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4-CYCLE FREE APM-LDPC CODES WITH AN
EXPLICIT CONSTRUCTION
Z. GHOLAMI AND M. GHOLAMI∗
Abstract. Recently, attention has been focused on a class of
low-density parity-check codes from affine permutation matrices,
called APM-LDPC codes, having some advantages than quasicyclic (QC) LDPC codes in terms of minimum-distance, cycle distribution and error-rate performance. Moreover, some explicit
constructions for exponent matrices of conventional APM-LDPC
codes with girth at least 6 have been investigated. In this paper,
a class of 4-cycle free APM-LDPC codes is constructed by a new
explicit method such that the constructed codes have better cycle
distributions rather than the recently proposed APM codes with
girth 6. As simulation results show, the constructed codes outperform PEG and random-like LDPC codes with the same rates and
lengths.

1. Preliminaries
For given positive integer m, let Zm = {0, 1, . . . , m − 1} be the ring
of integers modulo m and Z∗m = {a ∈ Zm | gcd(a, m) = 1} be the set
of elements in Zm which are relatively prime to m. Now, for each
s,a
(s, a) ∈ Zm × Z∗m , define affine permutation (AP) matrix Im
, briefly
s,a
I when m is known, to be the m × m binary matrix (pi,j )0≤i,j≤m−1
in which pi,j = 1 if and only if i = aj + s mod m. In fact, in I s,a , the
row-index of 1 in the first column is s and each column is shifted down
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by a respect to the previous column. Some of the properties of AP
matrices can be seen easily as follows [3].
(1) I s1 ,a1 × I s2 ,a2 = I s1 +a1 s2 ,a1 a2 .
−1
−1
(2) I s1 ,a1 /I s2 ,a2 = I s1 −s2 a1 a2 ,a1 a2 .
−1 −1
(3) (I s,a )−1 = (I s,a )T = I −sa ,a .
{ an −1 n
s a−1 ,a
a ̸= 1
(4) (I s,a )n = I sn,1
I
a=1
By the above relations, it is clear that the set of all APMs of size m,
i.e. {I s,a : (s, a) ∈ Zm × Z∗m }, with the multiplication operation, forms
a non-abelian group of order m × ϕ(m), where ϕ(m) = |Z∗m | is the
phi-Euler’s function.
Now, for a given J×L fully-one matrix B, let E = (ei,j )0≤i≤J−1,0≤j≤L−1
be a J × L array on Zm × Z∗m , i.e. each element ei,j is a pair (si,j , ai,j ) ∈
Zm × Z∗m . The (J, L) APM-LDPC code with base matrix B, APM-size
m and exponent matrix E can be defined as an LDPC code having the
following parity-check matrix.


I s0,0 ,a0,0
..
.

Hm,E = 
I

sJ−1,0 ,aJ−1,0


···
I s0,L−1 ,a0,L−1
..
..

.
.
sJ−1,L−1 ,aJ−1,L−1
··· I

(1.1)

In the literature, the J × L matrices S = (si,j )0≤i≤J−1,0≤j≤L−1 and
A = (ai,j )0≤i≤J−1,0≤j≤L−1 are called slope and shift matrices, respectively. It is noticed that, if an element of E is greater than m, in
construction of Hm,E , such element is considered to be modulo m. Especially, if ai,j = 1 for each 0 ≤ i ≤ J − 1 and 0 ≤ j ≤ L − 1, then Hm,E
in (1.1) can be considered as the parity-check matrix of a QC-LDPC
code with circulant permutation matrix (CPM) size m. Moreover, after
some elementary row (column) operations on Hm,E , it may be considered as the parity-check matrix of a QC-LDPC code. The following
theorem gives a necessary condition such that Hm,E is the parity-check
matrix of a QC-LDPC code.
Theorem 1.1. If (si , ai ) ∈ Zm ×Z∗m , 0 ≤ i ≤ J −1, and (sj , aj ) ∈
(r) (c)
Zm × Z∗m , 0 ≤ j ≤ L − 1, are given such that for each i, j, ai aj ai,j =
1 mod m, then Hm,E can be considered as the parity-check matrix of a
QC-LDPC code.
(r)

