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ON (α, τ)-P -DERIVATIONS OF NEAR-RINGS

S. MOUHSSINE AND A. BOUA∗

Abstract. The relationship between derivations and algebraic
structures of quotient near-rings has become a fascinating topic
in modern algebra in recent decades. Assume N is a near-ring
and P is its prime ideal. In this paper we introduce the notion
of (α, τ)-P -derivation in near-rings. Also, we study the structure
of the quotient near-rings N/P that satisfies certain algebraic
identities involving (α, τ)-P -derivation.

1. Introduction

Throughout the paper, N will denote a left near-ring with
multiplicative center Z(N ) and additive center C(N ). A near-ring
N is said to be zero-symmetric if 0x = 0 for all x ∈ N (recall that
a left distributivity in N yields that x0 = 0). Also, N is said to be
2-torsion free if 2x = 0 implies x = 0 for all x ∈ N . Recall that
N is called a 3-prime near-ring, if for x, y ∈ N , xN y = {0} implies
x = 0 or y = 0. For all x, y ∈ N , [x, y] = xy − yx and x ◦ y = xy + yx
shall denote the Lie product and the Jordan product, respectively. The
symbol (x, y) will denote the additive-group commutator x+y−x−y.
A normal subgroup P of (N ,+) is called a left ideal (resp. a right
ideal) if PN ⊆ P (resp. (x + p)y − xy ∈ P for all x, y ∈ N and
p ∈ P ), and if P is both a left ideal and a right ideal, then P is said
to be an ideal of N . Following Groenewald [4]; an ideal P is a 3-prime
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if for a, b ∈ N , aN b ⊆ P ⇒ a ∈ P or b ∈ P . An additive map-
ping d : N → N is a (α, τ)-derivation if there exist automorphisms
α, τ : N → N such that d(xy) = τ(x)d(y) + d(x)α(y) for all x, y ∈ N ,
or equivalently, as noted in [1], such that d(xy) = d(x)α(y) + τ(x)d(y)
for all x, y ∈ N . A mapping d : N → N is said P -additive if
d(x+y)− (d(x)+d(y)) ∈ P for all x, y ∈ N . A mapping d : N → N is
P -trivial if d(N ) ⊆ P . An element x of N for which d(x) ∈ P is called
P -constants. A mapping d : N → N will be called (α, τ)-P -commuting
if [d(x), x]α,τ = d(x)α(x)− τ(x)d(x) ∈ P for all x ∈ N .

Many results in the literature indicate how the global structure
of a near-ring N is often tightly connected to the behavior of
derivations defined on N . Recently, a series of more general concepts
of derivations have been introduced and studied on near-rings (see,
for example, [3], [5], and [6]). In the following, we define the notion of
(α, τ)-P -derivation in near-rings, which generalizes the notion of
(α, τ)-derivation, and we enrich this definition by an example, which
justifies the existence of this type of application:

Definition 1.1. Let N be a near-ring and P be a subgroup of (N ,+).
A P -additive mapping d : N → N is a (α, τ)-P -derivation of N , if there
exist maps α, τ : N → N such that d(xy)− (τ(x)d(y)+ d(x)α(y)) ∈ P
for all x, y ∈ N .

Definition 1.2. Let N be a near-ring and P be a subgroup of (N ,+).
A P -additive mapping d : N → N is a (α, τ)-P+-derivation of N , if d
is a (α, τ)-P -derivation such that

(a) d (d(xy)− (τ(x)d(y) + d(x)α(y))) ∈ P for all x, y ∈ N .
(b) d (d(xy)− (d(x)α(y) + τ(x)d(y))) ∈ P for all x, y ∈ N .

Definition 1.3. Let N be a near-ring. A normal subgroup P of (N ,+)
is called a symmetric ideal if

(a) P is an ideal of N .
(b) NP ⊆ P .

When P = {0} is the symmetric ideal of a near-ring N , we get the
concept of a zero-symmetric near-ring N .

