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STRUCTURE OF ZERO-DIVISOR GRAPHS
ASSOCIATED TO RING OF INTEGER MODULO n

S. PIRZADA*, A. ALTAF AND S. KHAN

ABSTRACT. For a commutative ring R with identity 1 # 0, let
Z*(R) = Z(R) \ {0} be the set of non-zero zero-divisors of R,
where Z(R) is the set of all zero-divisors of R. The zero-divisor
graph of R, denoted by I'(R), is a simple graph whose vertex set is
Z*(R) = Z(R) \ {0} and two vertices of Z*(R) are adjacent if and
only if their product is 0. In this article, we find the structure of the
zero-divisor graphs I'(Z,), for n = pNig™2r where 2 <p < g <r
are primes and N7 and Ny are positive integers.

1. INTRODUCTION

A graph is denoted by G = G(V(G), E(G)), where V(G) is the vertex
set and F(G) is the edge set of G. Througout we consider simple and
finite graphs. The order and the size of G are the cardinalities of V (G)
and E(G), respectively. The neighborhood of a vertex v, denoted by
N(v), is the set of vertices of G adjacent to v. The degree of v, denoted
by d,, is the cardinality of N(v). A graph G is called r-regular, if degree
of every vertex is r.

Let R be a commutative ring with non-zero identity 1 # 0. Let
Z*(R) = Z(R) \ {0} be the set of non-zero zero-divisors of R,
where Z(R) is the set of all zero-divisors of R. An element x € R,
x # 0, is known as zero-divisor of R if we can find y € R, y # 0,
such that xy = 0. Beck [3] introduced the concept of zero-divisor
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graphs of commutative rings and included 0 in the definition. Later
Anderson and Livingston [!] modified the definition of zero-divisor
graphs by excluding 0 of the ring in the zero-divisor set and defined the
edges between two nonzero zero-divisors if and only if their product is
zero. Recent work on zero-divisor graphs can be seen in [2, |, 7] and
the references therein. In G, x ~ y denotes that the vertices x and y
are adjacent and xy denotes an edge. The complete graph is denoted
by K, and the complete bipartite graph by K,;. Other undefined
notations and terminology can be seen in [5, 0].

The authors in [12] obtained the structure of the zero-divisor graphs
['(Z,) for n = pM¢™2, where p < q are primes and Ny, N, are positive
integers.

The rest of the paper is organized as follows. In Section 2, we mention
some preliminaries. In Section 3, we obtain the structure of zero-divisor
graphs ['(Z,,), for n = p™¢™2r, where 2 < p < ¢ < r are primes and N;
and Ny are positive integers. Moreover, the different types of spectrum
of zero-divisor graphs can be seen in [8, 9, 11, 10].

2. PRELIMINARIES
We begin with the following definition.

Definition 2.1 (Joined union). Let G be a graph of order n having
vertex set {1,2,...,n} and G; be disjoint graphs of order n;
1 <i < n. The graph G[G1, Gy, ..., G,] is formed by taking the graphs
G1,Gy,...,G, and joining each vertex of G; to every vertex of Gj
whenever ¢ and j are adjacent in G.

We note that G and G[G1, Gy, ...,G,] are of the same diameter.
This graph operation is known by different names in the literature,
like G-join, generalized composition, generalized join, joined union and
here we follow the latter name.

Let n be a positive integer and let 7(n) denote the number of
positive factors of n. Note that d|n denotes d divides n. The
FEuler’s totient function, or Euler’s phi function, denoted by ¢(n), is
the number of positive integers less or equal to n and relatively prime
to n. We say that n is in canonical decomposition if n = p{*p3® ... p/",
where [, nq,no, ..., n; are positive integers and py, po, . . ., p; are distinct
primes.

The following fundamental observations will be used in the sequel.

Lemma 2.2. If n is in canonical decomposition pi*py*...po", then
T(n)=(n1+1)(ng+1)...(n. +1).
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Theorem 2.3. The Euler’s totient function ¢ satisfies the following.

