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MOST RESULTS ON A-IDEALS IN MV-MODULES
S. SAIDI GORAGHANT*, AND R. A. BORZOOEI

ABSTRACT. In the present paper, by considering the notion of MV
-modules which is the structure that naturally correspond to lu-
modules over [u-rings, we prove some results on prime A-ideals and
state some conditions to obtain a prime A-ideal in MV -modules.
Also, we state some conditions that an A-ideal is not prime and
investigate conditions that K C U?:l K; implies K C K, where
K,Kq, -, K, are A-ideals of A-module M and 1 < j <n.

1. INTRODUCTION

MV -algebras were defined by C. C. Chang [2, 3] as algebras cor-
responding to the Lukasiewicz infinite valued propositional calculus.
These algebras have appeared in the literature under different names
and polynomially equivalent presentation: C'N-algebras, Wajsberg al-
gebras, bounded commutative BC K-algebras and bricks. It is discov-
ered that MV -algebras are naturally related to the Murray-Von Neu-
mann order of projections in operator algebras on Hilbert spaces and
that they play an interesting role as invariants of approximately finite-
dimensional C*-algebras. They are also naturally related to Ulam’'s
searching games with lies. MV -algebras admit a natural lattice reduct
and hence a natural order structure. Many important properties can
be derived from the fact, established by Chang, that non-trivial MV-
algebras are sub-direct products of MV-chains, that is, totally ordered
MV -algebras. To prove this fundamental result, Chang introduced
the notion of prime ideal in an MV-algebra. A product MV -algebra
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(or PMV-algebra, for short) is an MV-algebra which has an associa-
tive binary operation “.”. It satisfies an extra property which will be
explained in Preliminaries section. During last years, PMV -algebras
were considered and their equivalence with a certain class of [-rings
with strong unit was proved. It seems quite natural to introduce mod-
ules over such algebras, generalizing the divisible M V-algebras and the
MYV -algebras obtained from Riesz spaces and to prove natural equiva-
lence theorems. Hence, the notion of MV -modules was introduced as
an action of a PMV-algebra over an MV -algebra by A. Di Nola [0].
Recently, Forouzesh, Eslami and Borumand Saeid [7] defined prime A-
ideals in MV -modules. Since MV -modules are in their infancy, stating
and opening of any subject in this field can be useful. Hence, in this
paper, we study prime A-ideals and state some conditions to obtain a
prime A-ideal (or no prime A-ideal) in MV-modules. Also, in special
case, we prove that if K’ C |J;_, K;, then K C K, where K, K, ..., K,
are A-ideals of A-module M and 1 < j < n. In fact, our results in this
paper gives new insights to anyone who is interested in studying and
development of MV -modules.

2. PRELIMINARIES

In this section, we review related lemmas and theorems that we will
use in the next sections.

Definition 2.1. [1] An MV-algebra is a structure M = (M, ®,’,0) of
type (2,1,0) such that

(MV1) (M,®,0) is an abelian monoid,

(MV2) (a) = a,

(MV3) 0 @a=0,

(MV4) (d ®b) b=V ®a) da,

If we define the constant 1 = 0’ and operations ® and & by a ® b =
(d ®V),acb=a®l, then