(r)

(c)

(c)

Proof. For 0 ≤ i ≤ J − 1 and 0 ≤ j ≤ L − 1, multiplying the ith
(r) (r)
row-block of Hm,E by I (si ,ai ) and then multiplying the jth column(c)

block of Hm,E by I (sj

(c)

,aj )

, the matrix Hm,E ′ with exponent matrix
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E ′ = (e′i,j ), will be obtained, in which
(
)
(r)
(r) (c)
(c) (r) (c)
e′i,j = (ai si,j + si )aj + sj , ai aj ai,j ∈ Zm × Z∗m .
(r) (c)

Now, if ai aj ai,j = 1, for each i, j, then Hm,E ′ is the parity-check
matrix of a QC-LDPC code and the proof is completed.
□
Example 1.2. For given positive integers J and L, and prime number
m, m > JL, the matrix A = (ai,j ), ai,j = (i + 1)(j + 1), 0 ≤ i ≤ J − 1,
0 ≤ j ≤ L − 1, can be considered as a (J, L)−shift matrix of an APMLDPC code C, because for each i, j we have gcd(ai,j , m) = 1. Now,
(r)
(c)
substituting ai = (i + 1)−1 (mod m) and aj = (j + 1)−1 (mod m) in
(r) (c)
Theorem 1.1, we have ai aj ai,j = 1 (mod m), and so C is equivalent
to a QC-LDPC code.
The following theorem gives a necessary and sufficient condition for
the existence of a 2l−cycle in the Tanner graph of a (J, L) APM-LDPC
code with the parity-check matrix Hm,E .
Theorem 1.3. ([3]) A 2l-cycle in TG(Hm,E ) exists if and only if there
is a chain (i0 , j0 ); (i1 , j1 ); · · · ; (il−1 , jl−1 ); (il , jl ) = (i0 , j0 ), 0 ≤ ik ̸=
ik+1 ≤ J − 1 and 0 ≤ jk ̸= jk+1 ≤ L − 1, such that one of the following
relations holds:
(1) p0 = 1 and A = 0.
(2) gcd(p0 − 1, m)|A.
∏
−1
in which ph = l−1
k=h aik+1 ,jk aik ,jk mod m, 0 ≤ h ≤ l − 1, pl = p0 , and
∑l−1
A = k=0 (pk sik ,jk − pk+1 sik+1 ,jk ) mod m.
In particular case, if l = 2, then Theorem 1.3 can be summarized as
follows.
Corollary 1.4. TG(Hm,E ) is free of 4-cycles if and only if for each
0 ≤ i0 < i1 < J − 1 and 0 ≤ j0 < j1 < L − 1, we have v ̸= 0 if u = 0
or otherwise gcd(u, m) ∤ v, in which u = ai1 ,j0 ai0 ,j1 − ai1 ,j1 ai0 ,j0 mod m
and v = ai0 ,j1 ai1 ,j0 (si0 ,j0 − si0 ,j1 ) + ai0 ,j0 ai0 ,j1 (si1 ,j1 − si1 ,j0 ) mod m.
−1
Proof. Setting l = 2 in Theorem 1.3, we have p0 = ai1 ,j0 a−1
i0 ,j0 ai0 ,j1 ai0 ,j1 mod
−1
−1
m and A = ai1 ,j0 a−1
i0 ,j0 ai0 ,j1 ai0 ,j1 (si0 ,j0 −si0 ,j1 )+ai0 ,j1 ai0 ,j1 (si1 ,j1 −si1 ,j0 ) mod
m. On the other hand, by the proof of Theorem 1.3 in [3], the existence of a 4-cycle in TG(H) is related to the resolvability of the
equation (p0 − 1)x = A mod m, which can be solved if and only
if ai0 ,j0 ai1 ,j1 (p0 − 1)x = ai0 ,j0 ai1 ,j1 A (mod m) is resolvable, because
gcd(ai0 ,j0 ai1 ,j1 , m) = 1. Now, this equation is simplified as ux = v
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(mod m) which has no solution if and only if v ̸= 0 and u = 0 or
gcd(u, m) ∤ v.
□
Cycles, especially cycles of length 4, in the Tanner graph of an LDPC
code degrade the performance of LDPC decoders. Therefore, design of
