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A GRAPH ASSOCIATED TO ESPECIAL
ESSENTIALITY OF SUBMODULES

M. EBRAHIMI DORCHEH AND S. BAGHERI*

ABSTRACT. Let R be an associative ring with identity. In this
paper we associate to every R-module M a simple graph T'.(M)
which we call it the essentiality graph of M. The vertices of I'. (M)
are nonzero submodules of M and two distinct vertices K and L
are considered to be adjacent if and only if K N L is an essential
submodule of K+ L. We investigate the relationship between some
module theoretic properties, such as minimality and closedness of
submodules of M with some graph theoretic properties of I'.(M).
In general, this graph is not connected. We study some special
cases in which T’ (M) is complete or a union of complete connected
components and give some examples illustrating each specific case.

1. INTRODUCTION

Let § be a family of nonempty sets. The intersection graph of §
is the simple graph whose vertex set is § and two distinct sets S and
T in § are considered to be adjacent, if SNT # ¢. Apparently, the
study of this graph goes back to 1945. In Marczewski [] it has been
proven that every simple graph can be realized as an intersection graph
(see also [I 1, Theorem 1]). Two decades later, the intersection graph
has been defined for sets with algebraic structures, namely in [3] for
semigroups and in [5] for subgroups of a finite group.

The intersection graph of ideals of a ring R was first defined in [1] as a
simple graph whose vertex set was in a one to one correspondence with
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the set of all nonzero ideals of R and two distinct nonzero ideals of R
are considered to be adjacent if their intersection is nonzero. This kind
of intersection graph has been investigated by many authors(see for
example [7, 1, 12]). Similar definitions have been given for intersection
graphs of subspaces of a vector space and that of submodules of a
module (see for example [3], [7] and [2]).

Essentiality of submodules of a module is an important concept in
ring and module theory in which there are many interesting results and
questions. Therefore it makes sense to assign a graph whose vertex set
is all nonzero submodules of a module and adjacency is some how
related to the essentiality of submodules.

In this paper, we consider a simple graph which is defined in terms
of essentiality and it can be considered as a subgraph of some kinds
of the intersection graph of submodules of a module M. We call this
new graph the essentiality graph of M and is denoted by T'.(M). Its
vertex set is L*(M) containing all nonzero submodules of M and two
distinct submodules K and L are considered as adjacent vertices in
I.(M), if KN L is an essential submodule in K 4+ L. Our main
purpose in this paper is to study the relations between module theoretic
properties of M and graph theoretic properties of I'.(M). With the
given definition, we can see that the set of all nonzero submodules of
a module M (the vertex set of I'.(M)) can be partitioned into some
connected components and the diameter of each component of this
graph is at most 2. Moreover, if there is a cycle in the graph T'.(M),
then its girth is 3. Also, we show that the number of connected
components of I'.(M) is some how related to the number of
minimal submodules and the number of closed submodules of M.
Moreover, we investigate the clique number and the girth of this graph
and determine some properties of the essentiality graph associated to
the special Z-module Z,,.

Section 2 is devoted to an investigation of some fundamental
properties of I'. (M) such as connectivity and the diameter of connected
components. We will show that the number of minimal submodules
and the number of closed submodules of an R-module M are upper
and lower bounds for the number of connected components of I'.(M)
respectively ( see Lemma 2.8). Furthermore, as a main result in this
section we give several equivalent conditions under which the graph
I'.(M) is complete (see Theorem 2.9). As a special case, we show that
for a module M with nonzero socle, this is precisely the case when M
is cocyclic.

In Section 3, we will study the clique number and the girth of I'.(M)
and specify the girth of the graph completely. Among other things, we
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characterize nonsemisimple modules M for which the girth of I'.(M)
is infinite.

In Section 4, we investigate the cases in which every connected
component of I'.(M) is complete. We also examine a special case of
these modules, namely the Z-modules Z,, and characterize the graph
associated to these modules. Moreover, we find the number of
connected components of T'.(Z,,) in terms of the number of prime
divisors of m. As another main result, we show that the graph I'.(M)
is a union of complete connected components if and only if M is a
UC-module. It is well known that every cocyclic module contains a
unique simple submodule, but the converse is not true. We give an
example of a module containing a unique simple submodule which is
not cocyclic and its essentiality graph is not connected and even it has
an incomplete connected component (see Example 4.7).