(MV5) (a®b)=(a OV,

(MV6) a1 =1,

(MVT) (acb)®db=(boSa)®a,

(MV8)add =1,

for every a,b € M. 1t is clear that (M, ®, 1) is an abelian monoid. Now,
if we define auxiliary operations V and A on M by aVb= (a®b)®b
and aAb = a®(a'®b), for every a,b € M, then (M, V, A, 0) is a bounded
distributive lattice. An MV-algebra M is a Boolean algebra if and only
if the operation “@ 7 is idempotent, i.e., a ® a = a, for every a € M.
In every MV-algebra M, the following conditions are equivalent: (7)
d®b=1, (i) a®@b =0, (iti) b=a® (b© a), (iv) Jc € M such that
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a®c=0"b, for every a,b € M. For any two elements a, b of MV -algebra
M, a < b if and only if a, b satisty in the above equivalent conditions
(1) — (iv). Anideal of MV-algebra M is a subset I of M, satisfying the
following conditions: (11)0 € I, (I12) x < yandy € I imply that z € I,
(I3) x®dy € I, for every x,y € I. A proper ideal I of M is a prime ideal
ifand only if ey € I oryox € I, for every x,y € M. A proper ideal [
of M is a maximal ideal of M if and only if no proper ideal of M strictly
contains . In MV-algebra M, the distance function d: M x M — M
is defined by d(z,y) = (xr©y) @ (y© x) which satisfies (i) d(z,y) =0 if
and only if v =y, (i) d(z,y) = d(y,z), (i) d(z, 2) < d(x,y) S d(y, 2),
(i) d(z,5) = d(&/,3), (v) d(z & 2,5 1) < d(z,y) & d(z,1), for every
x,y,2,t € M. Let I be an ideal of MV-algebra M. Then, we denote
x ~vy (r=ry) if and only if d(z,y) € I, for every x,y € M. So, ~ is
a congruence relation on M. Denote the equivalence class containing

by £and ¥ = {22 € M}. Then, (X,&/,Y) is an MV-algebra,

where (£)' = £ and 2@ ¥ = 22 forallz,y € M. Let M and K be two

MV -algebras. A mapping f : M — K is called an MV-homomorphism
if (H1) f(0) =0, (H2) f(z®y) = f(z)Df(y) and (H3) f(z') = (f(2))",
for every x,y € M. If f is one to one (resp. onto), then f is called an
MYV -monomorphism (resp. epimorphism) and if f is onto and one to
one, then f is called an MV-isomorphism (see [(]).

Proposition 2.2. [1] Let M be an MV -algebra and z € M. Then the
principal ideal generated by z is denoted by (z) and (z) = {x € M :
nz=z@---®z>x, for somen >0}.

—_—

n times

Lemma 2.3. [1] In every MV -algebra M, the natural order “ <" has
the following properties:

(i) x <y if and only if y < o,

(i) if e <y, thenz ® 2z <y ® z, for every z € M.

Definition 2.4. [5] In MV-algebra M, a partial addition is defined as
following;:
x + y is defined iff x < ¢/ and in this case, x +y = = ® y, for any
x,y € M.

Lemma 2.5. [0] In MV -algebra M,

(i) v+ 0=,

i) ifr+y==z,theny=2"©z

(i) if v +y =2, y :

1) if z+x =24y, thenx =1y,

(iid) if y y

() if z+x < z+y, then x <y, where “+7 is the partial addition
on M.
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Definition 2.6. [5] A product MV -algebra (or PM YV -algebra, for short)
is a structure A = (A, ®,.,,0), where (A, ®,",0) is an M V-algebra and
“.” is a binary associative operation on A such that the following prop-
erty is satisfied: if # + y is defined, then x.z + y.z and z.xz + 2.y are
defined and (z + y).2 = 2.2 + y.2, z.(r + y) = z.x + z.y, for every
x,y,z € A, where “ 47 is the partial addition on A. A unity for the
product is an element e € A such that e.x = x.e = x, for every x € A.
If A has a unity for product, then A is called a unital PMV-algebra. A
PMYV-homomorphism is an M V-homomorphism which also commutes
with the product operation.

Lemma 2.7. [5] If A is a unital PMYV -algebra, then;
(1) the unity for product is e = 1,
(17) z.y < x Ay, for every x,y € A.

Lemma 2.8. [5] Let A be a PMV -algebra. Then, l.a =a and a <b
implies that a.c < b.c and c.a < ¢.b, for any a,b,c € A.

Definition 2.9. [0] Let A = (A,®,.,,0) be a PMV-algebra, M =

(M,®,,0) be an MV-algebra and the operation ® : A x M — M be

defined by ®(a, m) = am, which satisfies the following axioms:

(AM1) if x 4+ y is defined in M, then ax + ay is defined in M and
a(z +y) = ar + ay,

(AM2) if a + b is defined in A, then azx + bx is defined in M and
(a +b)x = ax + bz,

(AM3) (a.b)x = a(bx), for every a,b € A and x,y € M.

