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REES SHORT EXACT SEQUENCES OF S-POSETS
R. KHOSRAVI*

ABSTRACT. In this paper, the notion of Rees short exact sequence
for S-posets is introduced, and we investigate the conditions for
which these sequences are left or right split. Unlike the case for
S-acts, being right split does not imply left split. Furthermore, we
present equivalent conditions of a right S-poset P for the functor
Hom(P, —) to be exact.

1. INTRODUCTION

A monoid S is said to be a pomonoid if it is a poset whose partial
order < is compatible with the binary operation of S. A right S-poset
Ag, is a right S-act A equipped with a partial order < and in addition,
for all s,t € S and a,b € A, if s <t then as < at, and if a < b then
as < bs. An S-subposet of a right S-poset A, is a subset of A that
is closed under the S-action. The one element S-poset is denoted by
© = {#}. Moreover, S-morphisms are the functions that preserve both
the action and the order. An S-morphism ¢ : A — B is a reqular
monomorphism if and only if it is an order-embedding, i.e.,

a<d e a) <ud),

for all a,a’ € A. An S-isomorphism is an S-morphism which is both
regular monomorphism and epimorphism. A surjective order embed-
ding of posets is called an order isomorphism.
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As in the unordered case, the coproduct in S-posets is simply the
disjoint union, with S-action and order given componentwise, and as
usual the coproduct of a family {A4;,7 € I} will be denoted by [T, , A;.

An S-poset P is called projective if for any S-epimorphism 7 : A —
B and any S-morphism f : P — B, there exists an S-morphism ¢ :
P — A such that 7¢ = f, i.e., Hom(P, —) preserves epimorphisms.
One can find the following characterization for projective S-posets in

[]-

Lemma 1.1. An S-poset P is projective if and only if P = [],.; €S
where 2 =¢; € S, i € 1.

Short exact sequences of modules have been investigated in many
papers. In [3], projective S-acts and exact sequences in S-acts are in-
troduced. Thereby, in [1] Rees short exact sequence of S-acts is studied.
In this paper, we introduce Rees short exact sequences of S-posets. In
Section 2, we study general properties of Rees short exact sequences.
In Section 3, we give some conditions on a Rees short exact sequence to
be left or right split. Projectivity of S-posets was investigated in some
papers such as [2] and [5]. Now, a question is that whether Hom/(P, —)
can be an exact functor if P is a projective S-poset. In Section 4,
we obtain a characterization for Hom(P, —) to be exact, and give a
negative answer to this question.

Let A be a right S-poset. An S-poset congruence # on A is a right
S-act congruence with the property that the S-act A/f can be made
into an S-poset in such a way that the natural map A — A/f is an
S-poset map. For an S-act congruence 6 on A, we write a <y ', if the
so-called #-chain

a < a10b; < asfby < ... < a,bb, <d,

from a to o' exists in A, where a;,b; € A, 1 < ¢ < n. It can be
shown that an S-act congruence 6 on a right S-poset A is an S-poset
congruence if and only if afa’ whenever a <y a’ <y a. Let H C A x A.
The relation v(H) is called the S-poset congruence on Ag induced by
H, the following method of constructing v(H) by means of an auxiliary
relation o(H) was given in [1].

Indeed, a <, b if and only if a < b or there exist n > 1, (¢;, d;) €
H,s; € 5,1 <i <n such that

a <c¢is; disy < 8y ... dps, < b.

The relation v(H) given by a v(H) b if and only if a <,m) b <am) a.
A subposet B of A is called convex if B = [B], where

[Bj={a€ A|3bV eB, b<a<l}
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Let K be a proper convex right ideal of a pomonoid S. We define now
the congruence pg on S such that spxt if s =t or s,t € K. The
quotient S/pk is called the Rees factor and denoted by S/K. Then,
[s]p < [ty if and only if s < ¢, or there exists k, k' € K such that
s < k and k' < t. In general, for any convex S-subposet B of A, the
quotient A/pp is the Rees factor, and it is usually denoted by A/B.

2. REES SHORT EXACT SEQUENCES

In this section, we introduce Rees short exact sequences of S-posets,
and study some general properties of them. First, we need some pre-
liminaries.

Let f : A — B be an S-epimorphism. The subkernel of an S-poset
morphism f is defined by

kerf = {(a,a') € Ax A+ f(a) < f(a)}.

