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ON (o, 7)-P-DERIVATIONS OF NEAR-RINGS
S. MOUHSSINE AND A. BOUA*

ABSTRACT. The relationship between derivations and algebraic
structures of quotient near-rings has become a fascinating topic
in modern algebra in recent decades. Assume N is a near-ring
and P is its prime ideal. In this paper we introduce the notion
of (a, 7)-P-derivation in near-rings. Also, we study the structure
of the quotient near-rings N /P that satisfies certain algebraic
identities involving («, 7)-P-derivation.

1. INTRODUCTION

Throughout the paper, N will denote a left near-ring with
multiplicative center Z(AN) and additive center C'(N). A near-ring
N is said to be zero-symmetric if Ox = 0 for all z € N (recall that
a left distributivity in A yields that 0 = 0). Also, N is said to be
2-torsion free if 2z = 0 implies z = 0 for all x € N. Recall that
N is called a 3-prime near-ring, if for z,y € N, 2Ny = {0} implies
r=0o0ry=0. Forallz,y e N, [z,y] =2y —yx and xoy = zy + yx
shall denote the Lie product and the Jordan product, respectively. The
symbol (z,y) will denote the additive-group commutator z +y —x —y.
A normal subgroup P of (N, +) is called a left ideal (resp. a right
ideal) if PN C P (resp. (z +p)y —ay € P for all z,y € N and
p € P), and if P is both a left ideal and a right ideal, then P is said
to be an ideal of . Following Groenewald [1]; an ideal P is a 3-prime
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if for a,b € N, aNb C P = a € P or b € P. An additive map-
ping d : N — N is a (a, 7)-derivation if there exist automorphisms
a,7: N — N such that d(zy) = 7(x)d(y) + d(z)a(y) for all z,y € N,
or equivalently, as noted in [1], such that d(xy) = d(x)a(y) + 7(x)d(y)
for all z,y € N. A mapping d : N — N is said P-additive if
d(z+y)—(d(z)+d(y)) € Pforall z,y € N. A mapping d : N' — N is
P-trivial if d(N) C P. An element z of N for which d(z) € P is called
P-constants. A mapping d : N' — N will be called (a, 7)- P-commuting
if [d(x), 2]ar = d(z)a(z) — 7(x)d(x) € P for all z € N.

Many results in the literature indicate how the global structure
of a mnear-ring N is often tightly connected to the behavior of
derivations defined on N. Recently, a series of more general concepts
of derivations have been introduced and studied on near-rings (see,
for example, [3], [5], and [0]). In the following, we define the notion of
(o, 7)-P-derivation in near-rings, which generalizes the notion of
(o, 7)-derivation, and we enrich this definition by an example, which
justifies the existence of this type of application:

Definition 1.1. Let N be a near-ring and P be a subgroup of (N, +).
A P-additive mapping d : N' — N is a («, 7)-P-derivation of N if there
exist maps «, 7 : N'— N such that d(zy) — (7(z)d(y) + d(z)a(y)) € P
for all z,y € V.

Definition 1.2. Let N be a near-ring and P be a subgroup of (N, +).
A P-additive mapping d : N' — N is a («, 7)-PT-derivation of N, if d
is a («, 7)-P-derivation such that

(a) d(d(zy) — (7(x)d(y) + d(x)a(y))) € P for all z,y € N.
(b) d(d(zy) — (d(z)a(y) + 7(x)d(y))) € P for all z,y € N.

Definition 1.3. Let NV be a near-ring. A normal subgroup P of (N, +)
is called a symmetric ideal if

(a) P is an ideal of NV,
(b) NP C P.

When P = {0} is the symmetric ideal of a near-ring N/, we get the
concept of a zero-symmetric near-ring N.

Definition 1.4. A near-ring N is called symmetric if each ideal of A/
is symmetric.

