tle’j + Z T—’fdjkxk.
=1 1
Multiplying both sides of (3.8) by p(G) and substituting this value
p(G)z;, we get

p(G) = Trip(G) + Z { jdl] [Trjx; + Z % kak]}

— Trp(G +Z ]d”x] +ZZT%JW€

j=1 k=1 T

< Trip(G Z de+2

= Trip(@) + 7 Z dig (Ty + Tr5). (3.9)

From above the bound follows. Now suppose that the equality holds
in (3.6). Then all inequalities in the above argument must be equalities.
From equality in (3.9), we get z; = 1 for all j. From this one can easily
show that z; = 1 for all ¢ € V. Thus we have Tr| + =+ T = Try +
TT—T22 =...=Tr, denote the maximum and
minimum vertex transmlssmn respectlvely Without loss of generahty,

assume that T?"l- = T'rmax and T'rj = T'ry,. Therefore, Trpax + Trmax =
Trmin + 72— Since T; 2> TryaxTTmin and T < TrmaT T,

Tlrmax + Trmin < TTmax + = Trmin +

T'max Tmin

S Trmax + Trmin-

Thus we must have T; = Ty T Tmin = 1 and hence

Tr2 o+ TrmaxTrmin = T2

max

+ TrmaxTrmin .

min

From which it implies that T7ry,.c = TTmin. Hence GG is a transmission
regular graph.
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Conversely, one can easily see that the equality holds in (3.6) for
transmission regular graph. 0

Based on a simple technique suggested in [13], we next prove the
following upper bound for p(G).

Theorem 3.10. Let G be a graph of order n. If the transmission
degree sequence and the second transmission degree sequence of G are
{Tr,Try,...,Tr,} and {11, Ts,...,T,}, respectively, then

Tri + \/Tr2 + 8T,
p(G)gmaX{ L VI } (3.10)

1<i<n 2
Equality occurs if and only if G is a transmission reqular graph.

Proof. Let X = (x1,...,x,) be the distance signless Laplacian Perron
vector of G and z; = max{z,| j =1,2,...,n}. Since

p(G)*X = (D?(G))’X = (Tr + D)2X = Tr*X + TrDX + DTrX + DX,
we have
p*(G)x; = Triz; + Tr; Z dijx; + Z di;Trjx; + Z Z dijdip T

7=1 k=1
Now, we consider a s&mple quadratlc function of p(G):
(P*(G) 4+ ap(G)X = (Tr*X +TrDX + DTrX + D*X) + a(TrX + DX).
Considering the i-th equation, we have

(,02(G) —+ Ozp(G));UZ = TT?LUZ +T'r; Z dijﬂfj + Z dijTerEj

j=1 j=1
+ Z Z d;jdjrxy + oz(TrzxZ Z dwxj>
7=1 k=1

It is easy to see that the inequalities below are true

n n
TT‘Z‘ Z dz‘jxj S TT’?ZL‘Z‘, Z dijTzjj S TZL‘.Z'Z‘,

j=1 j=1

Z Z djrdijzy < Tix;, Zd”x] < Trx;.

7=1 k=1
Hence, we have

(pQ(G) + ozp(G))xi < 2Tr?z; + 2Tiw; + 20T
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ie., p2(G)+ ap(G) — (2Tr? + 2T; + 2aTr;) < 0

—a + \/a2 +8Tri(Tr; + 7= + )

2
From the above inequality we can get several distinct upper bounds
for every different value of a.. In particular, if a« = —T'r;, we have

Tr; Tr? + 8T;
P(G)<max{ VI }

ie., p(G) <

T 1<i<n 2

From this the result follows.

Now, suppose that equality occurs in (3.10), then each of the above
inequalities in the above argument occur as equalities. Since each of
the inequalities

n n
TT’Z‘ Zdijxj S TT’Z-QZL‘Z‘, Z dijTrjxj S T;.I‘Z

= =1

and
n n n
E E djrd;jxy, < Tix;, E dijr; < Trz,
=1 k=1 =1

occur as equalities if and only if G is a transmission regular graph. It
follows that equality occurs in (3.10) if and only if G is a transmission
regular graph. That completes the proof. O

The proof of the following theorem is similar to that of Theorem 3.10.
We bring its proof for the sake of completenes.

Theorem 3.11. Let G be a graph of order n. If the transmission
degree sequence and the second transmission degree sequence of G are
{Try,Try,...,Tr,} and {11, Ts,...,T,}, respectively, then

Tr; + /Tr2 + 81,
p(G) > min{ rit VI 48 } (3.11)

— 1<i<n 2
Equality occurs if and only if G is a transmission reqular graph.

Proof. Let X = (z1,...,x,) be the distance signless Laplacian Perron
vector of G and x; = min{x;| j =1,2,...,n}. Since

p(G)2X = (D2(G))’X = (Tr + D)’X = Tr*X + TrDX + DTrX + D*X,
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we have

p*(Q)x; = Triz; + Tr; Z dijz; + Z di;jTrjx; + Z Z dijdjrTy.

