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REGULAR FILTERS OF DISTRIBUTIVE LATTICES
M. SAMBASIVA RAO* AND A. P. PHANEENDRA KUMAR

ABSTRACT. The concepts of regular filters and w-filters are
introduced in distributive lattices. A set of equivalent conditions
is given for a D-filter to become a regular filter. For every D-filter,
it is proved that there exists a homomorphism whose dense kernel
is a regular filter. n-filters are characterized in terms of regular
filters and congruences. Some equivalent conditions are given for
the space of all prime w-filters to become a Hausdorff space.

INTRODUCTION

Many authors introduced the concept of annihilators in the
structures of rings as well as lattices and characterized several
algebraic structures in terms of annihilators. In their research,
T. P. Speed [11] and W. H. Cornish [!] made an extensive study of
annihilators in distributive lattices. In [5], some properties of minimal
prime filters are studied in distributive lattice and the properties of
dense elements and D-filters are studied in M S-algebras [9]. In [2],
the notion of D-filters was introduced in pseudo-complemented semi-
lattices. Later it was generalized by the author [9] in M S-algebras.

The main aim of this paper is to study some further properties of
dense elements and D-filters in the form of regular filters and n-filters
of distributive lattices. Some equivalent conditions are established for
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a D-filter to become a regular filter. For a D-filter of a distributive lat-
tice, it is proved that there exists a homomorphism whose dense kernel
is a regular filter. Finally, a sufficient condition is derived, in terms of
regular filters, for every distributive lattice to become relatively
complemented. A set of equivalent conditions are derived for a
distributive lattice to become a Boolean algebra. Some topological
properties of the space of all prime 7-filters of distributive lattices are
also studied.

1. PRELIMINARIES

The reader is referred to [I] and [3] for the elementary notions and
notations of distributive lattices. Some of the preliminary definitions
and results of [9] and [¢] are presented for the ready reference.

Definition 1.1. [I] An algebra (L,A,V) of type (2,2) is called a
distributive lattice if for all z,y,2z € L, it satisfies the following
properties (1), (2),(3) and (4) along with (5) or (5)

(HzAhz=x,zVar=uz,

B xVyAnz)=(xVy AxzVz).

A non-empty subset A of a lattice L is called an ideal (filter) of L if
avVbe A(anbe A)andaAx € A (aVx € A) whenever a,b € A
and x € L. The set Z(L) of all ideals of the lattice (L, Vv, A,0) forms a
complete distributive lattice as well as the set F(L) of all filters of the
lattice (L, V, A, 1) forms a complete distributive lattice. A proper ideal
(filter) M of a lattice is called mazimal if there exists no proper ideal
(filter) N such that M C N.

Definition 1.2. [3] Let (L,A,V) be a lattice. A partial ordering
relation < is defined on L by x < y if and only if xt Ay = = and
xVy =y. In this case, the pair (L, <) is called a partially ordered set.
Ifz <yory<axforall x,y € L, then (L, <) is called a totally ordered
set.

The set (a] = {x € L | x < a} is called a principal ideal generated
by the element a and the set of all principal ideals is a sublattice of
Z(L). Dually the set [a) = {z € L | a < z} is called a principal
filter generated by the element a and the set of all principal filters is
a sublattice of F(L). A proper ideal (proper filter) P of a lattice L is
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called prime if for all a,b € L, aANb € P (aVb € P) then a € P or
b € P. Every maximal filter is a prime filter.

Theorem 1.3. [!] Let F be a filter and I an ideal of a distributive
lattice L such that F NI = 0, then there exists a prime filter P of L
such that F C P and PN I = 0.

For any element a of a distributive lattice L, the annihilator of a is
defined as the set (a)* = {z € L |xAa =0 }. An element a of a
lattice L is called a dense element if (a)* = {0}. The set D of all dense
elements of a lattice L forms a filter of L.

Definition 1.4. [9] A filter F' of a lattice L is called a D-filter if D C F.

The set D of all dense elements of a distributive lattice is the smallest
D-filter of the lattice. For any subset A of a lattice L, define

A°={xeL|avxeDforalac A}

Clearly L° = D and D° = L. It can also be observed that D C A° for
any subset A of a lattice L. For any a € L, we simply represent ({a})®
by (a)°. Then it is obvious that (1)° = L. For any subset A of L, A°
is a D-filter of L.