Then, I/(k—€7>’f) = kerf = {(a,d’) € Ax A: f(a) = f(d')}, and in
Ag/kerf,
[a]kerr < [aTkery if and only if f(a) < f(d').

Moreover, the mapping f : Ag/kerf — Bg defined by f([a]rers) =
f(a) for a € A is an S-isomorphism. For more information, see [1].
From now onwards we denote the subkernel of f briefly by K. Obvi-
ously, f is a regular monomorphism if and only if

Ki=¢&r={(a,d) € Ax Al a<d}.

Let f : A — B be an S-morphism. We have f(A) = {f(a) : a € A}
and f(A) is an S-subposet of Bg. Let 6y = (f(A) x f(A)) UAp, where
Ap = {(b,b) : b € B}. One can verify that 6; is a Rees S-act
congruence on Bg. We have b <y, b’ if there exists a 6-chain

b S b1001 S bQ@CQ S anCn S b,,
where b;,c; € B, 1 <i < n. It is easy to prove b <y, V' if and only if
b<borb< fla), f(a') <V for a,a’ € A. We define

If = {(b,b/) eEBxB:b ng b/},
and Imy = Z; N (Zp)? = ([f(A)] x [f(A)]) U Ap, where [f(A)] is the

convex closure of f(A). Clearly, Zmy is an S-poset congruence, and
[b]sz < [b/]sz if and only if (b, b/) € If.

Definition 2.1. Suppose that A, B,C" are posets, and f : A — B,
g : B — C are order preserving maps. Then the sequence

AL B %o
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is exact at B if Ty = Ky, i.e., <zm;=<pery and it is called a short

exact sequence. If g is surjective, f is a reqular monomorphism, and
Iy =K,

The following lemma will be useful in the sequel.

Lemma 2.2. Suppose that A, B,C,L, M, N are posets, and f,qg,h,r
are order preserving maps. Let the following diagram be commutative:

A I . B ! 5 C
Lol
L s M ——— N

where a, B,y are order isomorphisms. Then the followings hold:

(i) The upper row is exact at B if and only if the lower row is exact
at M.

(ii) The upper row is a short exact sequence if and only if the lower
row s a short exact sequence.

Proof. (i). Suppose that the upper row is exact at B. So, Z; = IC;. We
will show that Z;, = K,. Suppose that (m,m’) € Z, and m £« m/. Then,
m < h(l), h(I') <m’ for [,I' € L. So, | = a(a),l’ = a(d’) for a,a’ € A.
Since hao = Bf, m < (f(a)). We have m = (b) for b € B, [ is an
order embedding, which implies that b < f(a). Similarly, m’" = (V)
and f(a') < V. Thus, (b,0) € Iy, and since Z; = Ky, g(b) < g(¥').
Therefore,

r(m) = rB(b) = yg(b) < yg(t)) = rB() = r(m’),
and (m,m’) € K,. Hence, Z;, C K. Conversely, Suppose that r(m) <
r(m') and m £ m’. Let m = §(b) and m' = (') for b,t’ € B. Then,

v9(b) = rB(b) = r(m) < r(m') = rB(V) = vg(¥),
and so g(b) < g(b'). Since Z; = K, (b b’) € Zy. Thus, there exist
a,a’ € A such that b < f(a), f(a’) < V. So B(b) < 5(f(a)), 5(f(d')) <
B(b), and then m < 5(f(a)) = (oz(a)) and ha(a")) = B(f(d)) <m/.
Therefore, (m, m’) € 7, as required.

Similarly, we can show that, if the lower row of the diagram is exact
at M, then the upper row is also exact at B.

(ii). Suppose that the upper row is a short exact sequence. By (i),
the lower row of the diagram is exact at M. First, we show that h
is a regular monomorphism. Suppose that h(l) < h(l") for [,I' € L.
Since « is surjective, there exist a,a’ € A such that | = «(a), I! =
a(a'). So, Bf(a) = hala) = h(l) < h(l') = ha(a’) = Bf(d'). Now,

since § and f are regular monomorphisms, we get a < o’ and h is a
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regular monomorphism. Moreover, since the diagram is commutative,
the surjectivity of 7 is easily follows. OJ

Definition 2.3. Let A, B,C be S-posets. Then the sequence
AL 20
1s called a Rees short exact sequence if it is a short exact sequence and

f,q are also S-morphisms.

