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ON THE PROJECTIVE DIMENSION OF ARTINIAN
MODULES
Y. IRANI, K. BAHMANPOUR∗ AND G. GHASEMI
Abstract. Let (R, m) be a Noetherian local ring and M , N be
two finitely generated R-modules. In this paper it is shown that
R is a Cohen-Macaulay ring if and only if R admits a non-zero
Artinian R-module A of finite projective dimension; in addition,
for all such Artinian R-modules A, it is shown that pdR A = dim R.
Furthermore, as an application of these results it is shown that
i+dim R/p

i
(Mp , Np ) ≤ pdR Hm
pdRp HpR
p

(M, N )

for each p ∈ SpecR and each integer i ≥ 0. This result answers
affirmatively a question raised by the present authors in [13].

1. Introduction
Let R denote a commutative Noetherian ring with identity, I be
an ideal of R and M , N be two R-modules. Throughout this paper,
we denote by idR M and fdR M the injective dimension and the flat
dimension of M respectively. Furthermore, we denote by pdR M the
projective dimension of M . Also, for technical reasons, we interpret
the injective dimension, flat dimension and projective dimension of the
zero R-module as −1.
The following celebrated result, primarily known as Bass’ conjecture
(Bass, 1963), has been achieved by Peskine and Szpiro (1973) in the
DOI: 10.22044/jas.2020.9439.1460.
MSC(2010): Primary: 13D45; Secondary: 13D05, 13D07.
Keywords: Flat dimension, Generalized local cohomology module, Injective dimension,
Local cohomology module, Projective dimension.
Received: 3 March 2020, Accepted: 16 July 2020.
∗
Corresponding author.
13

14

YAVAR IRANI, KAMAL BAHMANPOUR AND GHADER GHASEMI

geometric case, by Hochster (1975) for all local rings containing a field,
and by Roberts (1987) in mixed characteristic.
Theorem 1.1 (Bass’ Theorem). A Noetherian local ring is CohenMacaulay if and only if it admits a non-zero finitely generated module
of finite injective dimension.
In this paper first we prove an analogue result of this theorem. More,
precisely we prove that a Noetherian local ring is Cohen-Macaulay if
and only if it admits a non-zero Artinian module of finite projective
dimension. Also, we show that for any non-zero Artinian module A
over a Noetherian local ring R, either pdR A = ∞ or pdR A = dim R.
In 1970 the notion of generalized local cohomology was introduced
by Herzog in [12]. According to his definition, the ith generalized local
cohomology modules of M and N with respect to I is defined as
H i (M, N ) ∼
= lim Exti (M/I n M, N ).
I

R

−→

n≥1

Clearly, this notion is a generalization of the usual local cohomology
functor and HIi (R, N ) is just the ordinary local cohomology module
HIi (N ). There are a lot of articles concerning the generalized local cohomology modules in the literature (see for example [1, 2, 4, 5, 7, 8, 9,
10, 17, 18, 19, 20]).
The authors of the present paper, as a generalization of the main
result of [3], in [13] proved the following theorem:
Theorem 1.2. Let (R, m) be a Noetherian local ring and M , N be two
finitely generated R-modules. Then for each p ∈ SpecR and each i ≥ 0,
the following inequalities hold:
i+dim R/p

i
(Mp , Np ) ≤ idR Hm
i) idRp HpR
p

(M, N ).

i+dim R/p

i
(Mp , Np ) ≤ fdR Hm
ii) fdRp HpR
p

(M, N ).

Then they asked the following question:
Question 1.3. Let (R, m) be a Noetherian local ring and M , N be two
finitely generated R-modules. Whether for each p ∈ SpecR and each
integer i ≥ 0, the following inequality holds?
i
pdRp HpR
(Mp , Np ) ≤ pdR Hmi+dim R/p (M, N ).
p