Definition 1.4. A near-ring N is called symmetric if each ideal of N
is symmetric.

It is easy to see that any (α, τ)-derivation on N is a (α, τ)-P -derivation
on N . The following example justifies the existence of a (α, τ)-P -
derivation, which is not a (α, τ)-derivation:
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Example 1.5. Let S be a left near-ring. Define N , P by

N =


 0 a b

0 0 0
0 c 0

 | a, b, c, 0 ∈ S

 , P =


 0 u 0

0 0 0
0 0 0

 | 0, u ∈ S

 ,

then N is a left near-ring, and P is an ideal of N .
Let us define d, α, and τ : N −→ N as follow:

d

 0 a b
0 0 0
0 c 0

 =

 0 a 0
0 0 0
0 0 0

 , α

 0 a b
0 0 0
0 c 0

 =

 0 a 0
0 0 0
0 c 0


and

τ

 0 a b
0 0 0
0 c 0

 =

 0 a b
0 0 0
0 0 0

 .

It is clear to see that d is a (α, τ)-P+-derivation, but not a
(α, τ)-derivation on N .

With these definitions, by using (α, τ)-P -derivations, where
α, τ : N → N are two automorphisms and P is an ideal of a near-ring
N , we will investigate properties of the near-ring N /P . The
originality in this work is that we use a (α, τ)-P -derivation on N (and
not on N /P ), which satisfies some algebraic identities on N and on P ,
without the primeness (semi-primeness) assumption on the considered
near-ring.

2. Some preliminaries

Lemma 2.1. Let N be a near-ring and P be an ideal of N . If
d : N → N

is a (α, τ)-P -derivation of N such that d(P ) ⊆ P, α(P ) ⊆ P, τ(P ) ⊆ P ,
then the mapping d̃ : N /P → N /P defined by d̃(x) = d(x) is a
(α̃, τ̃)-derivation on N /P, where α̃(x) = α(x) and τ̃(x) = τ(x).

Proof. d̃ is well defined. Indeed, let y ∈ x, then y − x = p for some
p ∈ P , thus d(y) = d(x) + d(p), hence d̃(y) = d(y) = d(x) = d̃(x).

Now, let x, y ∈ N /P we have

d̃(xy) = d(xy) = (τ(x)d(y) + d(x)α(y))

= τ(x)d(y) + d(x)α(y)

= τ̃(x)d̃(y) + d̃(x)α̃(y),

which completes the proof. □
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Lemma 2.2. Let N be a near-ring and P be an ideal of N . A
P -additive endomorphism d on a near-ring N is a (α, τ)-P -derivation
if and only if d(xy)− (d(x)α(y) + τ(x)d(y)) ∈ P for all x, y ∈ N .

Proof. Suppose that d(xy)−(τ(x)d(y)+d(x)α(y)) ∈ P , for all x, y ∈ N .
Since x(y + y) = xy + xy, it follows that

d(x(y + y)) = τ(x)d(y + y) + d(x)(α(y) + α(y)) (2.1)
= τ(x)d(y) + τ(x)d(y) + d(x)α(y) + d(x)α(y) (2.2)

for all x, y ∈ N . Also,

d(xy + xy) = d(xy) + d(xy)

= τ(x)d(y) + d(x)α(y) + τ(x)d(y) + d(x)α(y) (2.3)
for all x, y ∈ N . Combining (2.2) and (2.3), we get

τ(x)d(y) + d(x)α(y) = d(x)α(y) + τ(x)d(y)

for all x, y ∈ N . Hence, d(xy) − (d(x)α(y) + τ(x)d(y)) ∈ P for all
x, y ∈ N .
For the converse suppose that d(xy) − (d(x)α(y) + τ(x)d(y)) ∈ P for
all x, y ∈ N . We have

d(x(y + y)) = d(x)α(y + y) + τ(x)d(y + y)

= d(x)α(y) + d(x)α(y) + τ(x)d(y) + τ(x)d(y) (2.4)
for all x, y ∈ N . On the other hand,

d(xy + xy) = d(xy) + d(xy)