Lemma 1.5. [8] For any subsets A, B of a distributive lattice L,
(1) A C B implies B° C A°,
(2) AC A,
(3) Aooo — Ao}
(4) A°=L< ACD.
Proposition 1.6. [8] For any filters F, G, H of a distributive lattice L,
(1) F°PNF°*° =D,
(2) FNG C D implies F C G°,
(3) (FVG)° =F°NG°,
(4) (FNG)*° =F*°NG*™.

It is clear that ([z))° = (x)°. Then clearly (0)° = D. The following
corollary is a direct consequence of the above results.

Corollary 1.7. [3] Let L be a distributive lattice. For any a,b,c € L,
(1) a < b implies (a)° C (b)°,
(2) (anb)® = (a)* N (b)°,
(3) (aVb)* = (a)* N (b)”,
(4) (a)° = L if and only if a is dense.
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Proposition 1.8. [8] For any D-filter F' of a distributive lattice L,
(1) FNF° =D
(2) F°=(\{P | P is a prime D-filter such that F ¢ P}
(3) For any ideal I of L such that F NI =, there exists a prime
D-filter P of L such that F C P and PN1I = 0.

Let F be a D-filter and = ¢ F. Then there exists a prime D-filter P
such that F C P and z ¢ P. A prime D-filter P of a lattice L is called
minimal if there exists no prime D-filter () such that ) C P.

Theorem 1.9. [8] A prime D-filter P of a lattice L is minimal if and
only if to each x € P, there exists y ¢ P such that x Vy € D.

Throughout this article, all lattices are bounded distributive lattices
unless otherwise mentioned.

2. REGULAR FILTERS OF LATTICES

In this section, the concept of regular filters is introduced in lattices.
Some properties of D-filters are observed. A set of equivalent conditions
is derived for a D-filter of a lattice to become a regular filter.

Definition 2.1. A filter F' of a lattice L is called regular if F' = F°°.

Obviously, A° is a regular filter for each subset A of a lattice L. It
is also clear that D and L are both regular filters. Since D C F°° = F
for any filter F', it is obvious that every regular filter is a D-filter.
Moreover, for any E C D, it is clear that L. = D° C E°. Hence
E°° = L° = D. Therefore D is the smallest regular filter in the lattice
L. Let RF(L) be the set of all regular filters of L.

Theorem 2.2. For any lattice L, the class RF (L) of all reqular filters
of L forms a complete Boolean algebra.

Proof. Clearly (RF(L),C) is a partially ordered set, where C is the
set-inclusion. Let F) G € RF(L). Then clearly F*° N G*° = (FNG)*°
is the infimum of both F' and G in RF(L). Again, define the binary
operation Ll on RF (L) as follows:

FUG = (F°NG)°

It can be easily observed that (F° N G°)° is the supremum for F' and
G in RF(L). Clearly D and L are the least and greatest elements in
RF(L). Hence (RF(L),N,U,D, L) is a bounded distributive lattice.
Now, for any F' € RF(L), FNF° = F*°NF° =D and

FUF° = (F°NF®)°=D"=L.
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Hence F° is the unique complement of F' in RF(L). Therefore
(RF(L),Nn,U, D, L,) is a complete Boolean algebra. O

For any x € L, (x)° is a regular filter and hence for any two (z)° and
(y)° their supremum in RF (L) is
(2)° U (y)” = ((2)*° N (y)*)" = (z V)™ = (zVy)
Also their infimum in RF(L) is (2)° N (y)° = (x A y)°. We are thus

lead to the following result, which is a direct consequence of the above
observation.

Theorem 2.3. Let L be a lattice. Then the class RFo(L) of all
regular filters of the form (x)°,x € L is a lattice (RF,(L),N,L) and
sublattice of the distributive lattice (RF (L), N, ) of all regular filters of
L. Moreover, RF.(L) has the greatest element L = (d)° for arbitrary
d € D while RF,(L) has the smallest element (0)° = D.

Theorem 2.4. Let I’ be a D-filter of a lattice L. Then FV F° = L if
and only if F is reqular and F°V F°° = L.
Proof. Assume that F'V F° = L for any D-filter F' of L. Then
F°° =F°nNL
=F°N(FVF°)
=(F*°NF)V(F°NF°)

=FVD

=F.
Hence F' is regular. Also F°V F°° = F°V F = L. The converse is
clear. ]

In the following result, a set of equivalent conditions is derived for a
prime D-filter of a lattice to become a minimal prime D-filter.