(i) ¢ is multiplicative, that is ¢(pq) = ¢(p)o(q), whenever p and q
are relatively prime.

(i) X2 ¢(d) = n.

dn
l
(iii) For prime p, > ¢(p') = p' — 1.
i=1

For a positive integer n, Z, represents the set of congruence classes
{0,1,...,n — 1} of integer modulo n.

An integer d dividing n is a proper divisor of n if and only if
1 < d < n. Let T, be the simple graph with vertex set as the

proper divisor set {di,ds,...,d;} of n, where two vertices are
adjacent provided d;d; is a multiple of n. Evidently, this graph is
a connected graph [4]. If p*p5? ... pI is the canonical decomposition

of n, by Lemma 2.2, it follows that the order of T,, is given by

For 1 <i <t let Ay, = {r € Z, : (r,n) = d;}, where (r,n) is the
greatest common divisor of r and n. We observe that Aq, N Ay, = 9,
when i # j. So, the sets Ag,, Ag,, ..., Ay, are pairwise disjoint and
partition the vertex set of I'(Z,,) as V(I'(Z,)) = Ag, U Ag, U--- U Ay,.
From the definition of Ay, a vertex of Ay, is adjacent to the vertex of
Ag; in I'(Z,,) provided that n|dd; , for i,5 € {1,2,...,t} (see [4]).

The following result by Young [13] gives the cardinality of Ay, .

Lemma 2.4. [13] For a divisor d of n, the cardinality of the set Aq is
equal to ¢ (dﬂ>

We note that the induced subgraphs I'(A4) of I'(Z,) are either
cliques or null graphs, as can be seen below [1].

Lemma 2.5. For the positive integer n and its proper d;, the following
statements hold.

(i) If i € {1,2,...,t}, then the subgraph T'(Ag,) of I'(Z,) on Ag,
is either the complete graph K¢( K

n
a.

% d;

7

) or its complement K¢(ﬂ)'

d;

Also, T'(Aq,) is K¢(£> provided d? is a multiple of n.

(i) For distinct i,j in {1,2,...,t}, a vertex of A4, is adjacent to
all of Ag; or none of the vertices in Ay, .

(iii) For distinct 1,7 in {1,2,...,t}, a vertex of Ay, is adjacent to a
vertex of Aq; in I'(Zy,) provided d;d; is a multiple of n.
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The graph formed in part (iii) of Lemma 2.5 is known as G(A(d;))
graph. Clearly, I'(Z,) can be expressed as a joined union of complete
graphs and empty graphs.

Lemma 2.6. [!| For induced subgraph I'(Aq) of U(Z,) with Ay,
vertices, for 1 <1 <'t, the zero-divisor graph is

F(Zn) = TH[F(ACh)’ F(Ad2)> s 7F(Adt)]'
3. STRUCTURE OF THE ZERO-DIVISOR GRAPH I'(Z,~ ;)

We begin with the following result which gives the structure of
I'(Zpx,), where N is an even number.

Theorem 3.1. Let I'(Z,,) be a zero-divisor graph of order n = pNqr,

where 2 < p < q < r are primes and N = 2m, m is any positive integer.
Then

D(Zy) =0 | Koem-tars Kopem-2qr), Korm=sarys - - Kopar),
K gemry, K pamays Koem-17), Kogam-2r), .-, Ko(r),
F¢(p2m‘1q)7F¢(p2m‘2q)? e 7F¢(q)’F¢(p2m‘1)’F¢>(p2m‘2)’ T
K gmry, Kgmy, Kopm-1), -+, Kop), Kop) |- (3.1)

Proof. Let n = pNgr, where 2 < p < ¢ < r are primes and N = 2m, m
is any positive integer. Then the proper divisors of n are

p, P P Y,
qa, v, pq, pr, qr,
v’e, p°¢,....p"q, ..., p™"q,
pPr, pir, o ML pP
pqr, piqr,....p"qr, ..., p*" Lar. (3.2)
Therefore, by Lemma 2.2, the order of T, is
Cm+1)1+1)(1+1)=42m+1).
Now, by the definition of T,,, we have
p~ P
P2~ P2 g