Example 2.4. (i). Let K be a proper convez right ideal of a pomonoid
S. Then

KX s S/K,
18 a Rees short exact sequence.
(7). Let K be a proper right ideal of a pomonoid S. Then
K25 8 - S/[K),
15 a Rees short exact sequence.
(iii). Let B be a proper S-subposet of an S-poset Ag. Then
B2 A" AJ[B],

15 a Rees short exact sequence.
(). Let A, B be S-posets. Then the sequence

A5 Al B][e = B]]e,
is a Rees short exact sequence, where p(c) = ¢ if ¢ € B, otherwise
p(c) =40. Clearly, Z,, = K, = (A x A)U&ayrB1]0-
(v). Let A, B be S-posets and B contains a zero 0. Consider the
sequence

A Al B 5 B,
where 1(a) = (a,0), m(a,b) =b. In general, this sequence is not exact.

Indeed
T, ={((a,b), (a", V)] a,a" € A,b <0<V} U&arys,

and K, = {((a,b), (a’,V))] a,a’ € A,b < V}. Therefore, it is easily
checked that the sequence is a Rees short exact sequence if and only if
A=0 or B=0.

In the following lemma, we give an evident result about Rees short
exact sequences.

Lemma 2.5. Let A, B,C be S-posets, and f : A — B, g: B— C
be S-morphisms. Then the followings hold:

(i) If Iy = K,, then Imy = kerg.
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(ii) The sequence B -+ C' " © is exact at C if and only if g is
an epimorphism.
(iii) If A contains a zero, then f is a reqular monomorphism if and

only if the sequence © — A s B is exact at B.

Lemma 2.5 is not valid for S-posets. For instance, let S = {0, 1, s,
s?,...} be a free word monoid equipped with the order 0 < 1 < s <
s? < ...and K = sS = {0,s,5%...}. So, [K] = 5. Let L = s*S C
M = sS, then M/[L] = ©. Define a: K — L and 3 : S — M by
a(s’) = st and B(1) = s%, also h : L — M by h(s') = s'*1. Then,
we have the following commutative diagram:

K—* 85— 50
bl )
L » M ——— ©.

As we mentioned, the upper and lower rows are Rees short exact se-
quences. It is clear that o and ¢ are epimorphisms but not 5.

Suppose that A, B are S-posets, and f : A — B is an S-morphism.
Clearly, K is an S-subposet of A[] A. Now, we close this section with
a slight type of Snake Lemma for S-posets.

Lemma 2.6. Suppose that A, B,C, L, M, N are S-posets, and f, g, h,r,
a, B, are S-morphisms. Let the following diagram be commutative:

A—L B9 ¢
h r
L s M s N

where the upper and lower rows are exact at B and M, respectively,
and for each by < by € B there exists a € A such that by < f(a) < by.
Then, there exists a sequence Ko, — Kg — K, which is exact at Kg.

Proof. Define o : K, — Kz and 7 : K3 — K, by o(ay,a2) =
(f(ay), f(az)) and 7(by,be) = (g(b1),g(b2)). It can be easily checked
that o and 7 are S-morphisms. We will show that K, = Z,. Suppose
that ((bl,bll), (bg,bé)) S qu—. So

7(b1,0)) < 7(ba, b5), i.e., (g9(b1),g(b1)) < (g(ba), g(b5)).

Hence, (b1, bs), (b},0,) € Ky =Z;. We have the following four cases:
(i) If by < by, U] < bly, obviously ((by, b)), (b, b)) € Z,.
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(11) It by < f(a1)> f(aQ) < b2> bll < f(a/1)7 f(a/Q) < bl2 for some

aj, as, ay,ay € A, then
(bbb/l) < 0(&1,(1/1), 0<a2aal2) < (anbé)7
and therefore ((by, b)), (b2, b)) € Z,.

(iii) If by < f(ar), flaz) < by, by < U, for some aj,as € A, by
assumption there exists a' € A such that b] < f(a') < US.
Then, (by,b)) < o(a1,d’), o(ag,a’) < (by, b)), and therefore
((bh bll)? (b27 b/2)) € ZL,.