= d(x)α(y) + τ(x)d(y) + d(x)α(y) + τ(x)d(y) (2.5)
for all x, y ∈ N . From (2.4) and (2.5), we get

d(x)α(y) + τ(x)d(y) = τ(x)d(y) + d(x)α(y)

for all x, y ∈ N . Thus, d(xy) − (τ(x)d(y) + d(x)α(y)) ∈ P for all
x, y ∈ N . Hence, d is a (α, τ)-P -derivation. □
Lemma 2.3. Let N be a near-ring, P an ideal of N and d be an
arbitrary (α, τ)-P -derivation of N . Then, N /P satisfies the following
partial distributive laws:

(a)
(
τ(x)d(y) + d(x)α(y)

)
α(z) = τ(x)d(y)α(z)+d(x)α(y)α(z) for

all x, y, z ∈ N .
(b)

(
d(x)α(y) + τ(x)d(y)

)
α(z) = d(x)α(y)α(z)+ τ(x)d(y)α(z) for

all x, y, z ∈ N .
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Proof. (a) We know that d(xy) = τ(x)d(y)+ d(x)α(y) for all x, y ∈ N .
So,

d((xy)z) = τ(x)τ(y)d(z) + d(xy)α(z)

= τ(x)τ(y)d(z) +
(
τ(x)d(y) + d(x)α(y)

)
α(z) (2.6)

for all x, y, z ∈ N . Also,
d(x(yz)) = τ(x)d(yz) + d(x)α(y)α(z)

= τ(x)
(
τ(y)d(z) + d(y)α(z)

)
+ d(x)α(y)α(z)

= τ(x)τ(y)d(z) + τ(x)d(y)α(z) + d(x)α(y)α(z) (2.7)
for all x, y, z ∈ N . From (2.6) and (2.7), we get

τ(x)τ(y)d(z) +
(
τ(x)d(y) + d(x)α(y)

)
α(z)

= τ(x)τ(y)d(z) + τ(x)d(y)α(z) + d(x)α(y)α(z)

for all x, y, z ∈ N , i.e.,(
τ(x)d(y) + d(x)α(y)

)
α(z) = τ(x)d(y)α(z) + d(x)α(y)α(z)

for all x, y, z ∈ N .
(b) We have d(xy) = d(x)α(y) + τ(x)d(y) for all x, y ∈ N . Then,

d(x(yz)) = d(x)α(y)α(z) + τ(x)d(yz)

= d(x)α(y)α(z) + τ(x)
(
d(y)α(z) + τ(y)d(z)

)
= d(x)α(y)α(z) + τ(x)d(y)α(z) + τ(x)τ(y)d(z) (2.8)

for all x, y, z ∈ N . On the other side,
d((xy)z) = d(xy)α(z) + τ(x)τ(y)d(z)

=
(
d(x)α(y) + τ(x)d(y)

)
α(z) + τ(x)τ(y)d(z)

=
(
d(x)α(y) + τ(x)d(y)

)
α(z) + τ(x)τ(y)d(z) (2.9)

for all x, y, z ∈ N . Combining (2.8) and (2.9), we obtain
d(x)α(y)α(z) + τ(x)d(y)α(z) + τ(x)τ(y)d(z)

=
(
d(x)α(y) + τ(x)d(y)

)
α(z) + τ(x)τ(y)d(z)

for all x, y, z ∈ N . Thus, we have(
d(x)α(y) + τ(x)d(y)

)
α(z) = d(x)α(y)α(z) + τ(x)d(y)α(z)

for all x, y, z ∈ N . □
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Lemma 2.4. Let P be a 3-prime ideal of a near-ring N .
(a) If z ∈ Z(N /P )∖

{
0
}

, then z is not a zero divisor.
(b) If Z(N /P ) contains a nonzero element z for which

z + z ∈ Z(N /P ), then (N /P,+) is abelian.
(c) If z ∈ Z(N /P ) ∖

{
0
}

and x ∈ N /P such that xz ∈ Z(N /P ),
then x ∈ Z(N /P ).

