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STRUCTURE OF ZERO-DIVISOR GRAPHS
ASSOCIATED TO RING OF INTEGER MODULO n

S. PIRZADA∗, A. ALTAF AND S. KHAN

Abstract. For a commutative ring R with identity 1 ̸= 0, let
Z∗(R) = Z(R) \ {0} be the set of non-zero zero-divisors of R,
where Z(R) is the set of all zero-divisors of R. The zero-divisor
graph of R, denoted by Γ(R), is a simple graph whose vertex set is
Z∗(R) = Z(R) \ {0} and two vertices of Z∗(R) are adjacent if and
only if their product is 0. In this article, we find the structure of the
zero-divisor graphs Γ(Zn), for n = pN1qN2r, where 2 < p < q < r
are primes and N1 and N2 are positive integers.

1. Introduction

A graph is denoted by G = G(V (G), E(G)), where V (G) is the vertex
set and E(G) is the edge set of G. Througout we consider simple and
finite graphs. The order and the size of G are the cardinalities of V (G)
and E(G), respectively. The neighborhood of a vertex v, denoted by
N(v), is the set of vertices of G adjacent to v. The degree of v, denoted
by dv, is the cardinality of N(v). A graph G is called r-regular, if degree
of every vertex is r.

Let R be a commutative ring with non-zero identity 1 ̸= 0. Let
Z∗(R) = Z(R) \ {0} be the set of non-zero zero-divisors of R,
where Z(R) is the set of all zero-divisors of R. An element x ∈ R,
x ̸= 0, is known as zero-divisor of R if we can find y ∈ R, y ̸= 0,
such that xy = 0. Beck [3] introduced the concept of zero-divisor
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graphs of commutative rings and included 0 in the definition. Later
Anderson and Livingston [1] modified the definition of zero-divisor
graphs by excluding 0 of the ring in the zero-divisor set and defined the
edges between two nonzero zero-divisors if and only if their product is
zero. Recent work on zero-divisor graphs can be seen in [2, 1, 7] and
the references therein. In G, x ∼ y denotes that the vertices x and y
are adjacent and xy denotes an edge. The complete graph is denoted
by Kn and the complete bipartite graph by Ka,b. Other undefined
notations and terminology can be seen in [5, 6].

The authors in [12] obtained the structure of the zero-divisor graphs
Γ(Zn) for n = pN1qN2 , where p < q are primes and N1, N2 are positive
integers.

The rest of the paper is organized as follows. In Section 2, we mention
some preliminaries. In Section 3, we obtain the structure of zero-divisor
graphs Γ(Zn), for n = pN1qN2r, where 2 < p < q < r are primes and N1

and N2 are positive integers. Moreover, the different types of spectrum
of zero-divisor graphs can be seen in [8, 9, 11, 10].

2. Preliminaries

We begin with the following definition.
Definition 2.1 (Joined union). Let G be a graph of order n having
vertex set {1, 2, . . . , n} and Gi be disjoint graphs of order ni

1 ≤ i ≤ n. The graph G[G1, G2, . . . , Gn] is formed by taking the graphs
G1, G2, . . . , Gn and joining each vertex of Gi to every vertex of Gj

whenever i and j are adjacent in G.

We note that G and G[G1, G2, . . . , Gn] are of the same diameter.
This graph operation is known by different names in the literature,
like G-join, generalized composition, generalized join, joined union and
here we follow the latter name.

Let n be a positive integer and let τ(n) denote the number of
positive factors of n. Note that d|n denotes d divides n. The
Euler’s totient function, or Euler’s phi function, denoted by ϕ(n), is
the number of positive integers less or equal to n and relatively prime
to n. We say that n is in canonical decomposition if n = pn1

1 pn2
2 . . . pnl

l ,
where l, n1, n2, . . . , nl are positive integers and p1, p2, . . . , pl are distinct
primes.

The following fundamental observations will be used in the sequel.
Lemma 2.2. If n is in canonical decomposition pn1

1 pn2
2 . . . pnr

r , then
τ(n) = (n1 + 1)(n2 + 1) . . . (nr + 1).
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Theorem 2.3. The Euler’s totient function ϕ satisfies the following.
(i) ϕ is multiplicative, that is ϕ(pq) = ϕ(p)ϕ(q), whenever p and q

are relatively prime.
(ii)

∑
d|n

ϕ(d) = n.