(iv) If by < by, V) < f(a}), f(ah) < b, for some af,al, € A, the
result can be obtained by a similar argument as in the previous
part.

Therefore, K, C Z,. Similarly, one can shows that Z, C IC.. O

3. SPLIT REES SHORT EXACT SEQUENCES

In this section, the conditions under which a Rees short exact se-
quence is right or left split are given. Moreover, we give examples which
illustrate that right split and left split does not imply each other.

Definition 3.1. Let A, B,C be S-posets. The Rees short exact se-

quence A I B 25 C s called left (resp., right ) split if there exists
an S-morphism f': B — A (resp., ¢’ : C' — B) such that f'f =14
(resp., g9’ = 1¢ ), where 14 is the identity map on A.

As an example of this definition, let A, B be S-posets. Then, the

sequence
AlJe ™ a][B]]e ™ B]]e.
is right and left split by

parte : A B]]® — A]]e,
LBHG:BH@HAHBH@,

with pajjetajje = lajje and ppijetsije = ls[16-
As a direct consequence of Definition 3.1, we have:

Corollary 3.2. Let E, A, B, P be right S-posets. Then
(i) If E is a regular injective S-poset, then the Rees short exact

and

sequence E A% Bs left split.
(ii) If P is a projective S-poset, then the Rees short exact sequence

ALsB 2 pis right split.

The following definition is useful in investigating right split sequences.
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Definition 3.3. Suppose that B is a right S-poset and contains a zero.
An S-subposet A of B is said to be a minimal 0-direct summand of B
if there exists an S-subposet T of B such that B = AUT, and for each
a€A teT (a<te0<t)and (t <a<t<0). We denote it by
B = AdT.

If B= AGT, clearly ANT = {0}
Theorem 3.4. Let A, B,C be S-posets that each contains a zero, and
ALsp 20

be a Rees short exact sequence. Then, it is right split if and only if
[f(A)] is a minimal 0-direct summand of B .

Proof. Necessity. First we show that b € [f(A)] if and only if g(b) = 0.
If b € [f(A)], since 0 € f(A), we have (b,0) € Zms. So, (b,0) € kerg,
and then g(b) = ¢g(0) = 0. Conversely, if g(b) = 0, then (b,0) € kerg =
Imy. So, b e [f(A)].

Suppose that the sequence A Iy B % s right split. So,
there exists g : C — B such that g¢’ = 1¢. We show that B =
[f(A)]Dd (g )) Let b € B. Take g(b) = c¢. Then,

(B
9(g'(c)) = g(g'(9(b))) = g(b), and (g'(c),b) € kerg =Tmy.
So either b € [f(A)] or b = ¢'(¢) = ¢'(9(b)) € ¢'(9(B)). Then, B =
[f(A))uU (g( )). Assume that b € [f(A)], V¥ € ¢'(9(B)) and b < V. So,
b = gg(b’) or some b"” € B. Since g(b) =0, 0 = g(b) < g(¢'g(b")) =
g(0"). Then, 0 = ¢'(0) < ¢'g(b") = V. If V¥ < b, the result follows
similarly.

Sufficiency. Let B = [f(A)]&T for an S-subposet T of B. First,
we show that g|r : T — C is an S-isomorphism. Since g is an
epimorphism, for each ¢ € C' there exists b € B such that g(b) = c¢. If
c# 0, then b ¢ [f(A)] and so b € T. Hence, g|r is an epimorphism.
Suppose that g(t) < g(t') for t, ' € T. So, (t,t') € Ky =Zp, and t < ¢’
ort < f(a'), f(a') <. Then, t < ¢t or in view of Definition 3.3,
t <0<t. So, g|r is a regular monomorphism. Now, let

— (gl e B,

It is clear that ¢’ is an S-morphism. Moreover, let ¢ € C' and ¢g(t) = ¢
for t € T, then gg'(c) = gu(g|r) (c) = gu(t) = g(t) = c¢. Therefore,
g9’ = 1¢, and the sequence is right split. O

Theorem 3.5. Let A, B, C' be S-posets that each contains a zero, and

ALsp 20
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be a Rees short exact sequence. Then, it is left split if and only if there
exists an S-morphism o : B — AJ]C such that Im(of) = AJ[{0}
and of : A — AJ[{0} exists an S-isomorphism.