Proof. By hypothesis we have P is a 3-prime ideal of N . Thus
{
0
}

is
a 3-prime ideal of N /P . Therefore, (a), (b) and (c) are consequences
of [2, Lemma 1.2 & Lemma 1.3]. □
Lemma 2.5. Let P be a 3-prime ideal of a near-ring N and d be a
non P -trivial (α, τ)-P -derivation on N . Then

(a) xd(N ) =
{
0
}

implies x = 0,
(b) d(N )α(x) =

{
0
}

implies α(x) = 0.

Proof. (a) Suppose that xd(N ) =
{
0
}

. Then,

0 = xd(yz) = xd(y)α(z) + xτ(y)d(z) = xτ(y)d(z)

for all y, z ∈ N . That is, xNd(z) ⊆ P for all z ∈ N . By the 3-primeness
of P, we have 0 = x or 0 = d(z) for all z ∈ N . Since d(N ) ⊈ P, we
conclude that 0 = x.
(b) A similar argument works if d(N )α(x) =

{
0
}

. □
Lemma 2.6. Let P be a 3-prime ideal of a near-ring N and d be
a (α, τ)-P+-derivation of N such that αd = dα and τd = dτ . If
d2(N ) ⊆ P, then, d(N ) ⊆ P or 2(N /P ) =

{
0
}

.

Proof. Assume that d(N ) ⊈ P . By the hypothesis, we have

0 = d2(xy)

= d(d(x)α(y) + τ(x)d(y))

= d2(x)α2(y) + τ(d(x))d(α(y)) + d(τ(x))α(d(y)) + τ 2(x)d2(y)

= d(τ(x))(2d(α(y))).

This implies that d(N )α(d(2y)) =
{
0
}

for all y ∈ N . By using Lemma
2.5 (b), we get d(2y) = 0 for all y ∈ N . Hence,

0 = d(2xy)

= d(xy) + d(xy)

= d(x)α(y) + τ(x)d(y) + τ(x)d(y) + d(x)α(y)

= d(x)α(y) + τ(x)d(2α(y)) + d(x)α(y)
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= d(x)α(y) + d(x)α(y)

= d(x)α(2y) for all x, y ∈ N ,

that is, d(N )α(2y) =
{
0
}

for all y ∈ N . By Lemma 2.5 (b), we get
2(N /P ) =

{
0
}

. □

3. Commutativity of N /P

Lemma 3.1. Let P be a 3-prime ideal of a near-ring N and d be a
(α, τ)-P -derivation of N . Suppose that τ(u) is not a left zero divisor
on N /P . If [d(u), u]α,τ ∈ P, then d((x, u)) ∈ P for all x ∈ N .

Proof. Given x ∈ N . From u(u+ x) = u2 + ux, we have

τ(u)d(u+ x) + d(u)(α(u) + α(x))

= τ(u)d(u) + d(u)α(u) + τ(u)d(x) + d(u)α(x),

which reduces to τ(u)d(x) + d(u)α(u) = d(u)α(u) + τ(u)d(x). Since
d(u)α(u) = τ(u)d(u), the above equation can be expressed as

0 = τ(u)(d(x) + d(u)− d(x)− d(u)) = τ(u)d((x, u)).

Thus, d((x, u)) = 0 for all x ∈ N . □
Theorem 3.2. Let P be a 3-prime ideal of a near-ring N . Suppose
that N /P has no nonzero divisors of zero. If N admits a non P -trivial
(α, τ)-P -commuting P -(α, τ)-derivation d, then (N /P,+) is abelian.