(iii) For prime p,
l∑

i=1

ϕ(pl) = pl − 1.

For a positive integer n, Zn represents the set of congruence classes
{0, 1, . . . , n− 1} of integer modulo n.

An integer d dividing n is a proper divisor of n if and only if
1 < d < n. Let Υn be the simple graph with vertex set as the
proper divisor set {d1, d2, . . . , dt} of n, where two vertices are
adjacent provided didj is a multiple of n. Evidently, this graph is
a connected graph [4]. If pn1

1 pn2
2 . . . pnr

r is the canonical decomposition
of n, by Lemma 2.2, it follows that the order of Υn is given by

|V (Υn)| = (n1 + 1)(n2 + 1) . . . (nr + 1)− 2.

For 1 ≤ i ≤ t, let Adi = {r ∈ Zn : (r, n) = di}, where (r, n) is the
greatest common divisor of r and n. We observe that Adi ∩ Adj = ϕ,
when i ̸= j. So, the sets Ad1 , Ad2 , . . . , Adt are pairwise disjoint and
partition the vertex set of Γ(Zn) as V (Γ(Zn)) = Ad1 ∪ Ad2 ∪ · · · ∪ Adt .
From the definition of Adi , a vertex of Adi is adjacent to the vertex of
Adj in Γ(Zn) provided that n|didj , for i, j ∈ {1, 2, . . . , t} (see [4]).

The following result by Young [13] gives the cardinality of Adi .

Lemma 2.4. [13] For a divisor d of n, the cardinality of the set Ad is
equal to ϕ

(
n
di

)
.

We note that the induced subgraphs Γ(Adi) of Γ(Zn) are either
cliques or null graphs, as can be seen below [4].

Lemma 2.5. For the positive integer n and its proper di, the following
statements hold.

(i) If i ∈ {1, 2, . . . , t}, then the subgraph Γ(Adi) of Γ(Zn) on Adi

is either the complete graph K
ϕ
(

n
di

) or its complement K
ϕ
(

n
di

).
Also, Γ(Adi) is K

ϕ
(

n
di

) provided d2i is a multiple of n.
(ii) For distinct i, j in {1, 2, . . . , t}, a vertex of Adi is adjacent to

all of Adj or none of the vertices in Adj .
(iii) For distinct i, j in {1, 2, . . . , t}, a vertex of Adi is adjacent to a

vertex of Adj in Γ(Zn) provided didj is a multiple of n.
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The graph formed in part (iii) of Lemma 2.5 is known as G(A(di))
graph. Clearly, Γ(Zn) can be expressed as a joined union of complete
graphs and empty graphs.

Lemma 2.6. [4] For induced subgraph Γ(Adi) of Γ(Zn) with Adi

vertices, for 1 ≤ i ≤ t, the zero-divisor graph is
Γ(Zn) = Υn[Γ(Ad1),Γ(Ad2), . . . ,Γ(Adt)].

3. Structure of the zero-divisor graph Γ(ZpN1qN2r)

We begin with the following result which gives the structure of
Γ(ZPN qr), where N is an even number.

Theorem 3.1. Let Γ(Zn) be a zero-divisor graph of order n = pNqr,
where 2 < p < q < r are primes and N = 2m, m is any positive integer.
Then
Γ(Zn) =Υn

[
Kϕ(p2m−1qr), Kϕ(p2m−2qr), Kϕ(p2m−3qr), . . . , Kϕ(pqr),

Kϕ(p2mr), Kϕ(p2mq), Kϕ(p2m−1r), Kϕ(p2m−2r), . . . , Kϕ(r),

Kϕ(p2m−1q), Kϕ(p2m−2q), . . . , Kϕ(q), Kϕ(p2m−1), Kϕ(p2m−2), . . . ,

Kϕ(pm+1), Kϕ(pm), Kϕ(pm−1), . . . , Kϕ(p2), Kϕ(p)

]
. (3.1)

Proof. Let n = pNqr, where 2 < p < q < r are primes and N = 2m, m
is any positive integer. Then the proper divisors of n are

p, p2, p3, . . . , pm, . . . , pN ,

q, r, pq, pr, qr,

p2q, p3q, . . . , pmq, . . . , p2mq,

p2r, p3r, . . . , pmr, . . . , p2mr,

pqr, p2qr, . . . , pmqr, . . . , p2m−1qr. (3.2)
Therefore, by Lemma 2.2, the order of Υn is

(2m+ 1)(1 + 1)(1 + 1) = 4(2m+ 1).