1.1. Some preliminaries from module theory. We recall that a
submodule K of an R-module M is called essential (large) in M, if for
every nonzero submodule L C M, we have K N L # 0. In this case
M is called an essential extension of K and it is denoted by K <. M.
The set of all essential submodules of M is denoted by e(M). If M is
an essential submodule of an injective module E, then E is called an
injective hull of M and is usually denoted by F(M). A submodule K is
called a closed submodule in M if K has no proper essential extensions
in M, i.e. whenever L is a submodule of M such that K is essential in
L, then K = L and to show this, we write K <. M. An R-module M
is said to be a uniform module if M # 0 and every nonzero submodule
of M is essential in M. A submodule K is said to be an irreducible
submodule of M if K # M, and there do not exist submodules K;
and Ky of M such that K G K1, K & Ky and K = K; N K. An
R-module M is called self-injective if M f C M for every endomorphism
f of E(M). M is called m-injective it M f C M for every idempotent
endomorphism f of E(M). M is called direct injective, if for every
direct summand X of M, every monomorphism X — M splits. M
is said to be continuous if it is w-injective and direct injective. An
R-module M is nonsingular module if

Z(M)={m € M|ann(m) <. R} =0

and M is called a UC-module if every submodule of M has a unique
closure (maximal essential extention) in M.

Let K be a submodule of the R-module M. A submodule K" C M
is called an (intersection) complement of K in M if it is maximal in
the set of submodules L C M with K N L = 0.
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A submodule K of M is called a complement (in M) if there exists
a submodule N of M such that K is a complement of N in M. It is
well known that K is a complement in M if and only if it is closed
in M. If K" is a complement of K’ in M with K C K", then K"
is called a double complement of K in M and K’ is a complement
of K" in M. In this case, K” is a maximal essential extension of
K in M and K" is called a closure of K in M. In case M is
self-injective, we have M = K'@ K" (see [17, 17.7]). An R-module M is
called cocyclic if there is an element my € M with the property: every
R-homomorphism ¢ : M — L with my ¢ Ke(g) is a monomorphism.
This is also equivalent to say: M is an essential extension of a simple
module (see [17, 14.8]).

1.2. Some definitions and terminologies from graph theory.
Let G be a graph with vertex set V(G) and edge set F(G). For two
arbitrary distinct vertices z,y € V(G) the length of the shortest path
from x to y is denoted by d(z,y) and we write d(z,y) = oo if there is
no such paths. A graph G is called connected if d(x,y) is finite for all
pairs of vertices in V(G). The diameter of G is:

diam(G) = Sup{d(z,y)|x # y are vertices in G}.

A cligue in G is a complete subgraph of GG and the maximum cardinality
of cliques in G is called the clique number of G. The girth of G,
denoted by girth(G), is the least length of cycles in G (if there is one).
If there is no cycles in G, we write girth(G) = oc.

The reader is refered to [17], [6] and [13] for undefined concepts in
rings and module theory and to [15] and [10] for unmentioned things
about graph theory.

2. Some properties of I'.(M)

We assign to every module M a simple graph ' (M), called
essentiality graph of M, whose vertex set is L*(M) and two distinct
submodules K, L € L*(M) are defined to be adjacent if KNL <, K+ L.
In this section, we study the fundamental features of this graph in terms
of some module theoretic properties of the module M. At first, we give
three equivalent conditions for adjacency in I'.(M).

Lemma 2.1. If L and N are nonzero submodules of an R-module M,
then the following statements are equivalent:

(1) L and N are adjacent in To(M);
(2) There are injective hulls such as E(N) and E(L) of N and L
such that E(N) = E(L);
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(3) L and N have a common essential extension.

Proof. (1) = (2) If L and N are adjacent in I'.(M), then LN N is
an essential submodule of L + N. Therefore we have L <. L + N,
N <. L+ N and for an injective hull E(L + N) of L + N there are
injective hulls E(L) and E(N) of L and N (respectively) such that
E(L) = E(L + N) = E(N).

(2) = (3) If E(L) = E(N), then E(L) is a common essential
extension of L and N.

(3) = (1) If L and N are essential in M’, then NN L <, M’ and
NNL <N+ L<M. Therefore NNL <. N+ L, and thus L and N
are adjacent in I'.(M). O

Theorem 2.2. In I'.(M) the diameter of a connected component is at
most 2.

Proof. Let N and L be two arbitrary nonadjacent vertices in a
connected component of I'.(M) and consider the path:

N-L —Ly—---—L,—L
Then N N L; <. Ly and taking intersection with Lo, we obtain
NNLiNLy <, LiNLy <, Lo.

Now by induction we have NN Ly N...N L, N L <, L and using a
similar argument, we have LN Ly N...N L, "N <. N. Therefore
NNL <. Nand NN L <, L which yields the path N — NNL — L
and thus d(N, L) < 2. ]

Using the proof of Theorem 2.2, we obtain the following:

Corollary 2.3. Let the submodules A and B be nonadjacent vertices
in a connected component of U'e(M). Then AN B # 0 and we have the
path A — AN B — B in this graph.

Lemma 2.4. Let A and B be distinct vertices in a connected component
C of I'e(M). Then A and B are adjacent in C if and only if A+ B € C.