Proof. Suppose that the sequence is left split. Then, by definition, there
is an S-morphism f’ : B — A such that f'f = 14. Let 0 : B —
AT]C be defined by o(b) = (f'(b), g(b)). It is obvious that o is an S-
morphism such that Im(of) = A][{0} and of : A — AJ[{0} is an
S-isomorphism. Conversely, suppose that there exists an S-morphism
0:B — AJ]C such that Im(cf) = A][{0} and o f : A — A]]{0}
is an S-isomorphism. Let
f'=(of) w0 : B2 AT[C 5 AT {0} 5 4,

where 7(a,c) = (a,0) for each a € A, ¢ € C. It is clear that f’ is an
S-morphism and f'f = 14, as required. O

Example 2.3 of [1] illustrates that, for S-acts a left split Rees short
exact sequence is not necessarily right split. In this example, if we
consider the order as the trivial order this statement is also valid in
the category of S-posets. In the category of S-acts, right splitness
implies left splitness. But the following example illustrates that, for
S-posets, right splitness of a Rees short exact sequence does not imply
left splitness.

Example 3.6. Let S = {0,1,s,5% ...} be a free word monoid equipped
with the order 0 < 1 < s < s* < .... Take K = sS = {0,s,s%,...}.
So, K is a right ideal of S but not convez, and [K| = S. Then

K258 s S/[K]

1s a Rees short exact sequence. Clearly, it is right split but it is not
left split. Otherwise, there exists p : S — K such that pig = 1k.
Then p(1) # 0 and if p(1) = s* for some i > 1, then p(s) = s, So
pLi(s) = p(s) = st # s, a contradiction.

4. THE EXACTNESS OF Hom(P,—)

In this section, we show that Hom(P,—) is an exact functor if and
only if P = ¢S, for some €2 = ¢ € S. So, in general, the functor
Hom(P,—) is not exact for an arbitrary projective S-poset P. Let S
and T be pomonoids, Ag, Ps right S-posets, and 7P be also a left T-
poset. It is easily proved that Hom(rPs, Ag) is a right T-poset where,
for any f € Hom(rPs, As) and ¢t € T, we have (ft)(c) = f(tc), and
f < g if and only if f(c) < g(c) for each ¢ € P. Let f : As — Bg
be an S-morphism. Take f* := Hom(P,f) : Hom(rPs, As) —
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Hom(rPs,Bs) by f*(¥)(c) = f(¥(c)) for every ¢ € P and 9 €
Hom(rPs, As). Then, f*is a T-morphism.

Lemma 4.1. The functor Hom(P,—) preserves reqular monomor-
phisms.

Proof. Let Ag, Bg be right S-posets and f : A — B a regular
monomorphism. We want to show that f* : Hom(P, A) — Hom(P, B)
is a regular monomorphism. Suppose that f*(a) < f*(5) for a,f €
Hom(P,A). Then fa < ff, and for each ¢ € P we have f(a(c)) <
f(B(c)). Since f is a regular monomorphism, a(c) < f(c). This means
that o < 8, and we are done. O

Let A be an S-poset and e € S an idempotent. We define ae.es =
aese for any es € eS and ae € Ae. Clearly, Ae is a right eS-poset. The
following lemmas are useful to reach the main result.

Lemma 4.2. Let A, B and C be S-posets and A L B % C a Rees
short exact sequence. Then, for any idempotent e € S, the sequence

Ae <Ly Be <% Ce is also a Rees short exact sequence as eS-posets,
where ef = flae and eg = g|ge are eS-morphisms.

Proof. 1t is easy to prove that fe and ge are eS-morphisms. Since f is
a regular monomorphism, clearly ef is also a regular monomorphism.
Moreover, for any ce € Cle, since g is an epimorphism, there exists
b € B such that g(b) = ce. Then, eg(be) = (eg(b))e = ce, and hence, eg
is an epimorphism. Now, we show that K.y = Z.;. Let (be,be) € Z.¢
with be & be. Since (be,b'e) € I; and K, = Z;, we have eg(be) =
g(be) < g(V'e) = eg(V'e), and hence (be,b'e) € K.,. Conversely, suppose
that (be,b'e) € K., with be £ be. Since K, = Iy, (be,be) € Iy.
Therefore, there exist a,a’ € A such that be < f(a), f(a’') < be.
This implies that be < f(ae), f(a'e) < b'e, and then (be,Ve) € Z.;.
Therefore, Kcy = Zey. ]

Lemma 4.3. Let B be an S-poset. Then, og : Hom(eS,B) — Be
defined by op(f) = f(e) is an eS-isomorphism.