It is easy to see that any («, 7)-derivation on NV is a (o, 7)- P-derivation
on N. The following example justifies the existence of a («,7)-P-
derivation, which is not a («, 7)-derivation:
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Example 1.5. Let S be a left near-ring. Define N/, P by

0 a b 0O v O
N = 0 0 O | a,b,c,0€ S 3, P= 0 0 O |0,ue s,
0 ¢ O 0 0 O

then NV is a left near-ring, and P is an ideal of N.
Let us define d, o, and 7 : N' — N as follow:

0 a b 0 a O 0 a b 0 a O
dl 00 0]=1000],0af 0O0O0]=1000
0 ¢ O 0 0 0 0 ¢ O 0 ¢ O
and

0 a b 0 a b

71 00O 0O J]=]000

0 ¢ 0 0 00

+

It is clear to see that d is a (a,7)-PT-derivation, but not a
(o, 7)-derivation on N

With these definitions, by using (a,7)-P-derivations, where
a,7: N — N are two automorphisms and P is an ideal of a near-ring
N, we will investigate properties of the near-ring N/P.  The
originality in this work is that we use a («, 7)-P-derivation on A/ (and
not on N'/P), which satisfies some algebraic identities on A/ and on P,
without the primeness (semi-primeness) assumption on the considered
near-ring.

2. SOME PRELIMINARIES

Lemma 2.1. Let N be a near-ring and P be an ideal of N. If

d:N =N
is a (a, 7)-P-derivation of N such that d(P) C P,a(P) C P,7(P) C P,
then the mapping d : N/P — N/P defined by d(T) = ( ) is a
(@, 7)-derivation on N'/P, where a(T) = a(z) and 7(T) = 7(x).

Proof. d is well defined. Indeed, let y € 7, then y — p for some

p € P, thus d(y) = d(z) + d(p), hence d(7) = d(y) = () d(z).
Now, let Z,5 € N/ P we have

d(7) = d(zy) = (r(x)d(y) + d(z)a(y))

which completes the proof. O
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Lemma 2.2. Let N be a near-ring and P be an ideal of N. A
P-additive endomorphism d on a near-ring N is a (o, 7)-P-derivation
if and only if d(xy) — (d(z)a(y) + 7(x)d(y)) € P for all x,y € N.

Proof. Suppose that d(zy)—(7(x)d(y)+d(x)a(y)) € P, forallz,y € N.
Since x(y + y) = xy + vy, it follows that
d(z(y +y)) =7(2)d(y +y) + d(z)(a(y) + a(y)) (2.1)
= 7(2)d(y) + 7(x)d(y) + d(z)aly) + d(x)aly) (2.2)
for all z,y € V. Also,
d(zy +xy) = d(zy) + d(zy)
= 7(2)d(y) + d(z)a(y) + 7(z)d(y) + d(x)aly) (2.3)
for all z,y € N. Combining (2.2) and (2.3), we get
)

7(2)d(y) + d(x)aly) = d(x)aly) + 7(x)d(y)

for all z,y € N. Hence, d(zy) — (d(x)a(y) + 7(x)d(y)) € P for all
T,y € N

For the converse suppose that d(xy) — (d(z)a(y) + 7(x)d(y)) € P for
all z,y € N'. We have

d(z(y +y)) = d@)aly +y) + 7(x)dy +y)
= d(z)a(y) + d(z)aly) + 7(x)d(y) + 7(x)d(y) (2.4)
for all z,y € N. On the other hand,
d(zy + vy) = d(zy) + d(zy)
— T@)aly) + 7@d) + Aw)aly) + @G (25)
for all ,y € V. From (2.4) and (2.5), we get
d(z)a(y) + 7(z)d(y) = 7(x)d(y) + d(z)a(y)

for all z,y € N. Thus, d(zy) — (7(x)d(y) + d(z)a(y)) € P for all
z,y € N. Hence, d is a («, 7)-P-derivation. O

Lemma 2.3. Let N be a near-ring, P an ideal of N and d be an
arbitrary (o, 7)-P-derivation of N'. Then, N'/P satisfies the following
partial distributive laws:

(a) (@)d(y) + d(2)a(y)) a(z) = 7@ d(y)alz) +dz)aly)a(z) for

all z,y,z € N.