Now, by the definition of Υn, we have
p ∼ p2m−1qr

p2 ∼ p2m−2qr, p2m−1qr

...
pm ∼ pmqr, pm+1qr, . . . , p2m−1qr

...
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p2m−1 ∼ p2m−2qr, p2m−3qr, . . . , p2qr, pqr.

The iteration of the adjacency relation is given as
pi ∼ pjqr, i+ j ≥ N, i, j = 1, 2, 3, . . . , N.

By the similar arguments as above, the other adjacency relations are
given by

q ∼ pNr, r ∼ pNq

piq ∼ pjr, i+ j ≥ N, i, j = 1, 2, 3, . . . , N

pir ∼ pjq, i+ j ≥ N, i, j = 1, 2, 3, . . . , N

piqr ∼ pjqr, i+ j ≥ N, i, j = 1, 2, 3, . . . , N.

Now, by Lemma 2.4, cardinalities of |Adi |, where i is in 3.2 and
j = 1, 2, 3, . . . , N are given by

|Adpi
| = ϕ

(
p2m−iqr

)
, |Adq | = ϕ

(
p2mr

)
, |Adr | = ϕ

(
p2mq

)
,

|Adpiq
| = ϕ

(
p2m−ir

)
, |Adpir

| = ϕ
(
p2m−iq

)
, |Adpiqr

| = ϕ
(
p2m−i

)
.

Also, by Lemma 2.5, the induced subgraphs Γ
(
Adi

)
’s are

Γ
(
Adpiqr

)
=

{
Kϕ(p2m−i), for i = m,m+ 1, . . . , 2m,

Kϕ(p2m−i), for i = 1, 2, . . . ,m− 1.

Γ
(
Adq

)
= K

ϕ
(
p2mr

)
Γ
(
Adr

)
= K

ϕ
(
p2mq

)
Γ
(
Adpiq

)
= K

ϕ
(
p2m−ir

), i = 1, 2, 3, . . . , 2m,

Γ
(
Adpir

)
= K

ϕ
(
p2m−iq

), i = 1, 2, 3, . . . , 2m,

Γ
(
Adpi

)
= K

ϕ
(
p2m−iqr

), i = 1, 2, 3, . . . , 2m,

where we avoid the induced subgraph Γ
(
ApN qr

)
corresponding to the

divisor pNqr. Thus, by Lemma 2.6, the structure of the zero-divisor
graph Γ

(
Zn

)
is given as in 3.1. This completes the proof. □

Now, we obtain the structure of Γ(ZpN qr), when N = 2m+1 is odd.

Theorem 3.2. Let Γ(Zn) be the zero-divisor graph of order n = pNqr,
where 2 < p < q < r are primes and N = 2m + 1 is a positive integer
and m ≥ 1. Then
Γ(Zn) = Υn

[
K

ϕ
(
pN−1qr

), K
ϕ
(
pN−2qr

), . . . , K
ϕ
(
pqr

), K
ϕ
(
pNr

), K
ϕ
(
pN q

),
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K
ϕ
(
pN−1r

), K
ϕ
(
pN−2r

), . . . , K
ϕ
(
r
), K

ϕ
(
pN−1q

),
K

ϕ
(
pN−2q

), . . . , K
ϕ
(
q
), K

ϕ
(
p
), K

ϕ
(
p2
), . . . , K

ϕ
(
pm
),

K
ϕ
(
pm+1

), K
ϕ
(
pm+2

), . . . K
ϕ
(
pN
)]. (3.3)

Proof. Let n = pNqr, where 2 < p < q < r are primes and N = 2m+1
is positive odd integer and m ≥ 1. Then the proper divisors of n are
given as

p, p2, p3, . . . , pm, pm+1, . . . , pN ,

q, r, pq, p2q, . . . , pmq, pm+1q, . . . , pNq,

pr, p2r, p3r, . . . , pmr, pm+1, . . . , pNr,

qr, pqr, p2qr, . . . , pmqr, pm+1qr, . . . , pN−1qr. (3.4)

Now, by Lemma 2.2, the order of Υn is

(2m+ 1 + 1)(1 + 1)(1 + 1) = 8(m+ 1),

where m ≥ 1.
Therefore, by definition of Υn, we have

p ∼ pN−1qr

p2 ∼ pN−2qr, pN−1qr

...
pm ∼ pm+1qr

...