P~ p g, p" g, P g
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2m

PP~ P R P g, P, par
The iteration of the adjacency relation is given as
p/LN])]qT? Z+.72N7 i?j:172737"'7N'

By the similar arguments as above, the other adjacency relations are
given by

g~ pVr,  r~ plyq
plg~ pr, i+j>N,i,7=1,23,...,N
p'r ~ g, i+j>N,i,j=1,23 ... N
plgr ~ plqr, i+j >N, i,7=1,23,...,N.

Now, by Lemma 2.4, cardinalities of |Ag4|, where i is in 3.2 and
j=1,2,3,..., N are given by

‘Adpi = ¢(p2m7iqr)7 |Adq| = (b(mer)? |Adr| = (b(meQ)?
=0 Tr), A = 00" ), [Aa | = 00 T).
Also, by Lemma 2.5, the induced subgraphs F(Adi)’s are

|Ag

) (R
F(Aa) =K ;)
F(da) = K (n,)

['(A4,,) :Kb(pm w) 0T 1,2,3,...,2m,

I'(4q,,) :Kp(pzm—i )’ i=1,2,3,...,2m,

P(4q,) = 7¢(p2m,iqr), i=1,2,3,...,2m,

where we avoid the induced subgraph F(prqr) corresponding to the
divisor pVgr. Thus, by Lemma 2.6, the structure of the zero-divisor
graph I' (Zn) is given as in 3.1. This completes the proof. 0

Now, we obtain the structure of I'(Z,~,,), when N = 2m +1 is odd.

Theorem 3.2. Let I'(Z,,) be the zero-divisor graph of order n = pNqr,

where 2 < p < g < r are primes and N = 2m + 1 is a positive integer
and m > 1. Then

P(Zn) = Tn [F¢ (quqT) ) q&(pN*?qr) e ’F¢>(pqr) ! K¢(pNT) ! ¢(pN‘1) ’
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?ﬁ(pzv_lr)a Kd,(p_N_%)a;fqa(r_)? ?¢(pN_1q_),
Koy Bo() o) Bo(e) Bo(om)
Ky (pmer)r Kypmes)r- K¢(pN)]. (3.3)

Proof. Let n = p™Ngr, where 2 < p < ¢ < r are primes and N = 2m + 1
is positive odd integer and m > 1. Then the proper divisors of n are
given as

p, p% P oY,

¢, s g, P’ 0"q, 0" g, 0V,

pr, p*r, pir,..pmr, pmth o pr

qr, pqr, pXqr,....p"qr, p"qr, .. pN gr. (3.4)

Now, by Lemma 2.2, the order of T, is
Cm+1+1D)A+1D)(1+1)=8(m+1),

where m > 1.
Therefore, by definition of T,,, we have
p~ PNl
N-1

p°~ pN%qr, pNrgr

The iterations of the adjacency relations are given as
p~ plgr, i+ji>2m+landi,j=1,2,3,...,
plg~ p'r,  i+ji>2m+landi,j=1,2,3,...,
pr~ pr,  i+ji>2m+landi,j=1,2,3,...,

plgr~ pgr, i+j>2m+1landi,j=1,2,3,...,N.

22 =

Now, by Lemma 2.4, the cardinalities of |Ag,|, where i is given by 3.4
and j =1,2,3,..., N, are given by

|Adpj| = QS(pN_qu)) |Ad
[Aa; | =" a), [Aa

| =6 (" r),
| =o(p" ).

pIq

pj qr
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Thus, by Lemma 2.5, the induced subgraphs F(Adi) are given by

K (o d=123....m
D(4a,,) = {—W )

K¢(pN7j), j=m+1m+2...,N,
N_]'qr)7 ._7: 1727 37"'7N7
=1,2,3,..., N,

1=1,2,3,....N
pN*jq)’] ) a37 IEAR

where we avoid the induced subgraph F(AquT) corresponding to the
divisor pVgr. Thus, by Lemma 2.6, the structure of the zero-divisor
graph F(Zn) is given as in 3.3, which proves the result. U

The next result gives the structure of I'(Z,v ,v,), where
Ny =2my + 118 odd and Ny = 2ms is even.