Then M is called a (left) MV -module over A or briefly an A-module.

We say that M is a unitary MV-module if A has a unity 14 for the

product and

(AM4) 142 = x, for every x € M.

Lemma 2.10. [0] Let A be a PMV -algebra and M be an A-module.
Then;

ax) =dz+ (1lz),

<y implies that ax < ay,

< b implies that ax < bz,

(z@y) < azx D ay,

(ax,ay) < ad(z,y),

(] if x =1 vy, then ax =1 ay, where I is an ideal of A,
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(k) if M is a unitary MV -module, then (ax) = d'x + 2', for every
a,be A andx,y € M.

Definition 2.11. [0] Let A be a PMV-algebra and M;, M, be two A-
modules. A map f : M; — M, is called an A-module homomorphism

or ( A-homomorphism, for short) if f is an MV -homomorphism and
(H4): f(ax) = af(z), for every x € M; and a € A.

Definition 2.12. [0] Let A be a PMV-algebra and M be an A-module.
Then, an ideal N C M is called an A-ideal of M if (I4) ax € N, for
every a € Aand x € N.

Definition 2.13. [7] Let M be an A-module and N be a proper A-
ideal of M. Then, N is called a prime A-ideal of M, if am € N implies
that m € N ora € (N : M), for any a € A and m € M, where
(N:M)={a€ A:aM C N}. Moreover, the set of all prime A-ideals
of M is denoted by Spec(M).

Note. From now onwards, A denotes a PMV-algebra.

3. SOME RESULTS ON PRIME A-IDEALS IN MV -MODULES

In this section, we state and prove some conditions to obtain a prime
A-ideal in MV —modules.

Example 3.1. Let A = {0,1,2,3} and the operations “ @ ” and “.”
on A are defined as follows:

@0 1 2 3 o 1 2 3
0o[o 1 2 3 0[0 0 0 0
11 1 3 3 1{0o 1 0 1
212 3 2 3 210 0 2 2
313 3 3 3 3]0 1 2 3

Consider 0/ =3, 1’ =2, 2 =1 and 3’ = 0. Then, it is easy to show
that (A, @, ,.,0) is a PMV-algebra and (A, ®,’,0) is an MV -algebra.
Now, let the operation @ : A x A — A be defined by a e b = a.b, for
every a,b € A. It is easy to show that A is an MV -module on A and
I ={0,1}, J = {0,2} are prime A-ideals of A. {0} is not a prime
A-ideal of A. Note that 1e2 =0, but 2 ¢ {0} and 1 ¢ ({0} : A) = {0}.

Proposition 3.2. Let M be an A-module and N, L be A-ideals of M.
Then;
(i) (N:M)={a€ A:aM C N} is an ideal of A,
(13) (N :m) is an ideal of A, for every m € M,
(1ii) N is a prime A-ideal of M if and only if (N : m) = (N : M),
where m ¢ N.
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Proof. (i) It is clear that 0 € (N : M). Let o, € (N : M). Then,
am,pm € N, for every m € N. Since pm < (am) & pm, by
Lemma 2.3(i), we get (am) ® (Bm) = ((am)’ @ pm)" < (fm)" and
so (am) ® (fm)" + Bm is defined, where “+ 7 is the partial addition
on M. Similarly, o ® ' + [ is defined, too. Also, since a ® ' < 4/,
by Lemma 2.10 (d) and (g), we have (o« ® ')m < 'm < (fm)’ and so
(a® B )m—+ pm is defined. Now, a < V3 implies that am < (aV 3)m
and similarly, fm < (aV f)m. Then, am Vv pm < (a V 5)m and so
(am) ® (Bm)' + pm = amVpm < (aVp)m=(a®p & L)m
= (@O +f)m = (a© f)m+ fm.
By Lemma 2.5 (iv), we have am ® (fm) < (a ® ')m. If we set a @ 8
instead of «, then by Lemma 2.10 (g), we get (a @ 5)m ® (fm)" <
(a®p)©pf)m = (aAp)m < am. Since
(a®B)m = (a®B)mVm = (a®B)me (Bm) & pm < am® Bm € N,

hence a« @ 5 € (N : M). Now, let « < g and € (N : M). Then,
by Lemma 2.10(g), we have am < fm € N and so am € N, for every
m € M. It means that o € (N : M).