The iterations of the adjacency relations are given as

pi ∼ pjqr, i+ j ≥ 2m+ 1 and i, j = 1, 2, 3, . . . , N.

piq ∼ pjr, i+ j ≥ 2m+ 1 and i, j = 1, 2, 3, . . . , N.

pir ∼ pjr, i+ j ≥ 2m+ 1 and i, j = 1, 2, 3, . . . , N.

piqr ∼ pjqr, i+ j ≥ 2m+ 1 and i, j = 1, 2, 3, . . . , N.

Now, by Lemma 2.4, the cardinalities of |Adi |, where i is given by 3.4
and j = 1, 2, 3, . . . , N , are given by

|Ad
pj
| = ϕ

(
pN−jqr

)
, |Ad

pjq
| = ϕ

(
pN−jr

)
,

|Ad
pjr

| = ϕ
(
pN−jq

)
, |Ad

pjqr
| = ϕ

(
pN−j

)
.
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Thus, by Lemma 2.5, the induced subgraphs Γ
(
Adi

)
are given by

Γ
(
Ad

pjqr

)
=

K
ϕ
(
pN−j

), j = 1, 2, 3, . . . ,m.

K
ϕ
(
pN−j

), j = m+ 1,m+ 2, . . . , N,

Γ
(
Ad

pj

)
= K

ϕ
(
pN−jqr

), j = 1, 2, 3, . . . , N,

Γ
(
Ad

pjq

)
= K

ϕ
(
pN−jr

), j = 1, 2, 3, . . . , N,

Γ
(
Ad

pjr

)
= K

ϕ
(
pN−jq

), j = 1, 2, 3, . . . , N,

Γ
(
Adq

)
= K

ϕ
(
pNr

),
Γ
(
Adr

)
= K

ϕ
(
pN q

)
where we avoid the induced subgraph Γ

(
ApN qr

)
corresponding to the

divisor pNqr. Thus, by Lemma 2.6, the structure of the zero-divisor
graph Γ

(
Zn

)
is given as in 3.3, which proves the result. □

The next result gives the structure of Γ(ZpN1qN2r), where
N1 = 2m1 + 1 is odd and N2 = 2m2 is even.

Theorem 3.3. Let Γ(Zn) be the zero-divisor graph of order
n = pN1qN2r, where 2 < p < q < r are primes, N1 = 2m1 + 1 and
N2 = 2m2 are positive integers and m1,m2 ≥ 1. Then
Γ
(
Zn

)
= Υn

[
K

ϕ
(
pN1−1qN2r

), K
ϕ
(
pN1−2qN2r

), . . . , K
ϕ
(
pqN2r

),
K

ϕ
(
qN2r

), K
ϕ
(
pN1qN2−1r

), K
ϕ
(
pN1qN2−2r

), . . . , K
ϕ
(
pN1qr

),
K

ϕ
(
pN1r

), K
ϕ
(
q
), K

ϕ
(
q2
), . . . , K

ϕ
(
qm2

), K
ϕ
(
qm2+1

),
K

ϕ
(
qm2+2

), . . . , K
ϕ
(
q2m2

),
K

ϕ
(
p
), K

ϕ
(
p2
), . . . , K

ϕ
(
pm1

), . . . ,
K

ϕ
(
pqm2

), . . . , K
ϕ
(
pm1q

), . . . , K
ϕ
(
pm1qm2

), K
ϕ
(
pm1+1qm2

),
K

ϕ
(
pm1+1qm2+1

), . . . , K
ϕ
(
p2m1+1q2m2

), K
ϕ
(
r
),

K
ϕ
(
pqr

), K
ϕ
(
p2qr

), K
ϕ
(
pq2r

), . . . , K
ϕ
(
pm1qm2r

), . . . ,
K

ϕ
(
p2m1+1q2m2−1r

), . . . , K
ϕ
(
p2m1q2m2r

)]. (3.5)