Proof. Given x, y ∈ N . Let c = α−1((x, y)). Then, by Lemma 3.1,
d(c) = 0. Moreover, wc is an additive commutator for any w ∈ N ,
thus, also a P -constant. i.e.,

0 = d(wc) = τ(w)d(c) + d(w)α(c) = d(w)α(c)

for all w ∈ N . In view of Lemma 2.5 (b), we conclude that

0 = α(c) = (x, y)

for all x, y ∈ N . The proof is now complete. □
Theorem 3.3. Let P be a 3-prime ideal of a near-ring N and d be
a non P -trivial (α, τ)-P -derivation such that α(d(N ))− d(α(N )) ⊆ P

and τ(d(N )) − d(τ(N )) ⊆ P . If d(N) ⊆ Z(N /P ), then (N /P,+) is
abelian. Moreover, if d2(N ) ⊈ P , then N /P is a commutative ring.

Proof. Suppose that u ∈ N such that d(u) ̸= 0. Then,

d(u) ∈ Z(N /P )∖
{
0
}
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and d(u) + d(u) ∈ Z(N /P ). Let x, y ∈ N , we have
(d(u) + d(u))(x+ y) = (x+ y)(d(u) + d(u)),

i.e.,
xd(u) + xd(u) + yd(u) + yd(u) = xd(u) + yd(u) + xd(u) + yd(u)

and we find that
xd(u) + yd(u) = yd(u) + xd(u).

Hence, d(u)(x, y) = 0 for all x, y ∈ N /P . Since d(u) ∈ Z(N /P )∖
{
0
}

and N /P is a 3-prime near-ring, we see that (x, y) = 0 for all
x, y ∈ N /P . Thus, (N /P,+) is abelian. Using the hypothesis, we
have α(z)d(xy) = d(xy)α(z) for all x, y, z ∈ N . An application of
Lemma 2.3 yields

α(z)d(x)α(y) + α(z)τ(x)d(y) = d(x)α(y)α(z) + τ(x)d(y)α(z)

for all x, y, z ∈ N . Since d(N) ⊆ Z(N /P ) and (N /P,+) is abelian, we
get

d(x)α(z)α(y) + d(y)α(z)τ(x) = d(x)α(y)α(z) + d(y)τ(x)α(z)

for all x, y, z ∈ N . Hence,
d(x)[α(z), α(y)] = d(y)[τ(x), α(z)]

for all x, y, z ∈ N . Suppose now that N /P is not commutative.
Choosing x, z ∈ N such that [τ(x), α(z)] ̸= 0 and replacing y by d(y),
we infer that d2(y)[τ(x), α(z)] = 0 for all y ∈ N . Since the central
element d2(y) cannot be a nonzero divisor of zero, we conclude that
d2(y) = 0 for all y ∈ N ; a contradiction. □
Corollary 3.4. Let P be a 3-prime ideal of a near-ring N and d be a
non P -trivial (α, τ)-P+-derivation such that α(d(N )) − d(α(N )) ⊆ P

and τ(d(N )) − d(τ(N )) ⊆ P . If d(N ) ⊆ Z(N /P ), then (N /P,+)
is abelian. Moreover, if 2(N /P ) ̸=

{
0
}

, then N /P is a commutative
ring.

Proof. The proof is given by Lemma 2.6 and Theorem 3.3. □
Theorem 3.5. Let P be a 3-prime ideal of a near-ring N and d be
a non P -trivial (α, τ)-P -derivation such that α(d(N ))− d(α(N )) ⊆ P

and τ(d(N ))− d(τ(N )) ⊆ P . If [d(x), d(y)] = 0 for all x, y ∈ N , then
one of the following assertions holds:

(a) d2(N ) ⊆ P .
(b) N /P is a commutative ring.
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Proof. Suppose that d2(N ) ⊈ P. Let u ∈ N such that d(u) ̸= 0. Then,
d(u) and d(u) + d(u) commute with d(N ). Given x, y ∈ N , we have

(d(u) + d(u))(d(x) + d(y)) = (d(x) + d(y))(d(u) + d(u)).

Using our hypothesis, we obtain
d(u)d(x) + d(u)d(x) + d(u)d(y) + d(u)d(y)

= d(u)d(x) + d(u)d(y) + d(u)d(x) + d(u)d(y).