Proof. If A and B are adjacent in C, then ANB <, A,B <. A+ B
and so A+ B €C.

Conversely, if A+ B € C, then by Corollary 2.3, we have the path
A+B—(A+B)NA—A. But (A+ B)NA= A and we can conclude
that A <. A+ B. Similarly, B <. A+ B and A 4+ B is a common
essential extension of A and B. O

We sometimes use the following result of [19] which describes
the submodules of the direct sum of two modules. It is a simple
modification of a result for groups known as Goursat’s lemma.
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Lemma 2.5. [19, Lemma 4.1] Let U and W be R-modules. Then:

(1) There is a bijective map ¥ from the set of all R-submodules
of U x W to the set of all quintuples (Uy, U, 0, W1, Wy) where
UQ < U1 <U andWQ < W1 <W and 6 : Ul/UQ — Wl/WQ 18
an isomorphism of R-modules.

(2) U sends an R-submodule M of U x W to the quintuple

(pl<M)a kl(M)a9M7p2(M)> kz(M)),

where
M) ={ueU:JweW, (u,w) € M},
ki(M) ={ueU: (u,0) € M},
pa(M) ={weW:3uel, (uw) e M},
ko(M) ={w e W : (0,w) € M},

and, for any (u,w) € p(M) X po(M), the isomorphism 0Oy
sends u + ki (M) to w + ko(M) if and only if (u,w) € M.
Furthermore, the three R-modules py(M)/ki(M), pa(M)/ko( M)
and M /(ki(M) X ko(M)) are isomorphic.

(3) For any quintuple (Uy,Us, 0, W1, Ws) where Uy < Uy < U and
Wy < Wy < W and 0 : Uy /Uy — Wi /Wy is an isomorphism
of R-modules, the inverse of ¥ sends (Uy,Us, 0, Wy, Ws) to the
module {(u,w) € Uy x Wy : 0(u+ Us) = w + Wa}.

Example 2.6. Applying Lemma 2.5, we can determine the submodules
of the Z-module M = Zy x Z4. One can see that the graph associated
to this module can be presented as four components in which one of
the components is incomplete and its diameter is 2.

M
<(0,1)> I <(1,1)>

<(1,0),(0,2)>

& @
<(1,0)> <(0,2)> <(1,2)>

FIGURE 1. Te(2(Zy x Zy))
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For a given graph G, the set of all connected components of G is
denoted by C(G). Also, for a vertex v in G, we denote by CS the
connected component of the graph G containing v.

Lemma 2.7. The connected component of I'.(M) containing M is
complete.

Proof. If M is a semisimple module, then |C§j(M)| = 1 and the
assertion trivially holds. Let M be a nonsemisimple module and N
be a nontrivial submodule of M in C]FV;(M) which is not adjacent to M.
Then using Theorem 2.2, we have a path N — L — M in the connected
component of I'.(M) containing M, where L is a nonzero (essential)
submodule of M. Therefore, NN L <, N <. N + L <. M implies the
adjacence of N and M which is a contradiction. Hence M is a common
essential extension of every pair of vertices in C?j(M) and thus C]FV;(M)
is complete. 0

Lemma 2.8. Every connected component of I'e(M) contains at most
one minimal submodule and at least one closed submodule of M.

Proof. If N and L are two minimal submodules in the connected
component C of I'.(M) and N — NN L — L is a path between them,
then by minimality of N and L, we have N = NN L = L. For the
last part of the assertion, we note that if A € C, then A” is a closed
submodule and A <. A”, by [17, 17.7]. Therefore, A” € C. O

Let M’ be an essential extension of M. The following theorem
shows that the cardinal number of the set containing all connected
components in I'.(M) is equal to the cardinal number of the set of all
connected components in I'.(M').

Theorem 2.9. If M is a nonzero submodule of M', then M <, M’ if
and only if there exist a one to one correspondence

¢ : C(Le(M)) — C(T'e(M))
such that every C € C(I'o(M)) is the induced subgraph of ¢(C).

Proof. f M < M’ and L, N < M, then L is adjacent to N in I';(M)
if and only if LN N <, L+ N < M < M’'. Therefore I'.(M) is an
induced subgraph of I'.(M").

If M <, M and 0 # K < M, then K N M <, K and so K is
adjacent to KNM,ie K € CIF('}(%/). Let 0 #£ L < M and L be adjacent
to KinT.(M'). Then LNK <. L+ K and LN K < MNK imply that
LNK < K, MNK <, Kand LN K < M N K. Therefore, we have
the path L - LN K — KNM in I'.(M) and thus L € C%A%). Hence
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K is added at only one component of C(I'.(M)) and Clrjrg%) is induced
subgraph of Cj’ Kﬁ M . We define

¢ : C(Le(M)) — C(T'e(M))

with p(Ch ™M) = ™) for every 0 £ N < M. If C € C(T.(M"))
and K is a vertex 1n C, then C = ¢(C KQM)) and ¢ is surjective. If
QS(C]FV?(M)) qb(CN2 ) for submodules N; and Ny of M, then

Ny — Ny NNy — N,

is a path in I'.(M’) and thus in I'.(M). Therefore Cy C(M) CN2(M) and
¢ is injective.