Theorem 2.5. The following assertions are equivalent in a lattice L:
(1) every prime D-filter is minimal;
(2) for each x € L,[x) V (x)° = L;
(3) for each x € L,[x) = (2)*° and (z)° V (x)°° = L.
Proof. (1) = (2) : Assume condition (1). Let z € L. Suppose
[z) V (x)° # L. Then there exists a prime filter P such that
[z)V (2)° C P.

Since (z)° is a D-filter, we get that P is a D-filter. Hence by the
hypothesis, P is minimal. Since (x)° C P, by Theorem 1.8(2), we get
that z ¢ P, which is a contradiction. Therefore [z) V (2)° = L.
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(2) = (3) : From Theorem 2.4, it is clear.

(3) = (1) : Assume the condition (3). Let P be a prime D-filter.
Suppose there exists a prime D-filter () such that () C P. Then, choose
r € P— Q. Since x ¢ @, we get that (z)° C Q. Since = € P, by the
assumed condition we get

L=(z)°V(z)°=[z)V(x)°CPVQ=P
which is a contradiction. Thus P is a minimal prime D-filter of L. [J

A filter F of a lattice L is called condensed if F° = D. Then clearly
the set of all condensed filters of a lattice L forms a sublattice to the
lattice of all filters of L. It can be easily seen that a proper condensed
filter will never be a regular filter. It can also be observed that every
regular filter is a D-filter. The converse of this is not true in general.
i.e. not every D-filter of a lattice has to be a regular filter. However, in
the following theorem, some equivalent conditions are derived for every
D-filter of a lattice to become a regular filter.

Theorem 2.6. Let L be a lattice in which every proper filter is non-
condensed. Then the following assertions are equivalent:

(1) every D-filter is a reqular filter;
(2) every prime D-filter is a regular filter;
(3) every prime D-filter is minimal;
(4) every prime D-filter is maximal.

Proof. (1) = (2): It is obvious.

(2) = (3): Assume that every prime D-filter is a regular filter. Let
P be a prime D-filter of L. Then P°° = P. Suppose P is not a
minimal prime D-filter. Then there exists a prime D-filter () such that
QQ C P. Choose x € P— (. Let a € P°. Since x € P, we get that
aVrxeDCQ. Since @ is prime and z ¢ @, it yield that a € Q C P.
Hence P° C P C P°°. Thus P° = P°N P = D. Hence P = P*° = L,
which is a contradiction. Therefore P is a minimal prime D-filter of L.

(3) = (4): Since every maximal D-filter is prime, this is clear.

(4) = (1): Assume that every prime D-filter is maximal. Let F
be a non-dense filter. Clearly F' C F°°. Let x € F°°. Then we get
F° C (x)°. Suppose x ¢ F. Then there exists a prime D-filter P such
that /¥ C P and = ¢ P. By the condition (4), P is maximal. Since
x ¢ P, weget PV[zr)=L. Hence P°N(x)° = (P V [z))° = L° = D.
Thus P° = P°N F° = D, which is a contradiction. Hence x € F' and
thus F°° C F. Therefore F'is a regular filter of L. O
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For any filter F' of a bounded lattice L, denote the set of all
homomorphisms defined on F' by Homy(F'). It can be easily observed
that Homy(F) is a distributive lattice with respect to the point-wise
operations. Then the following proposition can be routinely verified.

Proposition 2.7. Let F' be a filter of a lattice L. For any r € L,
consider ¢, : F — F by ¢,.(x) = x NV r for all x € F. Then we have
the following properties hold:

(1) ¢, is a homomorphism,

(2) Prps = Or N Qs forr,s € L,
(3) Gpvs = & V @5 forr,s € L.

Let F' be a D-filter of a bounded lattice L. A homomorphism
v: F — F is called dense-valued if v(z) is dense for all x € F. Now,
consider the set of all v € Homy(F) such that v is a dense-valued
homomorphism denoted by D(F). It is clear that the unit element of
Homp(F) is in D(F). In fact, the map 1 : F' — F given by 1(z) = x
for all x € F, is a dense-valued homomorphism. Hence 1 € D(F).
Moreover, it can be easily observed that D(F) is a filter of Homy(F).
Also, &, € D(F) for all d € D.