Thus,
d(u)d(x) + d(u)d(y) = d(u)d(y) + d(u)d(x).

Hence, d(u)d((x, y)) = 0 for all u, x, y ∈ N . Since α is an
automorphism of N , we have

d(N )α(d((x, y))) = {0} for all x, y ∈ N . (3.1)

In view of Lemma 2.5 (b), we conclude that α(d((x, y))) = 0 for all
x, y ∈ N . Thus, d((x, y)) = 0 for all x, y ∈ N . Which implies that

0 = d((wx,wy)) = d(w(x, y)) = d(w)α((x, y))

for all w ∈ N . In view of Lemma 2.5 (b), we have (x, y) = 0 for all
x, y ∈ N , implying that (N /P,+) is abelian.
Using our hypothesis, we have

d(α(z))d(d(x)y) = d(d(x)y)d(α(z)).

for all x, y, z ∈ N . Thus,

d(α(z))
(
d2(x)α(y) + τ(d(x))d(y)

)
=

(
d2(x)α(y) + τ(d(x))d(y)

)
d(α(z))

for all x, y, z ∈ N . According to Lemma 2.3,
d(α(z))d2(x)α(y) + d(α(z))d(τ(x))d(y)

= d2(x)α(y)d(α(z)) + d(τ(x))d(y)d(α(z))

for all x, y, z ∈ N . Using the fact that (N /P,+) is abelian and
d(α(z))d(τ(x))d(y) = d(τ(x))d(y)d(α(z)), the last relation yields

d2(x)d(α(z))α(y) = d2(x)α(y)d(α(z)).

Replacing y by yt, where t ∈ N , in the last equation and using it again,
we infer that

d2(x)d(α(z))α(y)α(t) = d2(x)α(y)α(t)d(α(z))

= d2(x)α(y)d(α(z))α(t)
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for all t, x, y, z ∈ N . Hence,
d2(x)(N /P )[d(α(z)), α(t)] = {0}

for all t, x, z ∈ N . The 3-primeness of N /P , forces that

d(N ) ⊆ Z(N /P ).

Consequently, N /P is a commutative ring by Theorem 3.3. □
Corollary 3.6. Let P be a symmetric 3-prime ideal of a near-ring N
and d be a (α, τ)-P+-derivation of N such that α(d(N ))−d(α(N )) ⊆ P
and τ(d(N ))− d(τ(N )) ⊆ P . If [d(x), d(y)] ∈ P for all x, y ∈ N , then
one of the following assertions holds:

(a) 2(N /P ) = {0}.
(b) d(N ) ⊆ P .
(c) N /P is a commutative ring.

Proof. The proof is obtained by Lemma 2.6 and Theorem 3.5. □
Theorem 3.7. Let P be a 3-prime ideal of a near-ring N with a non
P -trivial (α, τ)-P -derivation d and a ∈ N . If [d(N ), a](α,τ) ⊆ P , then
α(a) ∈ Z(N /P ) or d(a) = 0.

Proof. By the hypothesis, we have
d(ax)α(a) = τ(a)d(ax) for all x ∈ N .

Hence,(
d(a)α(x) + τ(a)d(x)

)
α(a) = τ(a)

(
d(a)α(x) + τ(a)d(x)

)
for all x ∈ N . Since N satisfies the partial distributive law by Lemma
2.3, we have

d(a)α(x)α(a) + τ(a)d(x)α(a) = τ(a)d(a)α(x) + τ(a)τ(a)d(x)

for all x ∈ N . Using our hypothesis again
d(a)α(x)α(a) + τ(a)τ(a)d(x) = τ(a)d(a)α(x) + τ(a)τ(a)d(x)

for all x ∈ N , i.e.,
d(a)α(x)α(a) = τ(a)d(a)α(x) for all x ∈ N .