Proof. Let n = pN1qN2r, where 2 < p < q < r are primes, N1 = 2m1+1
and N2 = 2m2 are positive integers with m1, m2 ≥ 1. Then the proper
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divisors of n are

p, p2, . . . , pm1 , pm1+1, . . . , p2m1+1,

q, q2, . . . , qm2 , qm2+1, . . . , q2m2 ,

r, pq, p2q, . . . , pm1q, . . . , p2m1+1q,

pq2, . . . , pq2m2 , . . . , p2m1+1q2m2 ,

pr, . . . , p2m1+1r,

qr, . . . , q2m2r, pqr, . . . , pm1qm2r, . . . , p2m1+1q2m2−1r,

p2m1q2m2r = pN1−1qN2r. (3.6)

Therefore, by Lemma 2.2, the order of

Υn=(N1 + 1)(N2 + 1)(1 + 1) = 2(N1 + 1)(N2 + 1).

Now, by the definition of Υn, we have

p ∼ pN1−1qN2r

p2 ∼ pN1−2qN2r, pN1−1qN2r,

...
pm1 ∼ pm1+1qN2r

...

The iterations of the adjacency relations are given as

pi ∼ pjqN2r, i+ j ≥ 2m1 + 1, i, j = 1, 2, 3, . . . , 2m1 + 1,

qi ∼ pNqjr, i+ j ≥ 2m2, i, j = 1, 2, 3, . . . , 2m2,

pqi ∼ pkqjr, i+ j ≥ 2m2, i, j = 1, 2, 3, . . . , 2m2, k ≥ 2m1,

...
pm1qi ∼ pkqjr, i+ j ≥ 2m2, k ≥ m1 + 1, i, j = 1, 2, 3, . . . , 2m2,

...
p2m1+1qi ∼ pkqjr, i+ j ≥ 2m2, k ≥ 0, i, j = 1, 2, 3, . . . , 2m2,

...
ptqsr ∼ pt

′
qs

′
r, t+ t′ ≥ 2m1 + 1, s+ s′ ≥ 2m2.

Thus, by Lemma 2.4, the cardinalities of |Adi |, where

i = 1, 2, . . . , 2m1 + 1 = N1, j = 1, 2, . . . , 2m2 = N2,
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are given by
|Apiqjr| = ϕ

(
pN1−iqN2−j

)
, |Apiqj | = ϕ

(
pN1−iqN2−jr

)
,

|Api | = ϕ
(
pN1−iqN2r

)
, |Aqj | = ϕ

(
pN1qN2−jr

)
,

|Ar| = ϕ
(
pN1qN2

)
, |Apir| = ϕ

(
pN1−iqN2

)
,

|Aqjr| = ϕ
(
pN1qN2−j

)
.

Therefore, by Lemma 2.6, the induced subgraphs Γ
(
Adi

)
, where di is

from Equation 3.6, are given by
Γ(Adpi

) = Kϕ(pN1−iqN2r), 1 ≤ i ≤ 2m1 + 1,

Γ(Ad
qj
) = Kϕ(pN1qN2−jr), 1 ≤ j ≤ 2m2,

Γ(Ad
pN1r

) =

{
Kϕ(qj), 1 ≤ j ≤ m2,

Kϕ(qj), m2 + 1 ≤ j ≤ 2m2,

Γ(Ad
qN2r

) =

{
Kϕ(pi), m1 + 1 ≤ i ≤ 2m1 + 1,

Kϕ(pi), 1 ≤ i ≤ m1,

Γ(Adr) =


Kϕ(piqj), m1 + 1 ≤ i ≤ 2m1 + 1, and

m2 + 1 ≤ j ≤ 2m2,

Kϕ(piqj), 1 ≤ i ≤ m1, and 1 ≤ j ≤ m2,

Γ(Ad
pN1qN2

) = Kϕ(r),

where we avoid the induced subgraph Γ
(
ApN1qN2r

)
corresponding to the

divisor pN1qN2r. Thus, by Lemma 2.6, the structure of the zero-divisor
graph Γ

(
Zn

)
is given by 3.5. □

The following result gives the structure of Γ(ZpN1qN2r), where
N1 = 2m1 is even and N2 = 2m2 + 1 is odd. The proof is similar
to the arguments as in the above theorems.