7=1 k=1
Now, we consider a snnple quadratlc function of p(G):
(P*(G) +ap(G))X = (Tr*X +TrDX + DTrX + D*X) + a(TrX + DX).
Considering the i-th equation, we have

(p2(G) + Oép(G))l‘i = TTZQLL'Z + T’I“Z‘ Z dijIj + Z dijT’I“jiL'j

j=1 j=1

+ Z Z diidikzy + o(Triz; + Z dijx;).

7=1 k=1

It is easy to see that the inequalities below are true

n n
TT’i Zdijxj Z TT,?.Z‘Z‘, ZdijT'rjIj Z ,_E;LL’Z',

j=1 j=1

dipdi;zy > sz, dwxj > Trx;.
jk i

=1 k=1
Hence, we have

(pQ(G) + ap(G))z; > 2TT’Z~2:BZ' + 2T;x; + 2T r;x;

ie., p2(G) + ap(G) — (2Tr? + 2T; + 2aTr;) > 0

—a+ \/a2 +8Tr:(Tr; + - + )
ie., p(G) > 5 ) .

From the above inequality we can get several distinct lower bounds
for every different value of a.. In particular, if « = —T'r;, we have

Tr; Tr? + 8T,
p(G)Zmin{ rit it }

1<i<n 2

From this the result follows.

Now, suppose that equality occurs in (3.11), then each of the above
inequalities in the above argument occur as equalities. Since each of
the inequalities

n n
TTi Z dijxj Z TT?I@ Z dijT’f‘jl’j Z ECL’Z

j=1 j=1
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and

Z Z dijrdijxy > Tix;, Z dijx; > Trz,,

7=1 k=1

occur as equalities if and only if G is a transmission regular graph, it
follows that equality occurs in (3.11) if and only if G is a transmission
regular graph. That completes the proof. O

Theorem 3.12. If A denotes the mazimum degree of a graph G, then

2n — A — 2+ /(2n — A)2 — 20A + 24n — 28
>
p(G) = 5 ,

with equality holding if and only if G is a reqular graph with diameter
less than or equal to 2.

(3.12)

Proof. Since D® = Tr+ D, by a Simple calculation we have, r,,(D?) =
2Tr; and r,,(DTr) = r,,(D?) = Z di;Tr;. Then
7j=1
ro, (D)) = 1, (Tr? +TrD + DTr + D?)
= Tr(v)ry,(D?) +2)  diTr(v;)

J=1

> Tr(v;)ry, (D9) + 2 Z d?;, (since Z dijTr(v;) > Z dz,),
j=1 j=1 j=1

> (2n —d; — 2)r,,(D9) +2(d; + 4(n — 1 —d;))

> (2n — A —2)r,,(D9) + 2(4n — 3A — 4).

Hence for each v; € V(G), we have
ro. (D)%) > 1, [(2n — A — 2)D9) + 8n — 6A — 8.

Then Lemma 2.1 implies that

P(G)—(2n — A —2)p(G) — (8n —6A —8) >0

2n — A —2+/(2n — A)?2 — 20A + 24n — 28
p— 2 .

The equality in (3.12) holds if and only if the diameter of G is less

than or equal to 2. In other words, for d = 1, we get a complete graph

K,. For d =2, we get G is a regular graph.
2n—A—2+4/(2n— A2 20A+24n—28

ie., p(G)

Conversely, it is easily seen that p(G) =
if G is a regular graph with diameter less than or equal to 2. 0
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The following gives a relation between the distance signless Laplacian
eigenvalues of the graph G of diameter 2 with the adjacency eigenvalues
of the complement G of the graph G.

Theorem 3.13. Let G be a connected graph of order n > 4 hav-
ing diameter d. Let G be the complement of G and let \(A(G)) >

M (A(G)) > -+ > M(A(G)) be the adjacency eigenvalues of G. ?f
d =2, then for all k =1,2,...,n, we have

MQ@E) +n—2< p(G) <2 -2+ M(Q@G).  (3.13)

Equality occurs on the right if and only if k = 1 and G is a transmission
reqular graph.

Proof. Let G be a connected graph of order n > 4 having diameter
d. Let Deg(G) = diag(dy,ds, . ..,d,) be the diagonal matrix of vertex
degrees of G and Deg(G) = diag(n —1—di,n—1—dy,...,n—1—d,)
be the diagonal matrix of vertex degrees of G. Let Q(G) = Deg(G)+ A
be the signless Laplacian matrix of G. Suppose that the diameter d of
G is two, then transmission degree T'r; = 2n — 2 — d;, for all 7. Since
diameter of GG is two, it gives that any two vertices are either adjacent
in G or in G. It then follows that the distance matrix of G' can be
written as D(G) = A+ 2A, where A and A are the adjacency matrices

of G and G, respectively. We have
D?(G) =Tr(G) + D(G) = (2n — 2)I — Deg(G) + A +2A
=(n—-D)I+A+A+(n—1)I - Deg(G) + A
= D(K,) +Q(G),
where [ is the identity matrix and J is the all one matrix of order
n. Taking Z = D9(G), X = D9(K,), Y = Q(G), j = 1 in the first
inequality of Lemma 2.2 and using the fact that the eigenvalues of K,

are 2n — 2 with multiplicity one and n — 2 with multiplicity n — 1, it
follows that

pe(G) <2n—2+ X\ (Q(G)), forall k=12,....,n. (3.14)