On the other hand, let K be a nonzero submodule of M’ such that
K € ¢(C) € C(I'.(M")), where C is a (nonempty) connected component
of [.(M). If L € C for L < M, then L € ¢(C) and thanks to Corollary
2.3, KNL#0 and thus K N M # 0. Therefore, M <. M'. OJ

Corollary 2.10. The cardinal number of the connected components of
[.(M) is equal to the cardinal number of the connected components of

Lo (E(M)).

Corollary 2.11. IfC is a connected component of diameter 2 in I'o(M)
and M <. M’, then the extension of C in I'.(M’) is also of diameter 2.

The following theorem gives us the conditions which are equivalent
to the completeness of I'.(M).

Theorem 2.12. If M is an R-module, the following statements are
equivalent:
(1) Fe(M) is complete;
) Te(M) is connected;
) M is a uniform module;
) E(M) is indecomposable;
) Te(E(M)) is complete;
) (0) is an irreducible submodule of M ;
) There is an irreducible left ideal I of R such that

E(M) ~ E(R/I).

If M is m-injective module, then (1) — (7) are equivalent to:
(8) M is indecomposable.

If M is continuous, then (1) — (8) are equivalent to:
(9) Endg(M) is a local ring.

Proof. (1) = (2) and (3) < (6) are obvious.
(2) = (1) is clear by lemma 2.7.

(2
(3
(4
(5
(6
(7
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(1) & (3) If I'.(M) is complete, then M is a common essential
extension of any pair of nonzero submodules.

(3) = (4) Let A and B are two nonzero submodules of E(M), then
ANM # 0 # BNM and since ANM and BNM are nonzero submodules
of M, 0# (ANM)N (BN M) C An B. Therefore, every nonzero
submodule of E(M) is essential and thus F(M) is indecomposable.

(4) = (3) For every nonzero submodule N of M, E(N) is an injective
submodule of E(M) and thus it is a direct summand of E(M). Since
E(M) is indecomposable, we have E(N) = E(M). Hence N <. E(M)
and thus N <, M.

(3) = (5) If K is a nonzero submodule of E(M), then K N M is a
nonzero submodule of M and therefore it is essential in M and since
M <. E(M), we have K N M <. E(M) and thus K <. E(M).

(5) = (1) M is a submodule of E(M) and thus I'.(M) is an induced
subgraph of ['.(E(M)).

(4) < (7) see [13, Page 49].

(3) < (8) see [0, Page 14].

(3) < (9) see [0, Page 15]. O

Example 2.13. As it can be seen in [17, 14.8], an R-module N is
cocyclic if and only if it is an essential extension of a simple R-module.
Thus for every cocyclic R-module N, the essentiality graph ['.(NNV)
is complete. In particular, for every simple R-module S, the graph
I'.(E(S)) associated to the injective hull E(S) of S is complete.

Corollary 2.14. Let M be an R-module with Soc(M) # 0. Then
Lo (M) is complete if and only if M is cocyclic.

Proof. 1f M is cocyclic, then I'.(M) is complete by Example 2.13.
Conversely, let S be a simple submodule of M and T'.(M) be
complete. Then M is uniform by Theorem 2.12. Hence for every
nonzero submodule L of M, the fact S N L # 0 implies that S <, M.
This means that M is an essential extension of the simple submodule
S;i.e. M is cocyclic. O

The following easy example shows that Soc(M) # 0 is not a
necessary condition for I'.(M) to be complete.

Example 2.15. I'.(3Z) is complete but zZ does not have minimal
submodules.

Example 2.16. Let K be the field of fractions of a commutative
domain D. Then pK = E(pD) and thus I'.(pK) and T'.(pD) are
complete graphs because (0) is an irreducible submodule of pD.
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In [10] Matlis showed that if R is a commutative noetherian ring,
then there is a one-to-one correspondence between the prime ideals of
R and the indecomposable injective R-modules given by P — E (%),
where P is a prime ideal of R. Accordingly, the only Z-modules M with
complete I'.(M) are the modules whose injective hulls are isomorphic
to Q or Zpe.

3. The clique number and the girth of I'.(M)

In this section, we investigate the clique number and the girth of the
essentiality graph I'.(M), associated to an R-module M.

In the following lemma, for a submodule K of an R-module M, the
set (K) of all essential submodules of K has been determined using
that of M.

Lemma 3.1. For a submodule K of M, e(K) ={KNN : N €e(M)}.