Substituting xy, where y ∈ N , for x in the above equation and using
it again, we get

d(a)α(x)α(y)α(a) = τ(a)d(a)α(x)α(y) = d(a)α(x)α(a)α(y)

for all x, y ∈ N . The latter relation can be rewritten as
d(a)(N /P )[α(a), α(y)] =

{
0
}
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for all y ∈ N . Using the 3-primeness of N /P , we find that d(a) = 0 or
α(a) ∈ Z(N /P ). The proof is now complete. □
Theorem 3.8. Let P be a 3-prime ideal of a near-ring N with a non
P -trivial (α, τ)-P -derivation d such that α(d(N ))− d(α(N )) ⊆ P and
τ(d(N )) − d(τ(N )) ⊆ P . If [d(N ), d(N )]α,τ ⊆ P , then one of the
following assertions holds:

(a) d2(N ) ⊆ P .
(b) N /P is a commutative ring.

Proof. According to Theorem 3.7, d2(x) = 0 or α(d(x)) ∈ Z(N /P ) for
all x ∈ N . Put K = {x ∈ N | d2(x) = 0} and

L = {x ∈ N | α(d(x)) ∈ Z(N /P )}.
Both K and L are additive subgroups of N . Moreover, N = K ∪ L.
But a group cannot be the set-theoretic union of any two of its proper
subgroups. Hence, K = N or L = N .

If K = N then d2(N ) ⊆ P . If L = N then d(N ) ⊆ Z(N /P ). As a
result, the Theorem 3.3 completes the proof. □
Corollary 3.9. Let P be a symmetric 3-prime ideal of a near-ring N
and d be a (α, τ)-P+-derivation of N such that α(d(N ))−d(α(N )) ⊆ P
and τ(d(N ))− d(τ(N )) ⊆ P . If [d(N ), d(N )]α,τ ⊆ P , then one of the
following assertions holds:

(a) 2(N /P ) = {0}.
(b) d(N ) ⊆ P .
(c) N /P is a commutative ring.

Proof. We get the proof by using Lemma 2.6 and Theorem 3.8. □
Theorem 3.10. Let P be a symmetric 3-prime ideal of a near-ring N
and d be a (α, τ)-P -derivation of N such that α(d(N ))−d(α(N )) ⊆ P
and τ(d(N ))−d(τ(N )) ⊆ P . If d(xy)−d(x)d(y) ∈ P for all x, y ∈ N ,
then d(N ) ⊆ P .

Proof. Assume that
d(xy) = d(x)d(y) (3.2)

for all x, y ∈ N . First we have
d(xyα(x)) = d(xy)α2(x) + τ(x)τ(y)d(α(x))

= d(x)α(y)α2(x) + τ(x)d(y)α2(x) + τ(x)τ(y)d(α(x))

for all x, y ∈ N . Secondly,
d(xyα(x)) = d(xy)d(α(x))
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= d(xy)α(d(x))

= d(x)α(y)α(d(x)) + τ(x)d(y)α(d(x))

= d(x)α(y)α(d(x)) + τ(x)d(yα(x))

= d(x)α(y)α(d(x)) + τ(x)d(y)α2(x) + τ(x)τ(y)d(α(x))

for all x, y ∈ N . Comparing the last relations, we get
d(x)α(y)α2(x) = d(x)α(y)α(d(x))

for all x, y ∈ N . Equivalently,
d(x)(N /P )(α(d(x))− α2(x)) = {0}

for all x ∈ N . Using the 3-primeness of N /P, we find
d(x) = 0 or d(x) = α(x)

for all x ∈ N . The subsets A = {x ∈ N | d(x) = 0} and

B = {x ∈ N | d(x) = α(x)}
are additive subgroups of N and their union is equal to N . Hence,
either N = A or N = B. If N = A, then d(N ) ⊆ P . If N = B,
then d(x) = α(x) for all x ∈ N . Putting xy instead of x in the last
equation, we find

d(xy) = α(xy) = α(x)α(y) = d(x)α(y)

for all x, y ∈ N . So,
d(x)α(y) + τ(x)d(y) = d(x)α(y)

for all x, y ∈ N . In view of Lemma 2.5 (a), we conclude that d(N ) ⊆ P
and the proof is complete. □
Theorem 3.11. Let P be a symmetric 3-prime ideal of a near-ring N
and d be a (α, τ)-P -derivation of N such that α(d(N ))−d(α(N )) ⊆ P
and τ(d(N ))−d(τ(N )) ⊆ P . If d(xy)−d(y)d(x) ∈ P for all x, y ∈ N ,
then d(N ) ⊆ P .