The second aim of this paper is to present an affirmative answer to
this question in general.
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Throughout this paper, for each Noetherian local ring (R, m) the
symbol D(−) will always denote the Matlis dual functor HomR (−, E),
where E := ER (R/m) is the injective hull of the residue field R/m.
b For any unexAlso, we will denote the m-adic completion of R by R.
plained notation and terminology, we refer the reader to [6] and [14].
2. The results
The main purpose of this section is to prove Theorems 2.12 and 2.14.
In order to prove these theorems first we need to prove Proposition 2.9.
So, we start this section with some auxiliary lemmas, which are needed
in the proof of Proposition 2.9.
Recall that for each commutative ring R, the finitistic projective
dimension of R, is defined as:
FPD(R) := sup{pdR M : M is an R-module with pdR M < ∞}.
The following result shows that for any commutative Noetherian
ring R, FPD(R) is equal to the Krull dimension of R. The inequality
≥ was established by Bass in 1962, the other one was completed by
Gruson and Raynaud in 1973. Since there are examples of commutative
Noetherian rings with an infinite Krull dimension so in general the
finitistic projective dimensions of commutative Noetherian rings need
not to be finite.
Lemma 2.1. (See [15, Theorem 3.2]) Let R be a Noetherian ring. Then
FPD(R) = dim R.
Lemma 2.2. (See [11, Proposition 6]) Let R be a Noetherian ring and
Q be a non-zero flat R-module. If FPD(R) < ∞ then pdR Q < ∞.
Lemma 2.3. Let (R, m) be a Noetherian local ring and M be a non-zero
R-module. Then fdR M < ∞ if and only if pdR M < ∞.
Proof. Since R is a local Noetherian ring it follows that dim R < ∞.
Hence, by Lemma 2.1 we have F P D(R) < ∞. Thus by Lemma 2.2,
for each flat R-module Q, we have pdR Q < ∞. Now, assume that
fdR M := n < ∞. By induction on n we prove that pdM < ∞. If
n = 0, then M is a flat R-module, and so the assertion follows from
Lemma 2.2. Now suppose, inductively, that fdR M = n > 0 and we
have established the result for smaller values of n. Then there is an
exact sequence
0 −→ K −→ F −→ M −→ 0, (2.3.1)
for some free R-module F . Then it is clear that fdR K = n − 1 < ∞
and so by inductive assumption we have pdR K < ∞. Now since F is a
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projective R-module, from the exact sequence (2.3.1) we deduce that
pdR M ≤ 1 + pdR K < ∞. This completes the inductive step.
Conversely, assume that pdR M < ∞. Then, since each projective
resolution of M is a flat resolution of M , it follows that fdR M ≤
pdR M < ∞.
□
Lemma 2.4. (See [12, Theorem 3.1.17]) Let (R, m) be a Noetherian
local ring and M be a non-zero finitely generated R-module. If idR M <
∞, then idR M = depth R.
Lemma 2.5. (See [16, Theorem 69]) Let (R, m) be a Noetherian local
ring and M be a non-zero finitely generated R-module. If idR M < ∞,
then R is a Cohen-Macaulay ring.
Corollary 2.6. Let (R, m) be a Noetherian local ring and M be a nonzero finitely generated R-module. If idR M < ∞, then idR M = dim R.
Proof. The assertion follows from Lemmata 2.4 and 2.5.

□

Lemma 2.7. (See [6, Theorem 10.2.10]) Let (R, m) be a Noetherian
complete local ring and M be an Artinian R-module. Then D(M ) is a
finitely generated R-module.
Lemma 2.8. (See [14, Theorem 2.5]) Let (R, m) be a Noetherian local
ring. Then each projective module over R is free.
The following result plays a key role in the proof of our main results.
Proposition 2.9. Let (R, m) be a Noetherian local ring and M be a
non-zero Artinian R-module. If pdR M < ∞ then pdR M = dim R and
R is a Cohen-Macaulay ring.
Proof. Assume that pdR M = n < ∞. Then by Lemma 2.8, M has
b is
a finite R-free resolution of length n. Now, using the fact that R
b
b has a finite
a flat R-algebra it follows that the R-module
M ⊗R R
b
b
R-free resolution of length n, and so pdRb M ⊗R R ≤ n. Since by the
b
hypothesis M is an Artinian R-module it follows that M has an Rb
module structure and there is an isomorphism of R-modules as M ≃
b whence we get
M ⊗R R,
b ≤ pd M < ∞.
pdRb M = pdRb M ⊗R R
R
Now by Lemma 2.1 we can deduce that pdRb M ≤ pdR M ≤ dim R.
Now, let pdRb M = t and assume that
0 −→ Qt −→ · · · −→ Q0 −→ M −→ 0,
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b
b
is a R-projective
resolution of the R-module
M . Then by effecting the
exact functor DRb (−) to this exact sequence we get an exact sequence
0 −→ DRb (M ) −→ DRb (Q0 ) −→ · · · −→ DRb (Qt ) −→ 0,
b
b
which is an R-injective
resolution of the R-module
DRb (M ). Therefore,
idRb DRb (M ) ≤ t < ∞. Now, since idRb DRb (M ) < ∞ and by lemma 2.7,
b
DRb (M ) is a finitely generated R-module,
it follows from Lemma 2.5
b
that R is a Cohen-Macaulay ring. But this means that R is a CohenMacaulay ring. Also, by Corollary 2.6 we get
b = dim R,
idRb DRb (M ) = dim R
and so
dim R = idRb DRb (M ) ≤ t = pdRb M ≤ dim R.
Thus t = dim R and hence dim R = t = pdRb M ≤ pdR M ≤ dim R,
which means that pdR M = dim R.
□
Corollary 2.10. Let (R, m) be a Noetherian local ring and M be a nonzero Artinian R-module. Then either pdR M = ∞ or pdR M = dim R.
Proof. The assertion follows from Proposition 2.9.