Proof. If N <. M, then NN K <., K and thus NN K € ¢(K).
Let B <. K. We know that B& B’ <, M, where B’ is a complement
of B in M. According to the modular law, we have

(Be@B)NK=Ba& (B'NK).

Since B <. K, we have BN K = 0 and hence (B® B’')N K = B. Now
just put N = B® B'. O

Corollary 3.2. For every submodule K of M we have |e(K)| < |e(M)].

Remark 3.3. Let A and B be submodules of M with A <. B. If B”
is a double complement of B in M and A” be a double complement of
Ain B”, then A" < B" and A <. B <. B” imply that A" <. B” and
A" is a closed submodule of M, by [6, Page 6]. Therefore, A" = B”, by
closedness of B” in M . This means that in case A <. B, every double
complement of B is equal to a double complement of A in M.

Lemma 3.4. Every maximal cliqgue in To(M) is of the form e(N),
where N is a closed submodule of M.

Proof. Let N be a closed submodule of M. Then N is a common
essential extension for every pair of submodules in £(/N) and thus it
forms a clique in I'.(M). Now if (V) U {B} is also a clique, then
adjacence of B with N and closedness of N imply that B <. N. This
means that e(N) is a maximal clique.

Conversely, let Y be a maximal clique in a connected component C
of (M) with X € Y . Then every vertex Y € »_ is adjacent to X.
This implies that X <, X +Y and Y <. X + Y. As a consequence of
Remark 3.3, for every double complement (X + Y)” of X +Y, there
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exists a double complement X" of X and also a double complement
Y" of Y such that X" = (X +Y)" = Y". This means that for these

double complements X" and Y, we have S = ¢(X") = (Y").
0J

Lemma 3.5. Suppose that C is a connected component of Uo(M). Then
C is complete if and only if C = e(N), where N is a closed submodule
of M. In this case N is the unique closed submodule of M in C.

Proof. 1f C is a complete connected component of I'.(M), then C is a
maximal clique and and C = ¢(N) for some closed submodule N of M,
by Lemma 3.4.

Conversely, if C = ¢(N), for a submodule N of M, then N is a
common essential extension of any two vertices in C and thus C is
complete.

If N <. B, then B € C = ¢(N) and hence B <. N. Therefore
B = N and thus N is closed. Now let L be a closed submodule of M
in C =¢(N). Then L <. N and thus L = N by closedness of L. This
means that N is the unique closed submodule of M in C. O

Corollary 3.6. If['.(M) is a union of complete connected components,
then every connected component C of I'.(M) contains precisely one

closed submodule N of M and C = ¢(N).
Corollary 3.7. The clique number of I'.(M) is |e(M)|.

Proof. By Lemma 2.7, (M) is a complete connected component of
[.(M). Since M is closed, ¢(M) is also a maximal clique in I'o.(M). If
> is a maximal clique in I'. (M), then C = (V) for a closed submodule
N of M, by Lemma 3.4. Now we have |> | = [¢(NV)| < [e(M)], by
Corollary 3.2. O

Remark 3.8. A submodule Nof M is an isolated vertex in I'.(M) if
and only if N is semisimple and closed in M.

If C is a stellar connected component of I'.(M), then the girth of C
is infinite. In the following lemma, we show that the girth of C is 3 or
infinite.

Lemma 3.9. IfC is a non-stellar connected component of T'.(M) with
at least three vertices, then its girth is 3.

Proof. 1t |C| = 3, then C is complete and its girth is 3.

Let |C| > 4 and N — L— P —(Q be a path in C of distinct submodules.
Then N and L have a common essential extension M’. Also, L and P
have a common essential extension M"” and M" can be considered as
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a common essential extension of P and Q. If N # M’ and L # M’,
then we have a triangle with vertices N, L and M’. Otherwise

(1) If N =M and L = M", then P <. L <. N and we have a

triangle.

(2) f L =M and P = M", then N <. L <. P and we have a
triangle.

3) f L =M = M" then N <, L and P <. L and we have a
triangle.

(4) If L =M and P = M", then if Q = M"" similar to (1) and if
P = M" similar to (3), we have a triangle.
So girth(I'.(M)) = 3. O

Remark 3.10. An R-module M is a semisimple module if and only if
I'.(M) is a null graph.

Proof. If M is a semisimple module, then every submodule of M is
semisimple and so there is no essential inclusion between submodules.

Conversely, if ['.(M) is a null graph, then M does not have any
proper essential submodule which implies that M is semisimple. 0

Theorem 3.11. If M is a nonsemisimple module, then
girth(Te(M)) = oo
if and only if |e(M)| = 2 (module with one proper essential submodule).

Proof. Let M be a nonsemisimple module and girth(T'.(M)) = oo.
Then |e(M)| > 2. If |[e(M)] > 3, then C]F\j(M) has a circle of length 3
which is a contradiction.