(73) By (i), the proof is clear.

(737) By (7) and (i7), the proof is straight forward. O

Lemma 3.3. Let M be a unitary A-module and m € M. Then;

k k
I, = {Z tim : Ztim <mnm, for some n,k € NU{0},
i=1 i=1
where t; € A and tym + - - - + tym is defined }
is an A-ideal of M.
Proof. (1) It is clear that 0 € I,,,.
(I,) Let o < 2% t;m € I, for some 2 € M. Then, z = lz <
Zle t:m <nm € I,,, where n > 0 and so = € I,,,.
(I3) Let Zle tim,y . s;m € I,. Then, there exist ny,ny > 0 such
that Zle tim <nym and ;" s;m < nym and so
k+w k w
Zcim = Ztim@Zsim <nm®&nom=m®eée---Pm
———
=1 =1 i=1 ni times
® m®---®&m=(n +ng)m,
—————
no times

where

o 1<i<k
“TY sin k+1<i<k+w’
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k
It means that Y . t;m @Y | s;m € Iy,.
(I,) Let a € A and ) le tim € I,,. Then, there exists n > 0 such that
o t;m < nm. Since o tm < nm =me®---®m, by Lemma
szl i=1 y DY
———

n times

2.10(f) and (h), hence
k
ad tim) <a(m@---Om) <agm®--- O am,.
i=1

Vv
n times

By Lemma 2.10(k), since (am)' @m = a'm@&m/&m =1, and am < m
k k
;80 a(d i tim) < m@---@m = nm. It results that > (a.t;)m =

n times

S a(tim) € L. O

Notation. For A-module M, non-empty subset I of A and A-ideal
N of M, welet IN={zxm:x€l,me N}

Definition 3.4. A PMV-algebra A is called commutative, if z.y = y.x,
for every x,y € A.

Example 3.5. In Example 3.1, A is a commutative PM V-algebra.

Theorem 3.6. Let A be commutative MV —algebra, M be a unitary
A-module, N be a proper A-ideal of M and x ®x = x, for every x € A.
Then, N is a prime A-ideal of M if and only if for every ideal I of A
and A-ideal D of M, ID C N implies that I C (N : M) or D C N.

Proof. (=) Let N be a prime A-ideal of M, I be an ideal of A and D
be an A-ideal of M such that ID C N. We will show that I C (N : M)
or DCN. Let I ¢ (N:M)and D¢ N. Then, there exist z € A and
d € D such that xM ¢ N and d ¢ N. On the other hand, ID C N
implies that zd € N. Since N is a prime A-ideal of M and d ¢ N,
xM C N, which is a contradiction.

(<) For every ideal I of A and A-ideal D of M, let ID C N implies
that I C (N : M) or D C N. Then suppose that there exist x € A
and m € M such that zm € N and m ¢ N. By Proposition 2.2 and
Lemma 3.3, let I = (z) and D = I,,,. Then for y € I, by Proposition
2.2, there exists n > 0 such that y < nx and so y © nx = 0. Hence,

ym = (ye0)m=(ye (yenr))m=(yo (y© (nz)))m
= (YO (¥ ®na))m = (y Ana)m.
By Lemma 2.10 (g), since y A nz < nx and = & x = z, we get
ym = (yAnz)m < (ne)m= (2 @x®--- ©x)m =axm € N.

n times
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Hence, ym € N and then we get 1D = {y(3F  t;m) : y,t; € A} =
{Zleti(ym) cy,t € A} C Nandsol C(N:M)or DC N. Since
m & N, hence [ C (N : M) and so M C N. Therefore, N is a prime
A-ideal of M. O]

Definition 3.7. Let M be an A-module. Then M is called a Boolean
A-module if ax @ ay < a(x @ y), for every a € A and x,y € M.