LDPC codes free of 4-cycles is of great interest. Here, for enough large
m, we give some exponent matrices E explicitly such that Hm,E has
girth 6. In fact, an exponent matrix E is constructed explicitly with
the lower-bound Q(E), such that g(Hm,E ) ≥ 6 for each m ≥ Q(E).
2. Explicit Constructions of APM-LDPC Codes with
Girth at Most 6
In order to construct APM-LDPC codes with girth 6, we start from
the following theorem. Before that, for positive integers m and prime p,
define νp (m) to be the largest power of p which divides m, i.e. νp (m) =
e if and only if pe |m and pe+1 ∤ m. Clearly, for two integers a, b, we have
νp (ab) = νp (a) + νp (b), so νp (pk a) = k + νp (a), νp ((kp + 1)a) = νp (a)
and if a|b, then vp (a) ≤ vp (b). Moreover, by the Legendre’s formula
[13]
∑∞ ⌊ m ⌋
for the factorial of an integer number, we have νp (m!) = i=1 pi ,
where ⌊x⌋ is the floor function. Moreover, for each integer m = 1 × 3 ×
5 × · · · × (2N − 1), we have νp (m) = νp ((2N )!) − νp (N !).
Theorem 2.1. For prime p and integers J, L, J < L, let E = (ei,j ), be
a (J, L)−exponent matrix, such that ei,j = (si,j , ai,j ), in which si,j = ij
and ai,j = (i + j)p + 1, 0 ≤ i ≤ J − 1 and 0 ≤ j ≤ L − 1. Then, for
each m = pk , k > logp (J − 1)(L − 1), we have g(Hm,E ) ≥ 6.
Proof. Substituting si,j and ai,j in Corollary 1.4, we have u = p2 (j1 −
j0 )(i1 − i0 ) mod m and v = (i0 − i1 )(j0 − j1 )(kp + 1) mod m, where
k = (i0 j0 + j0 j1 )p + i0 + j0 + j1 . Set e = νp ((j1 − j0 )(i1 − i0 )). Now,
if e < k − 2, then u ̸= 0, because νp (u) = e + 2 < νp (m) = k and
(j1 −j0 )(i1 −i0 ) ̸= 0. In this case, gcd(u, m) = pe+2 which is not divisible
by v, because νp (v) = νp ((j1 − j0 )(i1 − i0 )) = e < e + 2 = νp (gcd(u, m)).
On the other hand, if e ≥ k − 2, then u = 0, but v ̸= 0, because v = 0
if and only if (j1 − j0 )(i1 − i0 ) = 0 mod m. However, (j1 − j0 )(i1 − i0 ) =
̸
0 mod m, because 0 < (j1 − j0 )(i1 − i0 ) ≤ (J − 1)(L − 1) < pk = m. □
It is worth noticing that the APM-LDPC code constructed by Theorem 2.1 is not equivalent to a QC-LDPC code, because by Theorem 1.1,
1
the expression (i+j)p+1
can not be decomposed to the multiplications
of two functions in terms of the variables i and j. On the other hand,
ai,j = (i + j)p + 1 is always prime respect to m = pk , for each i, j.
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k
5
6
7
8
5
6
7
8
6
7
8

m
16
16
16
16
16
16
16
16
32
32
32

n6,8
744
1856
3832
7008
3232
7760
16112
29540
23808
49232
89600

m1 [12]
16
16
16
16
16
16
16
16
32
32
32

n6,8
1192
2432
4568
7904
3984
8800
17040
30528
37536
68336
113344

m2 [4]
17
17
17
17
17
17
17
17
31
31
31

n6,8
850
1938
3859
6817
3604
8446
16439
29529
25296
50623
91729

m3 [5]
16
16
16
16
16
16
16
16
32
32
32
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n6,8
888
1952
3928
7200
3536
8144
16400
29952
29472
56816
97088