Conversely, if |¢(M)| = 2 and N is a common essential extention of

the submodules A and B in M with N # A and N # B, then
e(M)] = [e(N)] = 3,

and this is a contradiction by Corollary 3.2. Therefore, there is no
triangle in I'.(M) and therefore girth(I.(M)) = cc. O]

4. The essentiality graph associated to a UC-module

In [11], P. F. Smith called a module M a UC-module if every
submodule of M has a unique closure (maximal essential extension)
in M. He also gave necessary and sufficient conditions for M to
be a UC-module. In this section, we specify the essentiality graph
associated to a UC-module. As an special case, we examine the
Z-module Z/mZ, which is isomorphic to Z,,.

The following lemma determines when all connected components of
['.(M) are complete.
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Lemma 4.1. Let M be an R-module. The graph U'.(M) is a union of
complete connected components if and only if the intersection of any
two distinct members of the set {e(N):0# N <. M} is empty.

Proof. If M is a uniform module, then T'.(M) contains only one
component, namely e(M). Then M is the only nonzero closed
submodule of M and the assertion is obvious in this case.

Now let I'.(M) be a union of complete connected components and
K € ¢(N)Nneg(L) where L and N be two distinct closed submodules
of M. Then K <, N, K <. L imply that N, L € CIF;(M) and CEE(M)
is a complete connected component of I'.(M). Therefore, N 4+ L will
be a common essential extension of N and L which contradicts the
closedness of N and L.

Conversely, let C be a connected component of I'.(M). If |C| < 2,
then C is complete. If |C| > 3 and K and N are two arbitrary
distinct vertices in C, then we have the path N — NN K — K. Hence,
NNK <, N<.N'and NN K <., K <. K". Therefore,

NNK eeN")Ne(K")

and by hypothesis N = K" is a common essential extension of N and
K. This means that N is adjacent to K and thus C is complete. 0

We show in the following that the essentiality graph associated to
the Z-module Z,,, is a union of complete connected components.
Furthermore, the closed submodules of Z,, and the vertices in each
component of I'.(Z,,) are identified.

In the rest of this section, let m = p{*--- p%, where n € N,
P1, -+ ,Pp are distinct prime numbers and for every i € {1,--- n},
oy € N.

Lemma 4.2. The set of all closed submodules of the Z-module Z,, is
X ={<plt - phtr > 1<i<n,t; €{0,0;}}.

Proof. Without loss of generality, we can consider A € X of the form

A=< pf---pp* >, where 1 < k < n. If k=mn, then A =0 which

is a closed submodule. Let 1 < kK < n—1. If B is an extension of

A, then B =< pi .. -p',;’“ > where t; < a;. Now for the submodule

C=<pl-- -p',;’“pill --p% > of B, we have ANC = {0}. This means

that A is not essential in B and thus A is a closed submodule of Z,,.
If A¢ X, without loss of generality, we can take

Al+1

A:<p’f1...p;”pl+l pzk >
with 1 < I <k <nand o # u; # 0 for 1 < i < I. Now, if we

take B =< p; 4" - pp* >, then we have A S B and every nonzero
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submodule T of B is of the form

Q41 g Vk+1

T =<pi" p'piq - D PRy P >
where at least one v; is nonequal to «;. Therefore,
ANT =< pgnam{uhm} . 'p;naa:{ul,vl}p;l_ﬁl . 'szpzlfﬁl . 'pZn >7A {0}

Thus B is a proper essential extension of A and this means that A
is not a closed submodule of Z,,. O

Lemma 4.3. If A is a closed Z-submodule of Z,, of the form
A=<pi"---p* >, then the set of all essential submodules of A is

e(A) = {<p‘f‘1---pz’“p2’“jf--~pfl" > k+1<i<n0<t <o —1}.
Proof. Let
YA:{<pff1--~pz’“kajf---pff > k+1<i<n0<t <o —1}.
Then A is the maximum element of Y4 and
B=<pl.. -p;"“pg_’fll_l cepnTl s

is the minimum element of Y, with respect to inclusion. We show
B <. A. For this purpose, suppose that C' is a nonzero submodule
of A. If C € Yy, then B < C and BNC # {0}. If C ¢ Yy

without loss of generality we consider
B n
C=<pi' P pei oy - o >
wherein [3; # «; for at least one k + 2 < i < n and
OB =<y b i wir >

wherein r; # «; for at least one k+2 < i <nandso CNB # {0} and
B <. A.
The set of submodules of A is

L(A) = {<p{" - piiplil -l >t € 40,1, it}
and the set of nonzero submodules of A is L*(A). If Ty € L*(A) — Y4

is of the form T} =< pi*-- pzkp',;"jf -+ pln > where some t; is equal

to ;. We can consider t; # «; for k+1 < ¢ < u < n and put

Ty =< p* - prtppstt - plepytyt -+ - pir > such that 0 < v; < oy and
therefore Ty, < A and T3 N Ty = {0} so 17 is not essential in A. O