(b) (d)aly) + 7(@)d(y)) a(z) = d@)aly)alz) +(2)d(y)alz) for
all v,y,z € N.
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Proof. (a) We know that d(zy) = 7(x)d(y) + d(z)a(y) for all z,y € N.
So,

d((xy)z) = 7(2)7(y)d(2) + d(zy)a(z)
= (@) ()d(z) + (7@)d0) + d@)al)) alz)  (26)
for all z,y,z € N. Also,
d(z(yz)) = ( ) (y2) + d(z)a(y)a(z)
) (7)) + dy)az)) + dw)aly)al)
( )7(y)d(2) + 7(x)d(y)a(z) +d(z)aly)a(z) (2.7)
for all z,y,z € N. From (2.6) an
7(2)7(y)d(z) +
= 7(2)7(y)d(2)
for all z,y,z € NV, i.e.,
(F@)dy) + d@)aly)) a(z) = r(@)d(y)alz) + dz)aly)alz)

for all z,y,z € N.
(b) We have d(zy) = d(z)a(y) + 7(z)d(y) for all z,y € N'. Then,

=N

d (2.7), we get

r(@)d(y) + dx)a(y) ) al?)
r@)dy)az) + d@)alyalz)

/X

+

d(x(yz)) = d(z)a(y)a(z) + 7(x)d(yz)
= d(z)a(y)a(z) + 7(x) (d(y)a(z )+T(y)d(z)>
= d(z)a(y)a(z) + T(z)d(y)a(z) + 7(z)r(y)d(z) (2.8)
for all ,y,z € N. On the other side,

A((ey)?) = dley)alz) + 7(@)7(H)d(:)
= (A@)aly) + 7(@)dy) ) af
— (A@)aly) + 7(@)dy)) alz) + 7@ L)) (2.9)
for all z,y,z € N. Combining (2.8) and
d@)aly)a(z) + T(@)dyalz) + T(@)r(y)d)
= (A@)aly) + 7@)d(y) ) alz) + T(@) (1))
for all z,y,z € N. Thus, we have
(d@aly) + 7@)d(y) ) a(z) = d)aly)a(z) + r@)dy)a(z)
for all z,y,z € NV. O
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Lemma 2.4. Let P be a 3-prime ideal of a near-ring N
(a) If z € Z(N/P) ~ {0}, then z is not a zero divisor.
(b) If Z(N/P) contains a mnonzero element Z for which
Z+z€ Z(N/P), then (N/P,+) is abelian.
(c) Ifz € Z(N/P) ~ {0} and T € N'/P such that Tz € Z(N/P),
then T € Z(N/P).

Proof. By hypothesis we have P is a 3-prime ideal of A/. Thus {6} is
a 3-prime ideal of N'/P. Therefore, (a), (b) and (c) are consequences
of [2, Lemma 1.2 & Lemma 1.3]. O

Lemma 2.5. Let P be a 3-prime ideal of a near-ring N and d be a
non P-trivial (a, 7)-P-derivation on N'. Then

(a) Td(N {6} implies T =0,
(b) d(N) = {0} implies 04( ) = 0.
Proof. (a) Suppose that Zd(N) = {0}. Then,

0 =1d(yz) = fd(y)a(z) +77(y)d(2) = T7(y)d(2)
for ally, 2 € N. That is, zNd(2) C P for all z € N. By the 3-primeness
of P, we have 0 = Z or 0 = d(z) for all z € V. Since d(N) € P, we

conclude that 0 = 7.
(b) A similar argument works if d(N)a(z) = {0}. O

Lemma 2.6. Let P be a 3-prime ideal of a near-ring N N and d be
a (a,T)-P*-derivation of N such that ad = da and 7d = dr. If
d*(N) C P, then, d(N') C P or 2(N/P) = {0}.

Proof. Assume that d(N) € P. By the hypothesis, we have

This implies that d(N)a(d(2y)) = {0} for all y € N'. By using Lemma
2.5 (b), we get d(2y) = 0 for all y € N. Hence,
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= d(z)aly) + d(z)a(y)
=d(z)a(2y) for all z,y € N,

that is, d(N)a(2y) = {0} for all y € N. By Lemma 2.5 (b), we get
2(N/P) = {0}. O

3. COMMUTATIVITY OF N/P

Lemma 3.1. Let P be a 3-prime ideal of a near-ring N and d be a
(o, 7)-P-derivation of N'. Suppose that 7(u) is not a left zero divisor
on N/P. If [d(u), u]a,r. € P, then d((xz,u)) € P for allz € N.

Proof. Given z € N. From u(u + x) = u® + uz, we have
T(uw)d(u + z) + d(u)(o(u) + a(z))
= 7(u)d(u) + d(u)a(u) + 7(u)d(z) + d(u)a(z),
which reduces to 7(u)d(x) + d(u)a(u) = d(u)a(u) + 7(u)d(x). Since
d(u)a(u) = 7(u)d(u), the above equation can be expressed as
0 =7(u)(d(z) + d(u) — d(z) — d(u)) = 7(u)d((z,u)).
Thus, d((z,u)) =0 for all z € N O

Theorem 3.2. Let P be a 3-prime ideal of a near-ring N'. Suppose
that N'/ P has no nonzero divisors of zero. If N admits a non P-trivial
(o, 7)-P-commuting P-(a, T)-derivation d, then (N'/P,+) is abelian.