□

Lemma 2.11. Let (R, m) be a local Cohen-Macaulay ring. Then there
exists a non-zero Artinian R-module M such that pdR M < ∞.
Proof. Set d := dim R. If d = 0, then M = R satisfies the condition
of the lemma. Now assume that d > 0 and let x1 , ...xd be a system of
parameters for R. Then by [14, p. 151], the Koszul complex
0 −→ R −→ Rd −→ · · · −→ Rd −→ R −→ R/(x1 , ..., xd ) −→ 0,
with respect to x1 , ..., xd provides an R-free resolution of the Artinian
R-module R/(x1 , ..., xd ). Therefore, pdR R/(x1 , ..., xd ) < ∞ and hence
M = R/(x1 , ..., xd ) satisfies the condition of the lemma.
□
The following theorem is the first main result of this paper.
Theorem 2.12. Let (R, m) be a Noetherian local ring. Then R is a
Cohen-Macaulay ring if and only if and only if R admits a non-zero
Artinian R-module of finite projective dimension.
Proof. The assertion holds by Proposition 2.9 and Lemma 2.11.

□

Lemma 2.13. (See [10, Theorem 2.2 ]) Let (R, m) be a Noetherian
local ring, and M , N be two finitely generated R-modules. Then the
R-module Hmi (M, N ) is Artinian, for all i ≥ 0.
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Now we are ready to state and prove the second main result of this
paper, which answers affirmatively a question raised by the present
authors in [13].
Theorem 2.14. Let (R, m) be a Noetherian local ring and M , N be
two finitely generated R-modules. Then for each p ∈ SpecR and each
integer i ≥ 0, we have:
pdRp Hpi Rp (Mp , Np ) ≤ pdR Hmi+dim R/ p (M, N ).
Proof. If Hpi Rp (Mp , Np ) = 0 then the assertion is clear. So, we may
assume that Hpi Rp (Mp , Np ) ̸= 0. Then by [13, Theorem 2.11] we have
i+dim R/ p

Hm
(M, N ) ̸= 0.
First, suppose that pdRp Hpi Rp (Mp , Np ) = ∞. Then by Lemma 2.3,
fdRp Hpi Rp (Mp , Np ) = ∞ and so by [13, Theorem 2.11], we have
∞ = fdRp Hpi Rp (Mp , Np )
≤ fdR Hmi+dim R/ p (M, N )
≤ pdR Hmi+dim R/ p (M, N ),
i+dim R/ p