Theorem 3.4. Let Γ(Zn) be the zero-divisor graph of order
n = pN1qN2r, where 2 < p < q < r are primes, N1 = 2m1 and
N2 = 2m2 + 1 are positive integers and m1,m2 ≥ 1. Then
Γ
(
Zn

)
= Υn

[
K

ϕ
(
pN1−1qN2r

), K
ϕ
(
pN1−2qN2r

), . . . , K
ϕ
(
pqN2r

), K
ϕ
(
qN2r

),
K

ϕ
(
pN1qN2−1r

), K
ϕ
(
pN1qN2−2r

), . . . , K
ϕ
(
pN1qr

), K
ϕ
(
pN1r

),
K

ϕ
(
q
), K

ϕ
(
q2
), . . . , K

ϕ
(
qm2−1

), K
ϕ
(
qm2

),
K

ϕ
(
qm2+1

), K
ϕ
(
qm2+2

), . . . , K
ϕ
(
q2m2

),
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K
ϕ
(
p
), K

ϕ
(
p2
), . . . , K

ϕ
(
pm1

), . . . ,
K

ϕ
(
pqm2

), . . . , K
ϕ
(
pm1q

), . . . , K
ϕ
(
pm1qm2

),
K

ϕ
(
pm1+1qm2

), K
ϕ
(
pm1+1qm2+1

), . . . , K
ϕ
(
p2m1q2m2+1

),
K

ϕ
(
r
), K

ϕ
(
pqr

), K
ϕ
(
p2qr

), K
ϕ
(
pq2r

), . . . ,
K

ϕ
(
pm1qm2r

), . . . , K
ϕ
(
p2m1−1q2m2+1r

), . . . , K
ϕ
(
p2m1q2m2r

)].
Now, we obtain the structure of Γ(ZpN1qN2r), where both N1 = 2m1

and N2 = 2m2 are even.

Theorem 3.5. Let Γ(Zn) be the zero-divisor graph of order
n = pN1qN2r, where 2 < p < q < r are primes, N1 = 2m1 and
N2 = 2m2 > 2 with N2 < N1 are positive integers and m1,m2 > 1.
Then

Γ(Zn) = Υn

[
K

ϕ
(
pN−1qN2r

), K
ϕ
(
pN1−2qN2r

), . . . , K
ϕ
(
qN2r

),
K

ϕ
(
pN1qN2−1r

), K
ϕ
(
pN1qN2−2r

), . . . , K
ϕ
(
pN1r

),
K

ϕ
(
p
), K

ϕ
(
p2
), . . . , K

ϕ
(
pN1

),
K

ϕ
(
q
), K

ϕ
(
q2
), . . . , K

ϕ
(
qm2

),
K

ϕ
(
pm2+1

), K
ϕ
(
pm2+2

), . . . , K
ϕ
(
p2m2

),
K

ϕ
(
pq
), K

ϕ
(
p2q

), . . . , K
ϕ
(
pm1qm2

), K
ϕ
(
pm1+1q

),
K

ϕ
(
pm1+1qm2+1

), . . . , K
ϕ
(
p2m1q2m2

), K
ϕ
(
r
)]. (3.7)

Proof. Let n = pN1qN2r, where 2 < p < q < r are primes, N1 = 2m1

and N2 = 2m2 > 2, N2 < N1 are positive integers with m1, m2 > 1.
Then the proper divisors of n are

p, p2, . . . , pm1 , pm1+1, . . . , p2m1 ,

q, q2, . . . , qm2 , qm2+1, . . . , q2m2 , r,

pq, pq2, . . . , pq2m2 , p2q, p2q2, . . . , p2m1q2m2 ,

pr, . . . , p2m1r, qr, . . . , q2m2r,

pqr, p2qr, . . . , p2m1qr, . . . , p2m1q2m2−1r, p2m1−1q2m2r.

Therefore, by Lemma 2.2, the order of Υn is

(N1 + 1)(N2 + 1)(1 + 1) = 2(N1 + 1)(N2 + 1).
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Also, by the definition of Υn, we have

p ∼ pN1−1qN2r

p2 ∼ pN1−2qN2r, pN1−1qN2r,

...
pm1 ∼ pm1qN2r

...