Proof. Given z,y € N. Let ¢ = a™((x,y)). Then, by Lemma 3.1,

d(c) = 0. Moreover, wc is an additive commutator for any w € N,
thus, also a P-constant. i.e.,

0 = d(wc) = 7(w)d(c) + d(w)a(c) = d(w)a(c)

for all w € N. In view of Lemma 2.5 (b), we conclude that

0=alc) =(z,y)
for all z,y € N. The proof is now complete. 0

Theorem 3.3. Let P be a 3-prime ideal of a near-ring N and d be
a non P-trivial («, 7)-P-derivation such that a(d(N)) — d(a(N)) C P
and 7(d(N)) —d(r(N)) C P. Ifd(N) C Z(N/P), then (N/P,+) is
abelian. Moreover, if d*(N') € P, then N'/P is a commutative ring.
Proof. Suppose that u € N such that d(u) # 0. Then,

d(u) € Z(N/P) ~ {0}



170 MOUHSSINE AND BOUA

and d(u) 4+ d(u) € Z(N'/P). Let x,y € N, we have

(d(u) + d(w)(@ +7) = (T +7)(d(w) + d(u)),
Zd(u) + Td(u) + gd(u) + gd(u) = Td(u) + yd(u) + Td(u) + yd(u)
and we find that

Zd(u) + gd(u) = gd(u) + Td(u).

Hence, d(u)(Z,7) = 0 for all 7,7 € N/ P. Since d(u) € Z(N/P) ~ {0}
and N /P is a 3-prime near-ring, we see that (Z,7) = 0 for all
Z,y € N/P. Thus, (N/P,+) is abelian. Using the hypothesis, we
have a(z)d(zy) = d(zy)a(z) for all z,y,2 € N. An application of
Lemma 2.3 yields

a(z)d(z)aly) + a(z)r(z)d(y) = d(z)a(y)a(z) + 7(z)d(y)a(2)

(y
for all ,y,z € N. Since d(N) C Z(N/P) and (N/P, +) is abelian, we
get

d(z)a(z)aly) + d(y)a(2)7(z) = d(x)a(y)a(z) + d(y)T(x)a(z)

for all z,y, 2 € M. Hence,

d(z)[a(2), a(y)] = d(y)[r(z), a(2)]
for all x,y,z € N. Suppose now that N /P is not commutative.
Choosing z,z € N such that [7(z), a(2)] # 0 and replacing y by d(y),
we infer that d2(y)[7(z),a(z)] = 0 for all y € N. Since the central
element d2(y) cannot be a nonzero divisor of zero, we conclude that
d@(y) = 0 for all y € \; a contradiction. O

Corollary 3.4. Let P be a 3-prime ideal of a near-ring N and d be a
non P-trivial («, 7)-P*-derivation such that a(d(N)) — d(a(N)) C P
and 7(d(N)) — d(r(N)) C P. If d(N) C Z(N/P), then (N/P,+)
is abelian. Moreover, if 2(N'/P) # {0}, then N'/P is a commutative
ring.

Proof. The proof is given by Lemma 2.6 and Theorem 3.3. O

Theorem 3.5. Let P be a 3-prime ideal of a near-ring N and d be
a non P-trivial («, T)-P-derivation such that a(d(N)) — d(a(N)) C P
and 7(d(N)) — d(r(N)) C P. If [d(x),d(y)] =0 for all z,y € N, then
one of the following assertions holds:

(a) d*(N) C P.

(b) N/P is a commutative ring.
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Proof. Suppose that d*(N) € P. Let u € N such that d(u) # 0. Then,

d(u) and d(u) + d(u) commute with d(N). Given z,y € N, we have
(d(u) + d(u))(d(x) + d(y)) = (d(x) + d(y))(d(u) + d(u)).
Using our hypothesis, we obtain
d(u)d(z) + d(u)d(z) + d(u)d(y) + d(u)d(y)
= d(u)d(z) + d(u)d(y) + d(u)d(x) + d(u)d(y).