Table 1. A comparison between the number of 6,8cycles of the constructed codes with some explicit QC,
APM and AQC-LDPC codes in [12], [4] and [5]
Example 2.2. For p = 5, let E be the following 5 × 7 exponent matrix
given by Theorem 2.1.
 (0, 1) (0, 6) (0, 11) (0, 16) (0, 21) (0, 26) (0, 31) 



(0, 6)
(0, 11)
(0, 16)
(0, 21)

(1, 11)
(2, 16)
(3, 21)
(4, 26)

(2, 16)
(4, 21)
(6, 26)
(8, 31)

(3, 21)
(6, 26)
(9, 31)
(12, 36)

(4, 26)
(8, 31)
(12, 36)
(16, 41)

(5, 31)
(10, 36)
(15, 41)
(20, 46)

(6, 36)
(12, 41)
(18, 46)
(24, 51)




For k ≥ ⌈log5 (5 − 1)(7 − 1)⌉ = 2, we have g(Hm,E ) ≥ 6. It is note that
each element of E is reduced in modulo m. For example, for m = 25,
the element (24, 51) in the above exponent matrix is reduced to (24, 1).
3. outputs
Table 1 provides some comparisons between the 6,8-cycle multiplicities of the constructed codes with block-size m, on one hand, and
some QC-LDPC codes [12] with CPM-size m1 , APM-LDPC codes [4]
with APM-size m2 and AQC-LDPC codes [5] with block size m3 with
some explicit constructions, on the other hand. All of the codes considered in this comparison have girth at least 6. In the table, n6,8 is
the summation of 6,8 cycle multiplicities of the corresponding codes.
As Table 1 shows, the constructed codes have better n6,8 rather than
QC and AQC-LDPC codes, although, they have a close comparisons
with the APM-LDPC codes in [4].
4. simulation results
For simulation results, we have used an additive white Gaussian noise
(AWGN) channel, using software available online [7]. The decoding algorithm is sum-product with iteration number 50 and block number
1000. Figure 1 shows a bit error performance comparison between two
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10-1
Apm; girth=14
Apm; girth=12
PEG; Tg=14
Random; No4Cycle
(K,N)=(28800,57600)
Rate=0.5
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Figure 1. The constructed APM codes with different
girths against Random and PEG LDPC codes
QC-LDPC codes with different girths having lifting degree 9600 lifted
from the base matrix of the (3, 6) APM-LDPC code constructed explicitly, on one hand and a 4-cycle free randomly constructed LDPC code
and an LDPC code from progressive edge growth (PEG) [9] with target
girth 14, on the other hand. As the figure confirms, the constructed
codes outperform random and PEG codes with the same lengths, rates
and girths.
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ﮐﺪﻫﺎی ﺧﻠﻮت آﻓﯿﻦ ﻓﺎﻗﺪ دور ﺑﻪ ﻃﻮل  ۴ﺑﺎ ﯾﮏ ﺳﺎﺧﺘﺎر ﺻﺮﯾﺢ
زﻫﺮا ﻏﻼﻣﯽ  ١و ﻣﺤﻤﺪ ﻏﻼﻣﯽ

٢

 ١,٢داﻧﺸﮑﺪه ﻋﻠﻮم رﯾﺎﺿﯽ ،داﻧﺸﮕﺎه ﺷﻬﺮﮐﺮد ،ﺷﻬﺮﮐﺮد ،اﯾﺮان
اﺧﯿﺮاً ،دﺳﺘﻪ ای از ﮐﺪﻫﺎی ﺑﺎ ﻣﺎﺗﺮﯾﺲ ﺑﺮرﺳﯽ ﺗﻮازن ﮐﻢﭼﮕﺎل )ﮐﺪﻫﺎی ﺧﻠﻮت( ﺑﺮ ﭘﺎﯾﻪ ﻣﺎﺗﺮﯾﺲﻫﺎی