Definition 2.8. Let F' be a D-filter of a lattice L and
f:L— Homg(F)

a homomorphism. Then define the dense-kernel KerP?(f) of the
homomorphism f as Ker?(f) = {x € L | f(z) € D(F)}. Also, define
amap ®p: L — Homy(F) given by ®(r) = @, for all r € L.

Lemma 2.9. Let F be a D-filter of a lattice L and f : L — Hom(F')
a homomorphism. Then KerP(f) is a filter in L.

Theorem 2.10. For any D-filter F' of a bounded lattice L, we have
Ker?(®p) = F°
So, F° can be considered as the dense-kernel of a homomorphism.

Proof. Assume that r € KerP?(®z). Then ®, € D(F), hence
xVr = &.(x) is dense for all x € F. Hence r € F°. Conversely,
let » € F°. Then x Vr € D for all x € F. Thus ®, is dense for all
x € F. Thus ®p(r) = ®, € D(F). Hence r € Ker?(®p). O

Theorem 2.11. If every D-filter of a lattice L is a regular filter, then
any two prime D-filters are incomparable.

Proof. Assume that every D-filter is a regular filter. Suppose that
there exists two distinct prime D-filters P, () such that P C (). Choose
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qg € Q— P. For any x € °, we have x Vq € D C P. Hence
x € P because of P is prime and ¢ ¢ P. Thus Q° C P C (). Hence
QR° = QNE° = D. Since every D-filter is regular, @) is regular. So
Q = Q°° = D° = L, which is a contradiction. Hence any two prime
D-filters are incomparable. O

In the following theorem, a sufficient condition is derived, in terms
of regular filters, for a lattice to become relatively complemented.

Theorem 2.12. Let L be a lattice in which every principal filter is
a D-filter. If every D-filter is a reqular filter, then L is relatively
complemented.

Proof. Let L be a lattice in which every principal filter is a D-filter.
Assume that every D-filter of L is a regular filter. Suppose L is not
relatively complemented. Then there exists three elements a,b,c € L
such that b < ¢ < a and ¢ has no complement in the interval [b, a.
Consider the set [ = {x € L | ¢ Ax < b}. It is easy to check that [
is an ideal in L. Now consider the ideal E = I V (¢]. Suppose a € E.
Then, we can write a = ¢V ¢ for some ¢ € I. Now

a=aVb
=(cVi)Vb
=cV(iVD) — (1)
Again we get the following:
(iVb)ANe =({EANc)V(DAC)
=(cNi)Vb
=b since ¢ € | — (2)
From(1) and (2), we get that i Vb is a relative complement of ¢ in [b, al,
which is a contradiction. Hence a ¢ E. Therefore [a) N E = (). Since

[a) is a D-filter, by Proposition 1.8(3), there exists a prime D-filter P
of L such that [a) C P and PN E = (). Hence PN I = (. Now

PNE=0 = PN{IV(]}=0
= PnlI=0and PN(c]=0.

Now consider F' = [¢)V P. Clearly F'is a D-filter in L. Suppose b € F.
Then

belec)VP = b=cApforsomepeP
= pel.

Hence p € P NI, which is a contradiction. Hence b ¢ F. Therefore
F N (b] =0. Thus, by Proposition 1.8(3), there exists a prime D-filter
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@ such that FF C @ and ())NQ = (. Thus P C F C Q. Hence P
and () are distinct prime D-filters such that P C (). Therefore there
exists two prime D-filters which are comparable. Hence by the above
theorem, we conclude that L is relatively complemented. 0

3. M-FILTERS OF LATTICES

In this section, the concept of w-filters is introduced in a lattices and
then these class of filters is characterized by using the regular filters
and congruences. Some equivalent conditions are derived for a lattice
to become a Boolean algebra.

Definition 3.1. A filter F' of a lattice L is called a w-filter if x € F
implies (x)°° C F for all z € L.

For any = € D, it is clear that (z)° = L and hence (z)*° = D.
Therefore D is a w-filter and also it is the smallest 7-filter in the lattice
L. Every regular filter is a w-filter. For, consider a regular filter F'. Let
x € F. Then (z)°° C F°° = F. Therefore F' is a n-filter. However,
the converse is not true. A w-filter F' satisfying the property F° = D
is not a regular filter because of F°° = D° = L # F.

Proposition 3.2. Every minimal prime D-filter is a w-filter.