Theorem 3.3. Let ['(Z,) be the zero-divisor graph of order
n = pMgN2r, where 2 < p < q < r are primes, Ny = 2mq + 1 and
Ny = 2my are positive integers and my,mo > 1. Then

[(Z,) =T,[K

o(piion) Koppmmagmar) 2 Ky i)

—

Ko@) Kopmavrr) Eopragus)r - Ky o)
Boomr) Bo(a) Ko(a) - Ko(am) Fo(amarr)
Ka»(qw)’ ’Kas(qzmz)’

K( .,

<p) Bo(pma) = Bo(pmgm) Bo(prriigma)’

wge

ofmrians) ofr)

=l

)
(s

=

¢\ par ) (p qr) K¢>(pq2r)"”’K¢(p’”1qm2r)’”'
K

=

(3.5)

¢(p2m1+1q2m2717,) g ey d)(p2m1q2m2T>j| .

Proof. Let n = pN¢™2r, where 2 < p < ¢ < r are primes, N; = 2m; +1
and Ny = 2my are positive integers with my, my > 1. Then the proper
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divisors of n are

p, P2, pm, prmtl gt
@0

rg, P2, ™M, . pP ™,

PA . pPm, L PP e,

pr, ... ,melHT,

qr, ... ™2, pgr, ... pmigmer, ... priitlgma—ly
PG = pM g, (3.6)

Therefore, by Lemma 2.2, the order of
To=(Ny+1)(No+1)(1+1) =2(N; + 1)(NVy + 1).

Now, by the definition of Y,,, we have
p~p™ g

2 N1—2 _N-: Ni1—1 _N:
pr e~ ptt g, prtt g

mi . ymi+l N

p qg-r

The iterations of the adjacency relations are given as

pir\/ quN2’]”7 Z+] szl—i—l, i’j:1,2’3,...,2m1+1,

¢~ pNgr, i+ >2m, 0,5 =1,2,3,...,2my,
pq' ~ prer,

P~ pher,

P gt ~ pFelr,

i+ >2mg, 0,5 =1,2,3,...,2ma, k> 2my,

Z+]22m27 k2m1+17 iaj:172a3)"'72m2)

i+ >2m, k>0, 4,5=1,23 ..., 2ms,

P~ plgtr, t+t >2mi+1, s+5 > 2ma.
Thus, by Lemma 2.4, the cardinalities of |Ay, |, where
1= 1,2,...,2m1—|—1 :Nl, ]: 1,2,...,2’/’)12 :NQ,
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are given by

pqﬂr - (le g™ ]) |Ap qJ’ = (le_inQ_jr)7
=0 qr),  Apl= 0" ¢ ),
IA | =o(p™¢™), [ Apir| = ¢(p™¢™),

‘qur|: (p qu j)-

Therefore, by Lemma 2.6, the induced subgraphs F(Adi), where d; is
from Equation 3.6, are given by

F<Adpi) - K<Z5(1171\717"(1N27”)7 1 S 1 S 2m1 + 1,
F(Adqj) - FWPquNQ’jT)a 1 S] < 2myo,

[(Ag, )= fqﬁ(qj)v 1 <j < my,
e Kygiy, ma+1 <7 < 2ms,
I(Ag, )= Kopiy, mi+1<14<2my +1,
quQ'r o K¢(pz)’ 1 S i S m17

K gy, mi+1<i<2my+1, and
[(Aq,) = mg+ 1< j < 2my,
K¢>(piqj)a 1 <9< my, and 1 < 7 < my,

F(Adel N2 ) = K¢(T)7

where we avoid the induced subgraph I' (Ale qNQT) corresponding to the

divisor p™¢"2r. Thus, by Lemma 2.6, the structure of the zero-divisor
graph F(Zn) is given by 3.5. 0

The following result gives the structure of I'(Z,v ,~,.,.), where
N1 = 2my is even and Ny = 2my + 1 is odd. The proof is similar
to the arguments as in the above theorems.