Example 3.8. If A is a Boolean algebra, then every A-module M is a
Boolean A-module.

Proposition 3.9. [I, 10] Let M be a Boolean A-module.
(i) If I is an A-ideal of M, then L is an A-module.
(i) If N and K are two A-ideals of M such that N C K, then
B ={%:ke K} is an A-ideal of 3*.
Proposition 3.10. Let M be a Boolean A-module and N be an A-ideal
of M. Then P is a prime A-ideal of M if and only if % 1S a prime
A-ideal of %, where N C P.

Proof. (=) Let P be a prime A-ideal of M. By Proposition 3.9, % is
an A-module and % is an A-ideal of % Let x5 € %, where z € A
and m € M. Then there exists ¢ € P such that $¢ = & and so
d(xm,q) € N C P. Since xm = d(xm,0) < d(zm,q) ® d(q,0) € P,
xm € P and so x € (P : M) or m € P. It results that x% - % or
S %. Therefore, % is a prime A-ideal of %

(<) The proof is straight forward. O
Lemma 3.11. Consider A as A-module. Let I be an ideal of A and P

be a prime A-ideal of A containing I. Then ? is a prime A-ideal of ?.

Proof. Note that if the operation e : A x? — ? is defined by re¥ = =¥,
for any =,y € A, then ? is an A-module. By Proposition 3.9, ? is an

A-ideal of %, and it is easy to show that ? is a prime A-ideal of ?. OJ
Lemma 3.12. Let M, and My be two A-modules, ® : My — My be

an MV -homomorphism and N be a prime A-ideal of My such that
¢(My) € N. Then, ¢~*(N) is a prime A-ideal of M.

Proof. The proof is straight forward. OJ

Notation. If M; and M, are two MV -algebras, then hom(M;, Ms)
denotes the set of all MV -homomorphisms from M; to Ms.

Theorem 3.13. Let M be an A-module, rad(A) be the intersection of

all prime A-ideals of A as A-module and hom(M, mjﬁ) #0. Then M

contains a prime A-ideal.
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Proof. Since hom(M, #}m) # 0, then there exists an MV —homomor-

phism ¢ : M — #@ such that ¢(m) = md“(A) =+ m;(A), for some

m € M and a € A. Hence, a ¢ rad(A) and then there exists a prime
A-ideal P of M such that a ¢ P. Since —%— ¢ lefl)’ p(M) & L+

ad(A) rad(A)’
Therefore, by Lemmas 3.11 and 3.12, qb_l(W}ZA)) is a prime A-ideal of
M. ]

4. MOST RESULTS ON A-IDEALS IN MV-MODULES

In this section, we obtain some conditions that an A-ideal is not
prime. Also, we investigate if K, Ky,..., K, are A-ideals of A-module
M such that K C |J;_, K;, then K C Kj, for some 1 < j < n.

Definition 4.1. Let M be an A-module and K, K1, ..., K,, be A-ideals
of M. Then, |J;_, K; is called an efficient covering of K, if K C J;_, K,
and K ¢ UJj,,_, Ki, for every 1 < j < n. Moreover, K = [Ji_, K; is
called an efficient union, if K # U;.;Z.:l K;, for every 1 < j < n.

Example 4.2. Let A= M ={0,1,2,3} and the operations “®” and
“” be defined on M as follows:

®l0 1 2 3
oj0 1 2 3 ’\O 1 92 3
111 1 2 3 ‘3 51 0
212 2 2 3
313 3 3 3
Also, for every a,b € A,
a.b:{o a%y.
r a=1b

Then, it is easy to show that (M, ®,",0) is an MV-algebra and (A, ®,’,
., 0) is a PMV-algebra. Now, let the operation e : A x M — M be
defined by a ¢ b = a.b, for every a € A and b € M. It is easy to see
that M is an A-module and K; = {0,1}, Ky, = {0,2}, K = {0, 1,2}
are A-ideals of M. Also, K1 U K is an efficient covering of K and it is
an efficient union.