Proof. Let P be a minimal prime D-filter of a lattice L. Let x € P.
Since P is minimal, we get that xVy € D for somey ¢ P. Let t € (z)°°.
Then (z)° C (¢)°. Hence y € (¢)°. Thus t € (¢)°° C (y)° C P because
of y ¢ P. Hence (z)°° C P. Therefore P is a w-filter of L. O

Definition 3.3. For any filter F' of a lattice L, define an extension to
F as given by F¢ ={x € L | (a)° C (x)° for some a € F}.

It can be easily observed that D C F° and D¢ = D. Moreover, the
following result is a direct consequence from the above definition.

Lemma 3.4. For any two filters F,G of a lattice L, the following
properties hold:

(1) F C G implies F© C G°,

(2) (FNG)* = F°NGe,

(3) (Fe)° = F*.
Proposition 3.5. For any filter F' of lattice L, F° is the smallest
w-filter containing F.
Proof. Obviously D C F°. Let x,y € F¢. Then there exist a,b € F
such that (a)° C (z)° and (b)° C (y)°. Thus

(@AD)” = (a)’N(b)° C (2)°N(y)° = (x Ay)”
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Hence z Ay € F°. Now, let x € F° and x < y. Then

(a)” € (2)° € (y)°
for some a € F. Therefore F€ is a filter of L. Clearly F' C F*°.
Let © € F° and t € (x)°°. Then there exists a € F such that
(a)° C (z)° C (t)°. Hence (z)°° C F*° and so F*° is a w-filter of L.
Let G be a n-filter of L such that ' C G. Let z € F*°. Then we get
(a)° C (z)° for some a € F' C G. Since G is a m-filter of L, we get that
z € () C (a)*° C G. Hence F° C G. Therefore F* is the smallest
m-filter of L such that F' C F*°. O

From Lemma 3.4, it can be easily seen that a filter F' is a w-filter if
and only if ¥ = F°. Hence D is the smallest w-filter in L. In view of
the above two results, it can be easily observed that the class F™(L)
of all m-filters of a lattice L forms a complete distributive lattice with
respect the operations given by

FAG=FNG and FUG = (FVG)°
for any F,G € F™(L) in which the smallest element is D.

Theorem 3.6. Let F' be any filter of a lattice L. For any x,y € L,
define a binary relation ©(F) on L as follows:

(z,y) € O(F) if and only if {DV [2)} N (a)° ={D V [y)} N (a)°
for some a € F. Then ©(F) is a congruence on L.
Proof. Clearly ©(F') is an equivalence relation on L. Let (z,y) € O(F).

Then {D V [z)} N (a)° = {D V [y)} N (a)° for some a € F. For any
c € L, we have

{DVizvein(a)® ={DV[z)}n{DV[c)}N(a)°
={DVy}n{DVI}n(a)
={DVyVval}nia)?

Therefore (z V e,y Vc) € O(F). Again,

{DVvizne}n(a) ={DV[z)Vc)}n(a)
={DVI[z)}n(a)} v{le)N(a)}
={DVy}ni(a)}Vile)ni(ae)}
={DVyrc}ni(a)”

Hence (z Ac,y Ac) € O(F). Therefore O(F) is a congruence on L. [

S

Lemma 3.7. For any element x of a lattice L, the following hold:

(W) {DV [2)}* = (),
2) {DVI[z)} N () =D.
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Proof. (1) {DV [2)}* = {D° N (2)°}° = {L N ()°}° = ()"
(2)
{DV[r)}n(x)” ={DVIx)} n{LN(x)°}
={DV [x)} n{D" N (x)°}
={DVx)}n(DV[z))
=D
as DV [z) is a D-filter (by Proposition 2.9). O
Proposition 3.8. For any filter F' of a lattice L, define the dense-
kernel KerP?O(F) of the congruence O(F) as follows:
KerPO(F)={xe L |{DV[z)}N(a)° = D for some a € F}
Then KerP?O(F) is a filter in L such that F C KerPO(F).

Proof. Clearly D C KerP?O(F). Let x,y € Ker?©(F). Then
{DVi)yn(e) ={DVy)in(®)" =D

for some a,b € F'. Now
{DVizay)tn(ant)® ={DV]z)VDV]y)}n(a)n(b)°
={(DVz))Nn(a)° N (b)}
VDV [y)) N (a)® N (b)°}
={DNn@)°rviDN ()}
=D
Hence z Ay € KerPO(F). Again, let x € KerP?©(F) and  <y. Then
there exists a € F such that {D V [y)} N (a)° C{DV [z)} N (a)° = D.
Hence y € KerP?O(F). Therefore Ker?O(F) is a filter of L. Now,

let # € F. From Lemma 3.7, we get that € KerP?O(F). Therefore
F C KerPO(F). O

In the following, the m-filters are characterized.