Theorem 3.4. Let T'(Z,) be the zero-divisor graph of order
n = p™Mg™2r, where 2 < p < q¢ < r are primes, Ny = 2m; and
Ny = 2mqy + 1 are positive integers and my, mo > 1. Then

( ) [_ ( Ny—1 NQT) K(b(le*Qqu)""’K¢(qu2r)’ K¢(qN2T>7
K¢(pN No—1 ) K¢(pN1qN2—2T)7' o ’K¢(pN1qr)’ K¢(pN1T)7
Rota) Role) = Rolama) Foera):

NI

By (gran) Ky (gmarz) o Ky s
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Ky Koy Ky (pm) o

K¢(pqm2)7 ey K¢(pm1q) g ey K(;S(pmlqm?)’
K¢(pm1+1qm2)’ K¢(pm1+1qm2+1) T ’K¢(p2m1q2m2+l)’
o) Boloar) Bolorar) Bolorr)

¢>(pm1qm2r) ey K¢<p2m171q2m2+1r) ey K¢(p2mlq2m2r)] .

Now, we obtain the structure of I'(Z,, ,~,,), where both Ny = 2m,
and N; = 2my are even.

Theorem 3.5. Let T'(Z,) be the zero-divisor graph of order
n = p™Mg™r, where 2 < p < q¢ < r are primes, Ny = 2m; and
Ny = 2mgy > 2 with Ny < Ny are positive integers and mqy, mg > 1.
Then

D) = YulE pmsgrar) Kpfmsgrar) o Ko
E g Ky g Ky pmr),
Koy Koty Koy
o) Moe) o Rolara)
o(prant) Komars) o K oma);

= =l

©-
—~

pq) ’ K¢(p2q) sy K¢<pm1qm2)7 K¢>(pml+1q)7

R ypmgan) o K gy Koy B

Proof. Let n = pM¢™2r, where 2 < p < ¢ < r are primes, N; = 2m,
and Ny = 2mgy > 2, Ny < N are positive integers with my, mqo > 1.
Then the proper divisors of n are

p, po, .. pm pm Tt P

q, ¢, ... q™, ™ P

pa,pa’, .- pg*™, Pq, ¢, PP,
pr . Pty gr, L¢P,

2m1 2mq 2mo—1 2mi1—1 2mo

par, p2qru"'7p qar,...,p g rp q T
Therefore, by Lemma 2.2, the order of T, is

(N1 + 1)(No +1)(1+1) =2(Ny + 1)(No + 1).
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Also, by the definition of T, we have

P~ le quQT

2 N1—2_N» Ni—1_N,
p ~p qg-rp q -,

m1 . No

pmt e~ p™g

The iterations of the adjacency relations are given as
P~ g™ it > 2my, 0,5 =1,2,3,...,2my,
q ~ pM@r, i+ >2m, 0,5 =1,2,3,...,2my,
pqt ~ pigir, i+ > 2ms, k> 2my — 1,

pmlqiN pkqj,ra l_'_j 22m27 kzmla Z7j: 172737"’72m27
PG~ pR@r i+ > 2me, k>0, 4,5 =1,2,3,...,2m.,

pigtr ~ pt/qslr, t+t'>2my, s+ >2ms.