Lemma 4.3. Let M be an A-module, K, K1, ..., K, be A-ideals of M
and K = J;_; K; be an efficient union of A-ideals of M, where n > 1.
Then, iz Ki = iy Ki, for every 1 < j <n.

Proof. Without loss of generality, let j =1 and a € (;_, K;. Since K
has an efficient covering, then there exists b € K such that b ¢ (J;_, K.
Now, if a®b € |J;_, K, then there exists 2 < ¢ < n such that a®b € K;.
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Since b < a @ b € Ky, hence b € K;, which is a contradiction. Hence,
adbe K—J ,K;,andsoa®be K;. Since a <a® b€ Ky, we get
a € K; and then a € (), K;. It results that (,_, K; C (,—, K;, and
therefore (N, K; = (i, K;. O

Theorem 4.4. (Prime avoidance of A-ideals) Let M be a unitary A-
module and K,Ky,..., K, be A-ideals of M. (i) If K C |;_, K; is
an efficient covering of K and (K, : M) ¢ (K; : M), for any j # t,
where 1 < j,t < n, then K; is not a prime A-ideal of M, for every
I1<j<n.

(it) If K C U, Ki, at most two of K; 's are not prime and (K; :
M) g (K;: M), wheren >3, j #i and 1 <1i,j <n, then there exists
1 <j <n such that K C Kj.

Proof. (i) We first show that K = |J;_,(K N K;) is an efficient union
of K. Since K C |J;_, K; is an efficient covering of K, then there
exists a € K such that a ¢ (Jj,_, Ki, for any j # 4, where 1 <
j < n. Hence, a ¢ K; and so a ¢ K N K;, for any ¢ # j. It then
follows that a ¢ (U}, (K N K;) and so K # U] ,,_, (K N K;). Hence,
K = UL, (K NK,) is an efficient union of K. Let j be a constant
number, where 1 < j < n. If i # j, then (K; : M) € (K; : M) and
so there exists a; € (K; : M) — (K; : M), where 1 < i < n. We set
a=a.as..... Aj1.Cjt1- - .- . ay,. Since A is unital, by Lemma 2.7 (i), we
have a < a;, where 1 <i <n. Sincea < a; € (K;: M), a € (K; : M),
for any i # j. Now, we show that K is not a prime A-ideal of M. Since
K =, (K NK;)is an efficient union of K, there exists z € K — K;
and so by Lemma 4.3, we get ax € (},_ (KN K;) = (KNK;) C
K;. If K; is a prime A-ideal, then x € K; or a € (K; : M), which
in any of two cases is a contradiction. Therefore, K; is not a prime
A-ideal of M, for every 1 < j < n.

(it) We have K C |J;_, K;. Let K C i, K;, be an efficient covering
of K, where 1 < m < mn and m # 2. If m > 2, then at least one of
the K, 's is prime A-ideal of M and so by (i), that is a contradiction.
Hence, m = 1 and therefore K C K, for some 1 < j < n. O

Example 4.5. By Example 4.2, we have (K7 : M) = {0,1} and (K :
M) = {0,2}. Tt is clear that (K; : M) € (K5 : M) and (K, : M) ¢
(Ky : M). Note that K; and K, are not prime A-ideals of M. For
example, 2.3 =0¢€ K, but 3¢ K; and 2 ¢ (K; : M).

Note.Now, we want to state a different shape of the theorem of
"prime avoidance of A—ideals”. Let K, K,..., K, be A-ideals of M
and mi+Ki,--- ,m,+K, be cosets in M, for m; € M, where1 <1 < n.
We say |, (m;+K;) is an efficient covering of K, if K C | J;, (m;+K;)
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and K ¢ U;‘#i:l(mi + K;), for every 1 < j < n. Moreover, K =
Uiz (mi + K;) is an efficient union, if K # (J;_,_,(m; + K;), for every
I1<j<n.