which means that pdR Hm
(M, N ) = ∞ and so the assertion is
clear in this case. So, in order to prove the assertion we can make the
additional assumption that pdRp Hpi Rp (Mp , Np ) < ∞. Now if
pdR Hmi+dim R/ p (M, N ) = ∞,
then there is nothing to prove. So we may assume that
pdR Hmi+dim R/ p (M, N ) < ∞ and pdRp Hpi Rp (Mp , Np ) < ∞.
Then by Proposition 2.9 and Lemma 2.13, we get
pdRp Hpi Rp (Mp , Np ) = dim Rp
= height p
≤ dim R
= pdR Hmi+dim R/ p (M, N ).
□
Corollary 2.15. Let (R, m) be a Noetherian local ring and N be a
finitely generated R-module. Let p ∈ SpecR and i ≥ 0 be an integer.
Then
pdRp Hpi Rp (Np ) ≤ pdR Hmi+dim R/ p (N ).
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Proof. Replacing M by R, the assertion follows immediately from Theorem 2.14.
□
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درﺑﺎره ﺑﻌﺪ ﺗﺼﻮﯾﺮی ﻣﺪولﻫﺎی آرﺗﯿﻨﯽ
١ﯾﺎور اﯾﺮاﻧﯽ٢ ،ﮐﻤﺎل ﺑﻬﻤﻦ ﭘﻮر و ٣ﻗﺎدر ﻗﺎﺳﻤﯽ
١,٢,٣داﻧﺸﮑﺪه ﻋﻠﻮم ،داﻧﺸﮕﺎه ﻣﺤﻘﻖ اردﺑﯿﻠﯽ ،اردﺑﯿﻞ ،اﯾﺮان
ﻓﺮض ﮐﻨﯿﺪ ) (R, mﯾﮏ ﺣﻠﻘﻪی ﻣﻮﺿﻌﯽ و ﻧﻮﺗﺮی و  N ،Mدو - Rﻣﺪول ﺑﺎ ﺗﻮﻟﯿﺪ ﻣﺘﻨﺎﻫﯽ ﺑﺎﺷﻨﺪ .در
اﯾﻦ ﻣﻘﺎﻟﻪ ﻧﺸﺎن داده ﺷﺪه اﺳﺖ ﮐﻪ ﺣﻠﻘﻪی  Rﮐﻮﻫﻦ-ﻣﮑﺎﻟﯽ اﺳﺖ اﮔﺮ و ﻓﻘﻂ اﮔﺮ ﯾﮏ - Rﻣﺪول آرﺗﯿﻨﯽ
ﻏﯿﺮ ﺻﻔﺮ ﻣﺎﻧﻨﺪ  Aﺑﺎ ﺑﻌﺪ ﺗﺼﻮﯾﺮی ﻣﺘﻨﺎﻫﯽ ﻣﻮﺟﻮد ﺑﺎﺷﺪ .ﺑﻌﻼوه ﻧﺸﺎن داده ﺷﺪه اﺳﺖ ﮐﻪ ﺑﺮای ﻫﺮ ﭼﻨﯿﻦ
-Rﻣﺪول آرﺗﯿﻨﯽ ﻣﺎﻧﻨﺪ  ،Aدارﯾﻢ  .pdR A = dim Rﻋﻼوه ﺑﺮ آن ﺑﻪ ﻋﻨﻮان ﮐﺎرﺑﺮدی از اﯾﻦ ﻧﺘﯿﺠﻪ ﻧﺸﺎن
داده ﺷﺪه اﺳﺖ ﮐﻪ
i
pdRp HpR
(Mp , Np ) ≤ pdR Hmi+dim R/p (M, N ).
p

ﮐﻪ در آن  p ∈ SpecRو .i ≥ ٠
اﯾﻦ ﻧﺘﯿﺠﻪ ،ﯾﮏ ﺟﻮاب ﻣﺜﺒﺖ ﺑﻪ ﺳﻮال ﻣﻄﺮح ﺷﺪه ﺗﻮﺳﻂ ﻧﻮﯾﺴﻨﺪﮔﺎن اﯾﻦ ﻣﻘﺎﻟﻪ در ﻣﺮﺟﻊ ] [١٣اﺳﺖ.
ﮐﻠﻤﺎت ﮐﻠﯿﺪی :ﻣﺪول ﮐﻮﻫﻤﻮﻟﻮژی ﻣﻮﺿﻌﯽ ،ﻣﺪول ﮐﻮﻫﻤﻮﻟﻮژی ﻣﻮﺿﻌﯽ ﺗﻌﻤﯿﻢ ﯾﺎﻓﺘﻪ ،ﺑﻌﺪ اﻧﮋﮐﺘﯿﻮ ،ﺑﻌﺪ
ﺗﺼﻮﯾﺮی و ﺑﻌﺪ ﯾﮑﺪﺳﺖ.