Proof. As we mentioned earlier, Hom(eS, B) and Be are right eS-
posets. It can be easily checked that op is an eS-morphism. Let
op(f) < ogplg) for f, g € Hom(eS, B). Then, f(e) < g(e), and so for
each s € S, we have f(es) < g(es). Hence, f < g and op is a regular
monomorphism. Moreover, for any be € Be, we define f : eS — B
by f(es) = bes. Then, f € Hom(eS, B) and op(f) = f(e) = be. This

shows that op is an epimorphism and the result follows. O
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Lemma 4.4. Let B be an S-poset. Then ap : Hom([[;c; €S, B) —
[Lic; Bei defined by ap(f) = (f(€;))ier is an order isomorphism.

Proof. Similar to the argument of the previous lemma, one can prove
that ap is a regular monomorphism. For any (bie;)ics € [[,c; Bei, we
have f; : e;S — B with op(f;) = f(ei) = bie;. Take f =T[,.; fi €
Hom(][,c; €S, B). So ag(f) = (bie;)icr, and it is surjective. O

el

A functor 7 : S — Posets —s Posets is called ezact it A L5 B -2
C' is exact at B implies that 7(A) S 7(B) o\ 7(C) is exact at
7(B). Using Lemma 2.5, an exact functor preserves epimorphisms. By
Lemma 4.1, one can show that the functor Hom(P, —) preserves regular
monomorphisms. So it is deduced that the functor Hom(P, —) is exact
if we could imply that the sequence Hom(P, A) AN om(P,B) 2~
Hom(P,C) is a short exact sequence for each Rees short exact sequence
AL %0

Now, a characterization for the functor Hom(P, —) to be exact is
given.

Theorem 4.5. Let S be a pomonoid and P be an S-poset. Then,
Hom(P, —) is an ezact functor if and only if P = eS, for some idem-
potent e € S.

Proof. Necessity. Suppose that Hom(P, —) is an exact functor. Then P
is projective and by Lemma 1.1, P = [[,; €;S for some idempotent e; €
S. Tt suffices to prove that |I| = 1. Let B be an S-poset and A = SJ[S.

Then, we have the Rees short exact sequence A — A][B —+ B[] ©,
where t(a) = a fore each a € A, and w(c) = c if ¢ € B otherwise
m(c) = 0. By Lemma 4.4, ay : Hom([[,.; €S, A) — [L,c; A€ is an
order isomorphism. Also, we have the following commutative diagram:

€5, A) Y Hom(I1,., €5, A1 B) S Hom(I L., :5, BI1©)

laA laA]_[B lCVB]_[e

[Lics Aei I [Le;(Aei T Bes) — [Lie/(Be: 110)

Hom(]]

where ¢/ is the inclusion map and ¢'((¢;e;)ier) = (g(ci€i))icr. By as-
sumption, the upper row is exact at Hom([],.; e;S, A]] B). So, by
Lemma 2.2, the lower row in the diagram is exact at [],.,(Ae; [ Be;).
Suppose that |I| > 1. Since |Ae;| > 1 for any ¢ € I, we can take
are;, aze; € Ae; with aje; # age; for some j € I. Denote ¢; = (x;€;)ier
and ¢y = (y;€;)ier, where z; = a1, y; = ag, and z; = y; € Bifi # j
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for all ¢ € I. It is obvious that (c1,c2) € Ky but (c1,¢2) ¢ I, a
contradiction.
Sufficiency. Let e be an idempotent of a pomonoid S and P = eS.

Suppose that A Sy B %5 C is a Rees short exact sequence. By

Lemma 4.3, the sequence Ae Iy Be <% Ce is also a Rees short exact
sequence of eS-posets. Moreover, we have the following commutative
diagram:

Hom(P, A) —— Hom(P, B) —~— Hom(P,C)

laA laB lac

Ae il > Be = > Cle.
By Lemma 2.2, the upper row in the diagram is exact, and so the
functor Hom(P, —) is exact. O
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