Theorem 3.9. For any filter F' of a lattice L, the following are
equivalent:

(1) F is a m-filter,

(2) F = KerPO(F),

(3) for x,y € L,(x)° = (y)° and x € F imply that y € F,
(4) x € F if and only if x € (a)*° for some a € F.

Proof. (1) = (2): Assume that F is a w-filter. Clearly F' C KerP?O(F).
Let # € KerP?O(F). Then {D V [z)} N (a)° = D for some a € F.
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Hence, x € DV [z) C (a)*® C F( because of I is a w-filter ). Hence
KerPO(F) C F. Therefore F' = KerP?O(F).

(2) = (3): Assume condition (2). Let a,b € L such that (a)° = (b)°.
Suppose a € F. Then {D V [a)} N (t)° = D for some t € F. Then

(
(DVI@}N () =D = {DV[0)}* N (6 = D" = D
= (a)*N({)° =D
= ()N (t)° =D
={DVv)}n@)c{DVv[)}*n@)° =D
=>be KerPO(F)=F

(3) = (4): Assume condition (3). Let z € F. Then clearly z € (x)*°
Again, let z € (a)°® for some a € F. Hence (z)°° C (a)°°, which yields
(2)° = (x)°N(a)*° = (z Va)*°. Thus (2)°=(zVa)°and xVaecF,
By the condition (3), we get that x € F.

(4) = (1): Assume condition (4). Let x € F. Hence z € (a)°
for some a € F. Let t € (). Then for this a € F, we get that
t € () C (a)*. Hence by condition (4), we get ¢t € F. Thus
(2)°° C F. Therefore F is a w-filter of L. O

It was already observed that every minimal prime D-filter is a prime
m-filter. The converse is not true. However, a sufficient condition is
derived for a prime 7-filter to become a minimal prime D-filter.

Proposition 3.10. Let L be a lattice. If each (x)°,x € L is a principal
filter, then every prime w-filter is a minimal prime D-filter.

Proof. Let P be a prime 7-filter of L. Let z € P. By the hypothesis
(x)° = [y) for some y € L. Hence x Vy € D. Now

(xAy)® = (2)°N(y)° = (x)° N (2)” = D.
Hence xz Ay ¢ P, which implies that y ¢ P. Therefore P is a minimal
prime D-filter, by Theorem 2.12. O

Theorem 3.11. The following conditions are equivalent in a lattice L.

(1) every m-filter is a principal filter;

(2) each (x)° is a principal filter and every minimal prime D-filter is
non-condensed;

(3) every prime w-filter is a principal filter.

Proof. (1) = (2): Since each (x)° is a w-filter, it is enough to prove that
every minimal prime D-filter is non-condensed. Let P be a minimal
prime D-filter. By Proposition 3.2, P is a w-filter and hence (1) implies
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that P = [a) for some a € L. Suppose P° = D. Then (a)° = D and
hence L = (a)°® C P, which is a contradiction. Therefore P° # D.

(2) = (3): Assume condition (2). Let P be a prime 7-filter of L.
Since each (z)° is a principal filter, by the above proposition, we get
that P is a minimal prime D-filter such that P° # D. Then there
exists © # D such that x € P°. Hence P C P°° C (z)°. Conversely, let
t € (z)°. ThentVxz e D C P. Since P is prime and x ¢ (z)° = P, we
get t € P. Hence P = (z)°. Thus by (2), P = (x)° is a principal filter.

(3) = (1): Assume condition (3). Let F' be a w-filter of L. Suppose
that F' is not principal. Consider the collection

¥ = {G | G is a w-filter which is not a principal filter }.