Taking Z = D?(G), X = D9(K,), Y = Q(G), j = n in the second
inequality of Lemma 2.2, it follows that

pe(G) >n—2+ X\(Q(G)), forall k=1,2,...,n. (3.15)

Combining (3.14) and (3.15), the inequality (3.13) follows. Equality
occurs in the right inequality (3.13) if and only if equality occurs in
(3.14). Suppose that equality occurs in (3.14), then by Lemma 2.2, the
eigenvalues py,2n — 2 and \x(Q(G)) of the matrices D?(G), X and Y
have the same unit eigenvector. Since 1 = £(1,1,...,1)" is the unit
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eigenvector of X for the eigenvalue 2n—2, it follows that equality occurs
in (3.14) if and only if 1 is the unit eigenvector for each of the matrices
D?(G), X and Y. This gives that G is a transmission regular graph
and G is a regular graph. Since a graph of diameter 2 is regular if and
only if it is transmission regular and complement of a regular graph is
regular. Using the fact that for a connected graph G the unit vector 1
is an eigenvector for the eigenvalue p; if and only if G is transmission
regular graph, it follows that equality occurs in first inequality if and
only if £ = 1 and G is a transmission regular graph. That completes
the proof. O

Analogously to the result stated in [33, Theorem 2] for distance ma-
trix, we present, in the sequel, a lower bound for the spectral radius of
distance signless Laplacian matrix.

Theorem 3.14. Let {Try,Tro,...,Tr,} be the transmission degree
sequence of G, wheren > 2. If Try > --- > Tr, and Tr; > Tr,, where
1<i<n-—1. Then

_ 200, + Tri— 1+ /T, = Tr? = SUTr, = Tri) + 20T, — Tri) + 1

p(G) 5

Proof. Let Vi = {vy,...,u} and Vo = V(G) \ V1. Then D?(G) may be
partitioned as

Dy D Tr 0
Qi _ [P Dia 11
bH(6) = {Dm DzJ * { 0 TT22] ’

where Dy and T'rq; are [ x [ matrix. Let

|y, O
o= 0]

for y > 1 (to be determined) and B = U~'D®?(G)U, where I, the s x s
identity matrix. Then

1
B— Dy §D12 + Tri 0
yDo1 Doy 0 Try

is a nonnegative irreducible matrix that has the same spectrum as
DP(G). If i = 1,...,1, then since dj; = 0 and d;; > 1 for j = 1,...,1
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with ¢ # j, we have

ri(B) = Zd”+ ZdZﬁZdij

.MN
Q.
I\/

1
(1+ y)Trl +(1— ;)(l —1).

Again, if ¢ =1 +41,...,n, then since d;; > 1 for j =1,...,[, we have

T’L(B) = yzd1j+ Z dz]+zdz]

1

J=l+1
!
j=1 j=1
l
= 2Tri+ (y— 1) dij > 2Tr, + (y — 1)L.

Let

20 =-2Tr,+Tr — 1+ V@2Tr, —Tr)? =8l(Tr, —Try) +2(2Tr, — Tr) +

v= 21

Then

(141 )Tm~|—( )(l—l)—QTrn—l-( — 1)l

C 2Try 4+ Tr =1+ \/(2Tr, — Try)? = 81(Try — Try) +2(2Tr, — Try) + 1

2
Since T'r; > T'r,,, we have y > 1. Thus by Lemma 2.1, we have

p(G) > min r(B)

1<i<n
20r, +Tr — 1

> 27 +2 1 (3.16)
VTr, —Tr)? —81(Tr, —Try) +2(2Tr, — Try) + 1

+

2
Suppose that equality holds in (3.16). Then

r(B)=---=mr,(B)=(1+ ;)Tn +(1- ;)(l —1)=2Tr, + (y — L.



248 ALHEVAZ ET AL.

Since ;(B) = (1+§)Trl+(1—§)(l—1) fori=1,...,l,wehaved;; =1
fori,j =1,...,1, with i # j, which implies that V; induces a complete
subgraph in G. Again, since 7;(B) = 2Tr,+ (y—1)l fori =1+1,...,n
we have d;; =1fori=1+1,...,nand j =1,...,[, which implies that
every vertex in V5 is adjacent to all vertices in V;. Thus the degree of

every vertex in Vi is n — 1, and then Try = --- = Tr; = n — 1, which
is a contradiction to the assumption that Tr; > T'r,,. O
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