ﺟﺎﯾﮕﺸﺘﯽ آﻓﯿﻦ ﺑﻪ ﻧﺎم ﮐﺪﻫﺎی آﻓﯿﻦ ﻣﻮرد ﺗﻮﺟﻪ ﻗﺮار ﮔﺮﻓﺘﻪاﻧﺪ ﮐﻪ ﻧﺴﺒﺖ ﺑﻪ ﮐﺪﻫﺎی ﺧﻠﻮت ﺷﺒﻪدوری

دارای ﻣﺰاﯾﺎﯾﯽ ﺑﺮ ﺣﺴﺐ ﮐﻤﺘﺮﯾﻦ-ﻓﺎﺻﻠﻪ ،ﺗﻮزﯾﻊ دوری و ﮐﺎرآﯾﯽ ﻧﺮخ ﺧﻄﺎ ﻣﯽﺑﺎﺷﻨﺪ .ﻋﻼوه ﺑﺮاﯾﻦ ،ﺑﺮﺧﯽ
ﺳﺎﺧﺘﺎرﻫﺎی ﺻﺮﯾﺢ ﺑﺮای ﻣﺎﺗﺮﯾﺲﻫﺎی ﺗﻮاﻧﯽ ﮐﺪﻫﺎی ﺧﻠﻮت آﻓﯿﻦ ﻣﺘﻌﺎرف )ﻓﺎﻗﺪ ﺑﻠﻮک ﺻﻔﺮ در ﻣﺎﺗﺮﯾﺲ
ﺑﺮرﺳﯽ ﺗﻮازن( ﺑﺎ ﮐﻤﺮ ﺣﺪاﻗﻞ  ۶ﻣﻄﺮح ﺷﺪه اﺳﺖ .در اﯾﻦ ﻣﻘﺎﻟﻪ ،دﺳﺘﻪای از ﮐﺪﻫﺎی ﺧﻠﻮت آﻓﯿﻦ ﻓﺎﻗﺪ دور

ﺑﻪ ﻃﻮل  ۴ﺑﺎ اﺳﺘﻔﺎده از ﯾﮏ روش ﺻﺮﯾﺢ ﺳﺎﺧﺘﻪ ﻣﯽﺷﻮﻧﺪ ﮐﻪ ﻧﺴﺒﺖ ﺑﻪ ﮐﺪﻫﺎی آﻓﯿﻦ ﺑﺎ ﮐﻤﺮ  ۶ﻣﻄﺮح ﺷﺪه
در ﺳﺎلﻫﺎی اﺧﯿﺮ دارای ﺗﻮزﯾﻊ دوری ﻣﻨﺎﺳﺐﺗﺮی ﻣﯽﺑﺎﺷﻨﺪ .ﻫﻤﺎنﮔﻮﻧﻪ ﮐﻪ ﻧﺘﺎﯾﺞ ﺷﺒﯿﻪﺳﺎزی ﻧﺸﺎن ﻣﯽدﻫﺪ،
ﮐﺪﻫﺎی ﺳﺎﺧﺘﻪ ﺷﺪه ﻧﺴﺒﺖ ﺑﻪ ﮐﺪﻫﺎی ﺗﺼﺎدﻓﯽ و ﮐﺪﻫﺎی  PEGﺑﺎ ﻃﻮل و ﻧﺮخ ﻣﺸﺎﺑﻪ ،دارای ﮐﺎرآﯾﯽ ﻧﺮخ
ﺧﻄﺎی ﺑﻬﺘﺮی ﻣﯽﺑﺎﺷﻨﺪ.
ﮐﻠﻤﺎت ﮐﻠﯿﺪی :ﮐﺪﻫﺎی ﺧﻠﻮت آﻓﯿﻦ ،ﺳﺎﺧﺘﺎرﻫﺎی ﺻﺮﯾﺢ ،ﮐﻤﺮ.