Clearly F' € ¥. Then a € G, for some i € A. Hence [a) C G, for
some ¢ € A. On the other hand G; C |JG; = [a). Hence G; = [a) for
some i € A, which is a contradiction. Thus | J G; is an upper bound for
{Gi}iea in ¥. Let M be a maximal element of ¥ containing F' because
of Zorn’s Lemma. Choose x ¢ M and y ¢ M. Then M C {M V [z)}°
and M C {MV [y)}¢. Hence {M V [z)}¢ = [b) and {M V [y)}¢ = [¢) for

some b, c € L. Hence we get
{MV[zVy)} ={MVI[z)}* N {MV[y)}*=[b)N[c)=[bVc)

If xVye M, then M = M¢ = [bV c), which is a contradiction to (3).
Therefore F' is a principal filter. O

4. THE SPACE OF PRIME 7-FILTERS

In this section, certain topological properties of the collection of all
prime m-filters of a lattice are discussed. Some equivalent conditions
are established for the space of all prime 7-filters of a lattice to become
a Hausdorff space.

Theorem 4.1. Let I be an ideal and F be a w-filter of a lattice L such
that F NI = (). Then there exists a prime w-filter P such that F C P
and PN 1 = .

Proof. Let I be an ideal and P be a w-filter of L such that F NI = (.
Consider

S>={G | Gisan-filter, F C G and GNI = 0}

Clearly F' € Y. Clearly > satisfies the hypothesis of Zorn’s Lemma.
Let M be a maximal element of » . Then M is a w-filter of L such that
FCMand MNI=0. Let x,y € L be such that x ¢ M and y ¢ M.
Then M C MV [z) C{MV[z)}*and M C MV [y) C{MV[y)}°. By
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the maximality of M, we get {MV [z)}*NI # Q) and {MV[y)}¢NT # 0.
Choose a e {M V [z)}*NTandbe {MV]y)}*NI. ThenaVbec I and
aVbe{MVz)}*N{MV|y)}°
={(MV[z))n(MV[y))}
={MVzVy)}
Suppose xVy € M. Then aVb e M= M. Since aVb € I, we get

aVbe MNI, which is a contradiction. Thus M is the required prime
m-filter of L. O

Corollary 4.2. Let F' be a w-filter of a lattice L and x € L. Ifx ¢ F,
then there exists a prime w-filter P of L such that x ¢ P and F C P.

Corollary 4.3. For any w-filter F' of a lattice L, we have
F=(Y{P | P is a prime w-filter of L, FF C P}

Corollary 4.4. The intersection of all prime w-filters of a lattice is
equal to D.

For any lattice L, denote the class of all prime w-filters of L by
Speci.(L). For any subset A of L, take
K'(A) ={P € Specp(L) | AL P}
and for any x € L, K'(x) = K'({z}). Then we have the following

observations which can be verified directly.

Lemma 4.5. Let L be a lattice and x,y € L. Then we have
) U K'(z) = Speci(L),
€L
NK'(y) = K'(z vVy),

(1

(2) K'(x)

(3) K'(z) UK'(y) = K'(z N\ y),
(4) K'(x) =0 if and only if x € D
(5

) K'(0) = Spec(L).

From the above set of properties, it can be obviously seen that the
collection { K'(z)|x € L} forms a base for a topology on Spec.(L). This
topology is called a hull-kernel topology and it produces the following
topological property:

Theorem 4.6. The set of all compact open sets of Speci.(L) is the
base {K'(z)|x € L}.

Proof. Let x € L. Let A be a subset of L such that

(@) < | JK'(y)

yeA
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which is an open cover of K'(z). Let F' be the filter generated by A.
Suppose z ¢ F°. From Corollary 4.2, there exist a prime 7-filter P such

that F° C P and ¢ ¢ P. Hence P € K'(z) C |J K'(y). Therefore
yeA

y ¢ P for some y € A, which is a contradiction to that F* C F* C P.
Therefore x € F°. Then there exists a € F such that z € (a)°°. Since
F is the filter generated by A, there exist ai,as,...,a, € A such that
a =a ANag A ...Na, Hence x € () = (ag Nag A ... A a,)™.

Clearly K'(z) € |J K’(a;), which is a finite subcover of K'(z). Thus
i=1

K'(x) is compact in Speci.(L). It enough to prove that every compact
open subset of Speck(L) is of the form K'(x) for some z € L. Let
C' be a compact open subset of Speci.(L). Since C is open, we get

C = U K'(a) for some A C L. Since C' is compact, there exists
acA
ai,as,...,a, € A such that

C=U K'(w) = K'(

=1 7

Therefore C' = K'(x) for some x € L. O

CLZ‘)

>-

By a maximal 7w-filter, we mean a maximal element in the class of
all proper m-filters of a lattice. As the class of all 7-filters forms a
distributive lattice, it can be easily deduced that every maximal w-filter
is a prime n-filter. Now, in the following, a set of equivalent conditions
is derived for every prime n-filter to become a minimal prime D-filter.