Theorem 4.4. T'.(Z,,) is a union of complete connected components.
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Proof. Let N = (P." P;jz’“) and L = <chsz .- P27T) be two
arbitrary distinct nonzero closed submodules of Z,,, where
l1<k<n—-1,1<r<n-1, {i, - ,ix} and {51, -+ ,7.} are

distinct subsets of {1,--- ,n}. For an arbitrary element

ERS {ila"' 7”@}\{]17 7j7'}7

the generator element of no essential submodule of L can contain a
multiple of p¢, by Lemma 4.3. However, the generator element of
every essential submodule of N contains some multiples of p&s. This
means that e(N) Ne(L) = @. Thus we can conclude that I'.(Z,,) is a
union of complete connected components, by Lemma 4.1. O

Now, using Theorem 4.4, we have:

Corollary 4.5. If m = pi*---p2, then the number of connected
components of I'e(Z,) is equal to 2™ — 1.

Since the set of all closed submodules of Z,, is the set
X ={<pl.pr>t; €{0,04}}
and for A € X of the foorm A =< pi"..pp* > the set of essential
submodules of A is
e(A) ={< pi"* - pz’“pfﬂ’“ﬁ coeplt >0 <t < —1, for k+1<i < n},
and thus |e(A)| = @41 ... a,. We can define the bijection map:
f: X —=>U={(B1,B2....0n): Bi€{0,1}}

fl<pips o >) = (B, By -, Bn)
wherein if t; = 0, then 8; = 1 and if t; = «;, then 8; = 0. Also, the
number of submodules of Z,, is obtained by the following relation:

H(ai+1): Z ot ol

i=1 (B1yeBn)EU

In the above summation, each summand (except the last 1) is equal to
the number of vertices in a (complete) connected component of I'.(Z,,)
and the frequency of each summand shows the frequency of components
of the same cardinality. We illustrate this in the following example.

Example 4.6. In this example, we want to draw the essentiality graph
associated to the Z-module Zsgp. The nonzero closed submodules of
Zseo are (1), (5), (8), (9),(40),(45) and (72), by Lemma 4.2. Now, using
Lemma 4.3, we can obtain the connected components of I'.(zZ3g0).
Note that the vertex set of each connected component is the set of
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essential submodules of a nonzero closed submodule, by Corollary 3.6.
In fact, since 360 = 23 x 32 x 5, the equalities
|L(Z3eo)| = 3+ 1)(2+1)(1+1)
=Bx2x1)+Bx2x1)+B3x1x1)+(3x1x1)
+(Ix2x1)+(Ix2x1)+(1x1x1)+1x1x1.
show that in ['.(zZ3g0) there are two components with 6 vertices, two
components with 3 vertices, two components with 2 vertices and a

component with 1 vertex. This graph has been drawn in the following
figure.

<25 <10>
*——-
<4> <3> i 24> <15> <20>
<6> <12> <30> <60>
<9> @ <45>
<72>
o —-0
<18> <36>  <40> <120> <90> <180>

FIGURE 2. Fe (ZZ%Q)

Note that the number of prime divisors of 360 is 3. Thus I'.(zZ360)
has 7 connected components, by Corollary 4.5.

As we saw in Theorem 4.4 and in Example 4.6, all connected
components of the graph ['.(Z,,) are complete. The following example
shows that this need not be true even for every Z-module.

Example 4.7. Consider the Z-module M = Zs x Z. According to
Lemma 2.5, the set of all nonzero submodules of M is:
L*(M) = {((0,n)) = {0} x nZ|n € N}
U{{((1,0),(0,n)) = Zy x nZ|n € Z}
U{{(1,n)) = Zy »|n € N}.
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Also, it is easy to see that the set of all essential submodules of M is
e(M) = {Zy x nZ|n € N}. By Lemma 3.1, for every positive integer n,
the set of all essential submodules of Z ,, is:

5(Zl,n) = {(ZQ X mZ) N Z17n|m € N}

With a few calculations and considering several cases for m and n, it
can be seen that

€<Zl,n) = {{0} X anZ)]k € N} U {Zl,(2k71)n|k, € N}

This means that if ¢ is an odd multiple of n, then the Z-module
((1,t)) = Z;+ has an essential extension Z;,. But for every
nonnegative integer ¢, the Z-module ((1,2")) = Z; 5 has no proper
essential extension of the form Z; ,,. Moreover, it is not contained in
any submodule of the form {0} x kZ and it can not be essential in a
Z-module of the form Zy x nZ. Therefore, ((1,2%)) = Z; 5 is a closed
submodule in M for every nonnegative integer i. Actually, the set of
closed submodules of M = Zs X Z is:

{Zy x {0}, M = Zy x Z,{0} x Z} U {Zy i > 0}.