Thus,

d(u)d(z) + d(u)d(y) = d(u)d(y) + d(u)d(z).

Hence, d(u)d((z,y)) = 0 for all u,z,y € N. Since a is an
automorphism of N, we have

d(N)a(d((x,y))) = {0} for all x,y € N. (3.1)
In view of Lemma 2.5 (b), we conclude that a(d((z,y))) = 0 for all

z,y € N. Thus, d((z,y)) =0 for all z,y € N'. Which implies that

0 = d((wz, wy)) = d(w(z,y)) = dw)a((z,y))
for all w € N. In view of Lemma 2.5 (b), we have (,7) = 0 for all
z,y € N, implying that (N /P, +) is abelian.
Using our hypothesis, we have
d(a(2))d(d(x)y) = d(d(z)y)d(a(z)).
for all z,y,z € N. Thus,
d(a(2)) (P@)aly) + 7(d@)dy)) = (P@)aly) + 7(d@)dy) ) da(=)

for all ,y,z € N. According to Lemma 2.3,

d(a(2))d?(x)a(y) + d(a(z))d(r(x))d(y)
= d*(x)a(y)d(a(z2)) + d(7(x))d(y)d(a(2))
for all z,y,2 € N. Using the fact that (N/P,+) is abelian and
d(a(z))d(r(x))d(y) = d(7(x))d(y)d(a(z)), the last relation yields
d*(x)d(a(z))a(y) = d*(z)a(y)d(a(z)).

Replacing y by yt, where t € N, in the last equation and using it again,
we infer that

d?(x)d(a(2))a(y)a(t) = d*(
e

8
~—
e
—~
<
~—
e
—~
~+
~—
U
—
e
—
I
~—
~—

8
~—
e
—~
<
~—
U
—
e
~—~
N
~—
~—
e
—~
~~
~—
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for all t,z,y,z € N. Hence,

d*(z)(N/P)ld(e(2)), a(t)] = {0}
for all t,x, 2 € N. The 3-primeness of N/ P, forces that

dN)C Z(N/P).

Consequently, N//P is a commutative ring by Theorem 3.3. 0
Corollary 3.6. Let P be a symmetric 3-prime ideal of a near-ring N
and d be a (o, 7)-P*-derivation of N such that a(d(N))—d(a(N)) C P
and 7(d(N)) —d(7(N)) C P. If [d(z),d(y)] € P for all x,y € N, then
one of the following assertions holds:

(a) 2(V/P) = {0}.

(b) d(N) C P.

(¢) N/P is a commutative ring.
Proof. The proof is obtained by Lemma 2.6 and Theorem 3.5. O

Theorem 3.7. Let P be a 3-prime ideal of a near-ring N with a non
P-trivial (o, 7)-P-derivation d and a € N'. If [d(N),a),-) € P, then
a(a) € Z(N'/P) or d(a) = 0.

Proof. By the hypothesis, we have

d(az)a(a) = 7(a)d(ax) for allz € N.

Hence,

(A@ale) + 7(@)d(@)) ala) = 7(a) (d(@)a) + ~(@)d() )

for all z € N. Since N satisfies the partial distributive law by Lemma
2.3, we have

d(a)a(z)a(a) + 7(a)d(x)a(a) = T(a)d(a)a(z) + T(a)T(a)d(x)
for all z € N. Using our hypothesis again
d(a)a(z)a(a) + 7(a)T(a)d(x) = T(a)d(a)a(z) + 7(a)T(a)d(x)
for all z € NV, i.e.,
d(a)a(x)a(a) = 7(a)d(a)a(x) for allz € N.

Substituting xy, where y € N, for x in the above equation and using
it again, we get

d(a)o(z)a(y)a(a) = T(a)d(a)a(z)aly) = d(a)a(z)a(a)a(y)
for all z,y € N. The latter relation can be rewritten as

d(a)(N/P)[a(a), a(y)] = {0}
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for all y € N. Using the 3-primeness of N'/P, we find that d(a) = 0 or

a(a) € Z(N/P). The proof is now complete. O

Theorem 3.8. Let P be a 3-prime ideal of a near-ring N with a non
P-trivial (o, 7)-P-derivation d such that a(d(N)) — d(a(N)) C P and
T(dN)) —d(r(N)) C P. If [dN),dN)]ar C P, then one of the
following assertions holds:

(a) &*(N)C P.