Theorem 4.7. The following assertions are equivalent in a lattice L:

(1) every prime mw-filter is a minimal prime D-filter;

(2) Speci(L) is a Ty-space;

(3) every prime m-filter is mazximal;

(4) every prime w-filter is minimal;

(5) for each x € L,(x)° U () = L;

(6) Speci(L) is a Hausdorff space;

(7) for any x,y € L, there exists z € L such that xV z € D and

K'(y) N {Specp(L) = K'(z)} = K'(y v 2).

Proof. (1) = (2): Assume that every prime 7-filter is a minimal prime
D-filter. Let P and @ be two distinct prime n-filters of L. Since P and
@ are minimal, we get P ¢ Q and Q € P. Let us choose z € P — Q
and y € Q@ — P. Then Q € K'(z) — K'(y) and P € K'(y) — K'(z).
Hence Specf(L) is a Ty-space.
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(2) = (3): Suppose that Speck.(L) is a Ti-space. Let P be a prime
m-filter of L. Suppose @ is a maximal w-filter of L such that P C Q.
Since Specf(L) is a Ty-space, there exists two basic open sets K'(x)
and K'(y) such that Q € K'(z) — K'(y) and P € K'(y) — K'(x). Since
r € P CQ, weget Q¢ K'(x), which is a contradiction. Therefore P
is a maximal 7-filter.

(3) = (4): It is clear.

(4) = (5): Assume that every prime w-filter is minimal. Then every
prime 7-filter is a minimal prime D-filter. Suppose

(2)° U () # L

for some x € L. Then there exists a prime w-filter P such that
(x)° U (x)*° € P. Thus z € (2)°*° C P. Since P is minimal prime
D-filter and (z)° C P, we get x ¢ P, which is a contradiction.
Therefore (z)° U (z)°° = L.

(5) = (6): Assume condition (5). Let P and @ be two distinct
elements of Specf.(L). Choose z € P be such that z ¢ . Then by
hypothesis, (z)° U (2)°° = L. Hence 0 € (x)° U (x)°° = {(x)° V (x)°°}*.
Hence (a)° C (0)° = D for some a € (z)°V(x)°°. Thus a = rAs for some
r € (z)° and s € (2)°°. Hence r Vx € D. Suppose r € P. Since P is a
m-filter, we get (r)°° C P. Now (7)°N(s)° = (rAs)° = (a)° = D implies
that (s)° C (r)°° C P. Again, s € (x)° implies that (z)° C (s)° C P.
Since x € P, we get L = (z)° U (2)°° C P which is a contradiction.
Hence r ¢ P. Thus P € K'(r). Hence P € K'(r) and @ € K'(z).
Since x Vr € D, we get K'(z) N K'(r) = K'(x V r) = 0. Therefore
Speci.(L) is Hausdorft.

(6) = (7): Assume that Specf.(L) is a Hausdorff space. Hence
K’(a) is a compact subset of Specy.(L), for each a € L. Then K'(a) is
a clopen subset of Specf,(L). Let x,y € L be such that  # y. Then
K'(y) N {Speck(L) — K'(z)} is a compact subset of the compact space
K'(y). Since K'(y) is open in Speck.(L), K'(y) N {Speci(L) — K'(x)}
is a compact open subset of Specf.(L). By Theorem 4.6, there exists
z € L such that

K'(z) = K'(y) N {Speci(L) — K'(x)}

Therefore K'(y) N {Speci.(L) — K'(z)} = K'(y) N K'(z) = K'(y V 2).
Also K'(zV z) = K'(z) N K'(z) = (). Therefore z V z € D.

(7) = (1): Let P be a prime 7-filter of L. Choose x,y € L such that
x € P and y ¢ P. Then by the condition (7), there exists z € L such
that V2 € D and

K'(y) N {Speci(L) — K'(x)} = K'(y V 2)
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Then clearly P € K'(y) N {Speci(L) — K'(z)} = K'(yV 2). If z € P,
then y V z € P, which is a contradiction to P € K'(y V z). Hence
z ¢ P. Thus for each z € P, there exists z ¢ P such that x V z € D.
Therefore P is a minimal prime D-filter of L. 0
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