Now, using Lemma 3.4, the maximal cliques in T, (M) are:
€(Zyx{0}), Co = (M), ({0} x Z), and the cliques of the form e(Z; ).
For nonnegative integers ¢ and j, if we set t = Max{i + 1,5 + 1}, then

{0} X 2tZ € €<Z172i) M E(Zng).
Moreover, For every nonnegative integer i, we have:
{0} X QiHZ c 5(21722‘) N 8({0} X Z)

Thus the set ({0} x Z) UJ;2, €(Z, 9:) is a connected component of
[.(M). This connected component is not complete, because it has more
than one closed submodules. In fact, I'.(M) contains the following
three connected components:

» the isolated vertex C; = £(Zy x {0}) = {Zy x {0}},

» the complete connected component Cy = (M),

» incomplete connected component C3 = ({0} xZ)UU;~ €(Z1 2i)-

By determining the associated graph to this Z-module, the double

complement of each submodule can be determined. In fact, if K is the
submodule Zy x {0} of M, then K" = K = Zy x {0}. The double
complement of submodules of the form Zo X nZ is M = Zy X Z. In
case K is of the form Z, ,,, the double complement K" is Zy 1, if n is
odd and K" = Zygi if n =1t x 2", where i € N and ¢ is an odd positive
integer. For the case K = {0} x nZ, we have K" = {0} x Z if n is odd
and K" € {{0} X Z,Z,,- - Ly 9i-1} if n =1t x 2, where ¢ is odd.
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In fact, the Z-module Zy x Z in Example 4.7, contains a unique simple
submodule (namely Zy x 0), but it is not cocyclic. This example illus-
trates a big difference between cocyclic modules and the modules with
unique simple submodules. Namely, the essentiality graph associated
to every cocyclic module has a unique complete connected component.
But that of the module Z, x Z is not connected and it consists of an
incomplete component.

The following theorem characterizes all modules whose essentiality
graphs are a union of complete connected components.

Theorem 4.8. An R-module M is a UC-module if and only if every
connected component of To(M) is complete.

Proof. 1f C is a connected component of I'.(M) and Ny, Ny are two
distinct closed submodules in C, then we have the path N;— NN Ny— Ny
and thus NyN N, has two distinct closures Ny and Ny which contradicts
the assumption. Therefore C contains only one closed submodule N and
so C = (). Hence C is complete.

Conversely, If C is a complete connected component of I'.(M), then
by Lemma 3.5, C = (), where N <. M. Therefore, N is the unique
closure of the members of C and so M is a UC-module. O

According to Theorem 4.8, uniform modules, semisimple modules
and every Z-module of the form Z, are UC-modules and by
Theorem 2.9, whenever N < M, then I';(N) is an induced subgraph
of I'.(M) and we conclude that the submodules of a UC-module are
themselves UC-modules. If M is a nonsingular module and N < M
then,

N"={me M|(N :m) <. R}
is the unique closure of N (see [18]). Therefore, every nonsingular
module is a UC-module. The Z-module Zg is a UC-module but not
nonsingular module (ann(2) = 3Z <. Z).

Let kM be a nonsingular module and N <. M. In [I8], Wong
specified the relationship between the closed submodules of N and the
closed submodules of M. In the next theorem, we prove this relation
for every UC-module with the help of its essentiality graph. First, we
have the following two lemmas.

Lemma 4.9. Let M be a UC-module and L < N are submodules of M
with unique closures L" and N in M, respectively. Then, L" < N”.

Proof. 1f Ly is the closure of L in N” then, by [0, page 6], L; is closed in
M and by uniqueness of closure, we have L; = L and thus L” < N”. O
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Lemma 4.10. If M is a UC-module and N < M and K <. M then,
NNK <. N.

Proof. We consider L as closure of N N K in N and L” as closure of
L in M. In this case, L" is the unique closure of N N K in M and by
Lemma 4.9. Therefore, L” = (NN K)"” < K" = K and thus L < K.
But L is the closure of NN K. Hence L = NN K is closed in N. [

Theorem 4.11. If N is an essential submodule in a UC-module M,
then there is a one to one correspondence between the closed submodules
of M and the closed submodules of N (closed in N ) given by:

K — KN N, where K 1is closed in M,

K — K", where K is closed in N and K" is the closure of K in M.

Proof. I'.(M) is a union of complete connected components and by
Theorem 2.9, there is a one to one correspondence between connected
components of I'.(M) and I'.(N) and by Lemma 3.5, each connected
component of these two graphs has only one closed submodule. Hence,
M and N have equally closed submodules.

Ift K <. M, then KNN <. N by Lemma 4.10. 0
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