For ¢« = 1,2,3,...,2my, 7 = 1,2,3,...,2msy, by Lemma 2.4, the
cardinalities of A4, are given by

| Apiqse| = (le ‘g ]) | Apigs| = ¢(le_in2_jr)’

IA =o' r), . Ag = o(pM ™ r),
=o(p" ' ¢™), .. |Au = o (pM ™),
|A | =o(p™q™?), |Apmigma| = ¢(r),

Thus, by Lemma 2.5, the induced subgraphs F(Adpi) are given by

F(Adpz.) =K i=1,2,3,...,2m,

¢(pN1"'qN27")’

¢(pN1qN2*jr)’ ] = 17 27 37 s 72m27

)
NQT) :F¢(pk)7 L= 1’2737'~72m1; and?SkSZml,
)
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(KdJ(qk)? j = 1,2,3, . ,2m2 and
1 < k S ma,

Koy, 1=1,2,3,...,2my and
m2+1 S S S 2m27

F (Adelqu) =

\
'K¢(pkqs), 1<i<2my,1 <5< 2mg,
1<k<mi;and1<s <ms,
F<Adpiqu) - FMP’WJS)? 1 S i S 2m17 1 S j S 2m27
my+ 1<k <2m; and

\ mo + 1 S S S 2m27

r (Ade1 N2 ) = F‘b("')

where we avoid the induced subgraph F(Apzvl qNQT) corresponding to

the divisor p™¢™2r. Thus, by Lemma 2.6, the structure of zero-divisor
graph F(Zn) is given as in 3.7. U

We have the following observations.

Corollary 3.6. Let I'(Z,) be the zero-divisor graph of order
n = pMgNer, where 2 < p < q < r are primes, N, = 2m; and
Ny = 2my are positive integers. If Ny = Ns, then the structure of the
zero-divisor graph T'(Z,,) is given as

F(Zn) = Tn W(f)(le*quQr)J ?¢(pN172qN27”) ey K¢(qu2r)7 K¢(qN2r)’
K¢>(pN1qN271r)7 K¢(pN1qN272T') gy _[(d)(leqr)7
K¢(pm1 7K¢(p)’ "K¢(pm1_1)’ K¢(pm1+1)""’

)
o) Falama) Bala) Bafgmam) Rofgramry

(
Ksb(qM) ’ K¢>(pq) ’ K¢(p2q) U ch(pmlqm?) ’ K(ﬁ(p’"l“q)’
(

LK K (]

¢ pm1+1qm2+1)’ ? ¢<p2m1q2m2)7 ¢(7‘)i|
Corollary 3.7. Let I'(Z,) be the zero-divisor graph of order
n = p™Mqg™2r, where 2 < p < q¢ < r are primes, Ny = 2m; and

Ny = 2 are positive integers. Then the structure of the zero-divisor
graph U'(Z,) is given as

I'(Z,) =T, [an(erlq?r)’ K¢(pN1*2q2r)""’K¢(pq2r)’ K¢(pN1qr)’

Koy Ba(p) Koy Bo(om)
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olrast) 0 Folm) o) Fole)

) K

= =

(b(pq)’ K¢(p2q>""’K¢(pm1q2 d)(pmhqq)v

¢(pm1+1qm2+l)’ o ’K¢(p2m1q2)’ qu(r)] '

The structure of I'(Z,~,,~,), where both N; = 2m; + 1 and
Ny = 2my + 1 are odd, is as follows. The proof is similar to
Theorems 3.1 and 3.2.

Theorem 3.8. Let I['(Z,) be the zero-divisor graph of order
n = pNg™N2r, where 2 < p < q < r are primes, N = 2m; + 1 and
Ny = 2my + 1 are positive integers, and 2mq + 1 < 2mo + 1. Then

[(Z) = Tu[R i

o(p ”qN?r)’

K

¢(pN172qN27‘) PR

¢(qu2r)’
¢>(pN1qN2*1r) ’ K¢(pN1qN2*2r)’ e ’K¢(pN1qr) ’ K¢>(pN1r)’

R ’K¢(pm1)’K¢(pml+1)’ c 7K¢(p2m1+1)?

T K¢(pm1qm2)’ ¢(pm1“q)’

K¢(pM1+1qm2+1) s ooy K¢(p2m1+1q2MQ+l)’ K¢(T)] .
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