(b) N/P is a commutative ring.

Proof. According to Theorem 3.7, d?(z) = 0 or a(d(z)) € Z(N/P) for
allz € N. Put K = {x € N' | d®(z) = 0} and
L={xzeN|ald(x)) e Z(N/P)}.

Both K and L are additive subgroups of N'. Moreover, N' = K U L.
But a group cannot be the set-theoretic union of any two of its proper
subgroups. Hence, K = N or L = N.

If K =N then d&*(N) C P. If L =N then d(N) C Z(N/P). As a
result, the Theorem 3.3 completes the proof. 0

Corollary 3.9. Let P be a symmetric 3-prime ideal of a near-ring N
and d be a (o, 7)-P*-derivation of N such that a(d(N))—d(a(N)) C P
and T(d(N)) —d(r(N)) C P. If [d(N),d(N)]ar C P, then one of the
following assertions holds:

(a) 2(N/P) = {0}.

(b) d(N) C P.

(¢) N/P is a commutative ring.
Proof. We get the proof by using Lemma 2.6 and Theorem 3.8. OJ

Theorem 3.10. Let P be a symmetric 3-prime ideal of a near-ring N'
and d be a (o, T)-P-derivation of N such that a(d(N)) —d(a(N)) C P
and T(d(N)) —d(T(N)) C P. If d(zy) —d(z)d(y) € P for allz,y € N,
then d(N') C P.

Proof. Assume that

d(zy) = d(z)d(y) (3.2)
for all z,y € N. First we have
d(zya(r)) = d(zy)a?(x) + 7(z)7(y)d(a(z))
= d(z)a(y)a?(z) + 7(2)d(y)o*(z) + 7(x)7(y)d(o(2))
for all 2,y € N. Secondly,

d(zya(r)) = d(zy)d(a(r))
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d(zy)a(d(z))
d(z)o(y)a(d(x)) + 7(x)d(y)o(d(x))
d(z)o(y)o(d(z)) + 7(x)d(ya(r))
= d(z)a(y)a(d(z)) + 7(x)d(y)a?(z) + 7(2)7(y)d(a(z))

for all z,y € N. Comparing the last relations, we get

1@)a(y)a(@) = dwaly)ald@)
for all z,y € N. Equivalently,

d(z)(N/P)(a(d(x)) — a?(x)) = {0}
for all z € N. Using the 3-primeness of N'/P, we find
d(z) =0 or d(z) = a(x)

for all z € N. The subsets A = {z € N'| d(z) =0} and

B={zeN|dx)=a(z)}
are additive subgroups of N and their union is equal to A/. Hence,
either N = Aor N = B. f N = A, then d(N) C P. f N = B,
then d(x) = «a(x) for all z € N. Putting xzy instead of z in the last
equation, we find

d(zy) = a(zy) = a(z)a(y) = d(z)a(y)
for all z,y € N. So,
d(z)a(y) + 7(z)d(y) = d(z)a(y)

for all z,y € N. In view of Lemma 2.5 (a), we conclude that d(N) C P
and the proof is complete. 0

T )

Theorem 3.11. Let P be a symmetric 3-prime ideal of a near-ring N
and d be a (o, 7)-P-derivation of N such that a(d(N)) —d(a(N)) C P
and T7(d(N)) —d(T(N)) C P. If d(zy) —d(y)d(x) € P for allz,y € N,
then d(N') C P.

Proof. Assume that d(zy) = d(y)d(z) for all z,y € N. It follows that
d(a(z)a(z)y) = d(a(r))o?(z)aly) + 7(a(z))d(a(r)y)
— Ta(@)a@)aly) + ra@)d@@)dy)
for all z,y € N. On the other hand, we have
d(a(z)a(z)y) = d(a(z)y)d(a(z))
= d(a(z)y)a(d(z))
= d(a(z))a(y)a(d(z)) + 7(a(z))d(a(y))a(d(z))
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— a@)alp)d(a(@)) + T(a(@)daly)da())

for all z,y € N. When we combine the last two expressions, we get

d(e(z))a*(z)aly) = d(o(z))a(y)d(a(z))

for all z,y € N. Substituting yz, where 2 € N, for y in the last
equation yields

d(e(z))a*(z)a(y)a(z) = d(a(z))a(y)d(a(r))a(z)

= d(a(z))a(y)a(z)d(o(z))
for all x,y, z € N, which implies that
d(a(z))a(y)[e(z), d(e(z))] =0

for all z,y,z € N, that is, d(a(z))(N/P)[a(z),d(a(z))] = {0} for all
r,2 € N. Using the 3-primeness of N'/P, we obtain

d(N) C Z(N/ P).