The iterations of the adjacency relations are given as

pi ∼ pjqN2r, i+ j ≥ 2m1, i, j = 1, 2, 3, . . . , 2m1,

qi ∼ pN1qjr, i+ j ≥ 2m2, i, j = 1, 2, 3, . . . , 2m2,

pqi ∼ pkqjr, i+ j ≥ 2m2, k ≥ 2m1 − 1,

...
pm1qi ∼ pkqjr, i+ j ≥ 2m2, k ≥ m1, i, j = 1, 2, 3, . . . , 2m2,

...
p2m1qi ∼ pkqjr, i+ j ≥ 2m2, k ≥ 0, i, j = 1, 2, 3, . . . , 2m2,

...
ptqsr ∼ pt

′
qs

′
r, t+ t′ ≥ 2m1, s+ s′ ≥ 2m2.

For i = 1, 2, 3, . . . , 2m1, j = 1, 2, 3, . . . , 2m2, by Lemma 2.4, the
cardinalities of Adi are given by

|Apiqjr| = ϕ
(
pN1−iqN2−j

)
, |Apiqj| = ϕ

(
pN1−iqN2−jr

)
,

|Api | = ϕ
(
pN1−iqN2r

)
, . . . , |Aqjr| = ϕ

(
pN1qN2−jr

)
,

|Apir| = ϕ
(
pN1−iqN2

)
, . . . , |Aqjr| = ϕ

(
pN1qN2−j

)
, . . . ,

|Ar| = ϕ
(
pN1qN2

)
, |ApN1qN2 | = ϕ

(
r
)
,

Thus, by Lemma 2.5, the induced subgraphs Γ
(
Adpi

)
are given by

Γ
(
Adpi

)
= K

ϕ
(
pN1−iqN2r

), i = 1, 2, 3, . . . , 2m1,

Γ
(
Ad

qj

)
= K

ϕ
(
pN1qN2−jr

), j = 1, 2, 3, . . . , 2m2,

Γ
(
Ad

piqN2r

)
= K

ϕ
(
pk
), i = 1, 2, 3, . . . , 2m1, and 2 ≤ k ≤ 2m1,

Γ
(
Ad

pN1−1qN2r

)
= Kϕ(p),
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Γ
(
Ad

pN1qjr

)
=


Kϕ(qk), j = 1, 2, 3, . . . , 2m2 and

1 ≤ k ≤ m2,

Kϕ(qs), j = 1, 2, 3, . . . , 2m2 and

m2 + 1 ≤ s ≤ 2m2,

Γ
(
Ad

piqjr

)
=



Kϕ(pkqs), 1 ≤ i ≤ 2m1, 1 ≤ j ≤ 2m2,

1 ≤ k ≤ m1 and 1 ≤ s ≤ m2,

Kϕ(pkqs), 1 ≤ i ≤ 2m1, 1 ≤ j ≤ 2m2,

m1 + 1 ≤ k ≤ 2m1 and

m2 + 1 ≤ s ≤ 2m2,

Γ
(
Ad

pN1qN2

)
= Kϕ(r).

where we avoid the induced subgraph Γ
(
ApN1qN2r

)
corresponding to

the divisor pN1qN2r. Thus, by Lemma 2.6, the structure of zero-divisor
graph Γ

(
Zn

)
is given as in 3.7. □

We have the following observations.

Corollary 3.6. Let Γ(Zn) be the zero-divisor graph of order
n = pN1qN2r, where 2 < p < q < r are primes, N1 = 2m1 and
N2 = 2m2 are positive integers. If N1 = N2, then the structure of the
zero-divisor graph Γ(Zn) is given as

Γ(Zn) = Υn

[
K

ϕ
(
pN1−1qN2r

), K
ϕ
(
pN1−2qN2r

), . . . , K
ϕ
(
pqN2r

), K
ϕ
(
qN2r

),
K

ϕ
(
pN1qN2−1r

), K
ϕ
(
pN1qN2−2r

), . . . , K
ϕ
(
pN1qr

),
K

ϕ
(
pm1

), K
ϕ
(
p
), . . . , K

ϕ
(
pm1−1

), K
ϕ
(
pm1+1

), . . . ,
K

ϕ
(
pN1

), K
ϕ
(
qm2

), K
ϕ
(
q
), . . . , K

ϕ
(
qm2−1

), K
ϕ
(
qm2+1

), . . . ,
K

ϕ
(
qM

), K
ϕ
(
pq
), K

ϕ
(
p2q

), . . . , K
ϕ
(
pm1qm2

), K
ϕ
(
pm1+1q

),
K

ϕ
(
pm1+1qm2+1

), . . . , K
ϕ
(
p2m1q2m2

), K
ϕ
(
r
)].