Lemma 4.6. Let M be an A-module, N be an A-ideal of M and m &
N={m®n:ne€ N}. Then, m® N = N, where m € M and m < n,
for every 0 #n € N.

Proof. Since m < n € N, by (I3), we get m € N and so m@& N C N.
Since n' < n' @ m, by Lemma 2.3 (i), we have (n’ ®@m) <n € N and
hence (n’ @ m)" € N. Now, by (MV4), we have

n=n®0=n®1l'=nd(mM ®&n) =mdn' &m) emae N,
for every n € N and then N C m & N. Therefore, m & N = N. 0

Lemma 4.7. Let M be an A-module, K, K, ..., K, be A-ideals of M
and K C U, (K; + m;) be an efficient covering of K, where n > 2
and m; < k;, for every 0 #k; € K;, 1 <1 <mn and “+7 is the partial
addition on M. Then K N (N, Ki) C Kj, but K ¢ K;, for any
1<j<n.

Proof. Without loss of generality, we accept j = 1. Let a € KN(,_, K;
and b € K—J;,(K;+m;). Then, b € K;+m;. If there exits j > 2 such
that a+b € K;+mj, then a € K; implies that b € K; 4+m;, which is a
contradiction. Hence, a+b € K—J;_,(K;+m;) and so a+b € K;+m;.
It then results that a + b = k; + mq, for some k; € K;. On the other
hand, b = k + mq, for some k € K;. Then, a +k+m; = ki +my
and so by Lemma 2.5 (7ii), we get a + k = k;. By Lemma 2.5 (4i), we
have a = K Ok = (k] ® k). Since k] <k &k, (ki dk) <k € K,
so a = (ky ® k) € Ki. Hence, K N (), K;) € Ki. Now, let there
exists 1 < j < n such that K C K;. If m; € K;, then by Lemma 4.6,
we have K C K; = K +m;, which is a contradiction. Which the fact
that |J;_, (K; + m;) is an efficient covering of K. If m; ¢ K, then we
will show that KN (K;+m;) =0. Let z € K N(K;+m;). Then there
exists k; € K; such that x = k; + m; € K C Kj. Since m; < k; +m;,
then m; € Kj, which is a contradiction. Hence, K N (K; + m;) = 0
and so K C |7, (K; +m;), which is a contradiction. Which the fact
that ;" ,(K; + m;) is an efficient covering of K. Therefore, K ¢ K,
forany 1 < j <n. O

Theorem 4.8. Let M be an A-module, K, Ky,..., K, be A-ideals of
M and K +m C J._, K; be an efficient covering of K +m and (K :
M) g (K : M), for every j #t, where 1 < j,t <n andm € M. Then
K is not a prime A-ideal of M, for every1 < j <n.
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Proof. By Lemma 4.7, we haveK N (-, Ki) € K; and K ¢ K;,
for every 1 < j < n. Let I = (N}, Ki : M). Then, IK C KN
(Njzim1 Ki) € Kj. Now, let Kj be a prime A-ideal of M. Then,
K C Kjor IM C K;. Since K ¢ K;, I C (K; : M). On the other
hand, I = (V) K © M) = (4, (I 2 M) C (K : M), for every
i # j. Hence, there exists i # j such that (K; : M) C (K; : M), which
is a contradiction. Therefore, K; is not a prime A-ideal of M, for every
1 <i<n. 0J

5. CONCLUSIONS

Our results in this paper about the A—ideals of MV —modules gives
new insights for anyone who is interested in studying and development
of ideals in MV —modules. One can study of ideals in MV —modules
and obtain some new methods to study and characterize the A—ideals
of MV —modules. Furthermore, one can define another types of A—ideals
in MV —modules and study many other subjects in this field.
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