Thus, using our hypothesis, we obtain d(zy) = d(z)d(y) for all
z,y € N. Hence, by Theorem 3.10, we conclude that d(N) C P. O

4. SEMIPRIME IDEAL AND (a, 7)-DERIVATION

Theorem 4.1. Let P be a semiprime ideal of a symmetric near-ring
N, where N'/P is 2-torsion free, d be a («,T)-derivation such that
a(d(N)) — d(a(N)) C P and 7(d(N)) — d(r(N)) C P. If
d(N) € Z(N/P),
then one of the following assertions holds:
(a) There exists a prime ideal Py O P such that d(N') C Pj.
(b) N/P is a commutative ring.

Proof. The semiprimeness of P implies that there exists a family P of
3-prime ideals Py such that NPy, = P. Therefore,

d(N) C Z(N/Fy) (4.1)

for all P, € P. Since d is a («,7)-derivation, we get d is a
(o, 7)-Py-derivation on N for all P, € P. By using (4.1) and the
fact that 2(N/Py) # {0}, then the corollary 3.4 gives

d(N) C Py or N/P, is a commutative ring for all P, € P. (4.2)

Suppose that d(N) € Py for all P, € P. Thus, (4.2) implies that
N/P =N/N Py is a commutative ring. O
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Theorem 4.2. Let P be a semiprime ideal of a symmetric near-ring
N, where N'JP is 2-torsion free, and d be a (o, T)-derivation of N
such that a(d(N)) — d(a(N)) C P and 7(d(N)) — d(r(N)) C P. If
[d(N),d(N)] C P, then one of the following assertions holds:

(a) There exists a prime ideal Py, 2 P such that d(N') C Pj.

(b) N/P is a commutative ring.

Proof. Since P is semiprime, there exists a family P of 3-prime ideals
P, such that NP, = P. Hence,

[A(N), d(N)] C Py for all Py € P. (4.3)

Using the fact that d is a («, 7)-derivation, we have d is a (a, 7)-Py -
derivation on A for all Py € P. Since 2(N/Py) # {0}, by using (4.3),
then corollary 3.6 gives

d(N) C Py or N/Py is a commutative ring for all Py € P. (4.4)

If dN) € Py for all Py € P, then N/P = N/ N P, is a commutative
ring by (4.4).
U

Theorem 4.3. Let P be a semiprime ideal of a symmetric near-ring
N, where N'/P is 2-torsion free, and d be a («,T)-derivation of N
such that a(d(N)) — d(a(N)) C P and 7(d(N)) — d(r(N)) C P. If
[d(N), d(N)]ar C P, then one of the following assertions holds:

(a) There exists a prime ideal Py O P such that d(N') C Pj.

(b) N/P is a commutative ring.

Proof. We obtain the desired result by applying arguments similar to
those used in the proof of Theorem 4.2. O

Theorem 4.4. Let P be a semiprime ideal of a symmetric near-ring
N, and d be a (o, T)-derivation of N such that a(d(N')) —d(a(N)) C P
and T(d(N)) —d(r(N)) C P. Ifd(zy) —d(z)d(y) € P for allz,y € N,
then d(N') C P.

Proof. Since P is semiprime, there exists a family P of 3-prime ideals
P, such that NP, = P. Hence,
d(zy) — d(x)d(y) € Py for all z,y e N, P\ € P. (4.5)

Since d is a (o, 7)-derivation, we find that d is («, 7)-Py-derivations on
N for all P, € P. By using (4.5), Theorem 3.10 forces that d(N) C P
for all Py € P. Hence, d(N) C P. O

Theorem 4.5. Let P be a semiprime ideal of a symmetric near-ring

N, and d be a (o, T)-derivation of N such that a(d(N))—d(a(N)) C P
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and 7(d(N)) —d(T(N)) C P. Ifd(zy)—d(y)d(z) € P for allz,y € N,
then d(N') C P.

Proof. By using similar arguments to those used in the proof of
Theorem 4.4, we get the required result. O
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