Corollary 3.7. Let Γ(Zn) be the zero-divisor graph of order
n = pN1qN2r, where 2 < p < q < r are primes, N1 = 2m1 and
N2 = 2 are positive integers. Then the structure of the zero-divisor
graph Γ(Zn) is given as

Γ(Zn) = Υn

[
K

ϕ
(
pN1−1q2r

), K
ϕ
(
pN1−2q2r

), . . . , K
ϕ
(
pq2r

), K
ϕ
(
pN1qr

),
K

ϕ
(
pN1r

), K
ϕ
(
p
), K

ϕ
(
p2
), . . . , K

ϕ
(
pm1

),
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K
ϕ
(
pm1+1

), . . . , K
ϕ
(
p2m1

), K
ϕ
(
q
), K

ϕ
(
q2
),

K
ϕ
(
pq
), K

ϕ
(
p2q

), . . . , K
ϕ
(
pm1q2

), K
ϕ
(
pm1+1q

),
K

ϕ
(
pm1+1qm2+1

), . . . , K
ϕ
(
p2m1q2

), K
ϕ
(
r
)].

The structure of Γ(ZpN1qN2r), where both N1 = 2m1 + 1 and
N2 = 2m2 + 1 are odd, is as follows. The proof is similar to
Theorems 3.1 and 3.2.

Theorem 3.8. Let Γ(Zn) be the zero-divisor graph of order
n = pN1qN2r, where 2 < p < q < r are primes, N1 = 2m1 + 1 and
N2 = 2m2 + 1 are positive integers, and 2m1 + 1 ≤ 2m2 + 1. Then

Γ(Zn) = Υn

[
K

ϕ
(
pN1−1qN2r

), K
ϕ
(
pN1−2qN2r

), . . . , K
ϕ
(
pqN2r

),
K

ϕ
(
pN1qN2−1r

), K
ϕ
(
pN1qN2−2r

), . . . , K
ϕ
(
pN1qr

), K
ϕ
(
pN1r

),
K

ϕ
(
p
), K

ϕ
(
p2
), . . . , K

ϕ
(
pm1

), K
ϕ
(
pm1+1

), . . . , K
ϕ
(
p2m1+1

),
K

ϕ
(
q
), K

ϕ
(
q2
), . . . , K

ϕ
(
qm2

),
K

ϕ
(
pm2+1

), K
ϕ
(
pm2+2

), . . . , K
ϕ
(
p2m2+1

),
K

ϕ
(
pq
), K

ϕ
(
p2q

), . . . , K
ϕ
(
pm1qm2

), K
ϕ
(
pm1+1q

),
K

ϕ
(
pm1+1qm2+1

), . . . , K
ϕ
(
p2m1+1q2m2+1

), K
ϕ
(
r
)].
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STRUCTURE OF ZERO-DIVISOR GRAGHS ASSOCIATED TO
RING OF INTEGER MODULO n

S. PIRZADA, A. ALTAF AND S. KHAN

n پیمانه به صحیح اعداد حلقه ی به وابسته صفر مقسوم علیه گراف های ساختار بررسی

خان٣ سلیم و الطاف٢ عاقب ، پیرزاده١ الدین شریف

هند سرینگر، کشمیر، دانشگاه ریاضی، گروه ١,٢,٣

مقسوم علیه های همه ی مجموعه ی Z(R) می کنیم فرض ،١ ̸= ٠ با R یکدار جابه جایی حلقه ی برای
نشان Γ(R) نماد با را آن که R صفر مقسوم علیه گراف .Z∗(R) = Z(R) \ {٠} و باشد R صفر
دو و Z∗(R) = Z(R) \ {٠} با است برابر آن رئوس مجموعه ی که است ساده ای گراف می دهیم،
ساختار مقاله، این در ما باشد. صفر آن ها حاصلضرب اگر تنها و اگر مجاورند هم با Z∗(R) از رأس
اول اعداد ٢ < p < q < r که زمانی ،n = pN١qN٢r برای را Γ(Zn) صفر علیه مقسوم گراف های

می دهیم. قرار بررسی مورد را هستند، مثبت صحیح اعداد N٢ و N١ و

الحاقی. اجتماع صحیح، اعداد پیمانه به حلقه جابه جایی، حلقه ی صفر، مقسوم علیه گراف کلیدی: کلمات
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