Proof. Assume that d(xy) = d(y)d(x) for all x, y ∈ N . It follows that
d(α(x)α(x)y) = d(α(x))α2(x)α(y) + τ(α(x))d(α(x)y)

= d(α(x))α2(x)α(y) + τ(α(x))d(α(x))d(y)

for all x, y ∈ N . On the other hand, we have
d(α(x)α(x)y) = d(α(x)y)d(α(x))

= d(α(x)y)α(d(x))

= d(α(x))α(y)α(d(x)) + τ(α(x))d(α(y))α(d(x))
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= d(α(x))α(y)d(α(x)) + τ(α(x))d(α(y))d(α(x))

for all x, y ∈ N . When we combine the last two expressions, we get

d(α(x))α2(x)α(y) = d(α(x))α(y)d(α(x))

for all x, y ∈ N . Substituting yz, where z ∈ N , for y in the last
equation yields

d(α(x))α2(x)α(y)α(z) = d(α(x))α(y)d(α(x))α(z)

= d(α(x))α(y)α(z)d(α(x))

for all x, y, z ∈ N , which implies that

d(α(x))α(y)[α(z), d(α(x))] = 0

for all x, y, z ∈ N , that is, d(α(x))(N /P )[α(z), d(α(x))] = {0} for all
x, z ∈ N . Using the 3-primeness of N /P, we obtain

d(N ) ⊆ Z(N /P ).

Thus, using our hypothesis, we obtain d(xy) = d(x)d(y) for all
x, y ∈ N . Hence, by Theorem 3.10, we conclude that d(N ) ⊆ P. □

4. Semiprime ideal and (α, τ)-derivation

Theorem 4.1. Let P be a semiprime ideal of a symmetric near-ring
N , where N /P is 2-torsion free, d be a (α, τ)-derivation such that
α(d(N ))− d(α(N )) ⊆ P and τ(d(N ))− d(τ(N )) ⊆ P . If

d(N) ⊆ Z(N /P ),
then one of the following assertions holds:

(a) There exists a prime ideal Pλ ⊇ P such that d(N ) ⊆ Pλ.
(b) N /P is a commutative ring.

Proof. The semiprimeness of P implies that there exists a family P of
3-prime ideals Pλ such that ∩Pλ = P . Therefore,

d(N) ⊆ Z(N /Pλ) (4.1)

for all Pλ ∈ P . Since d is a (α, τ)-derivation, we get d is a
(α, τ)-Pλ-derivation on N for all Pλ ∈ P . By using (4.1) and the
fact that 2(N /Pλ) ̸= {0}, then the corollary 3.4 gives

d(N ) ⊆ Pλ or N /Pλ is a commutative ring for all Pλ ∈ P . (4.2)

Suppose that d(N ) ⊈ Pλ for all Pλ ∈ P . Thus, (4.2) implies that
N /P = N / ∩ Pλ is a commutative ring. □
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Theorem 4.2. Let P be a semiprime ideal of a symmetric near-ring
N , where N /P is 2-torsion free, and d be a (α, τ)-derivation of N
such that α(d(N )) − d(α(N )) ⊆ P and τ(d(N )) − d(τ(N )) ⊆ P . If
[d(N ), d(N )] ⊆ P , then one of the following assertions holds:

(a) There exists a prime ideal Pλ ⊇ P such that d(N ) ⊆ Pλ.
(b) N /P is a commutative ring.

Proof. Since P is semiprime, there exists a family P of 3-prime ideals
Pλ such that ∩Pλ = P . Hence,

[d(N ), d(N )] ⊆ Pλ for all Pλ ∈ P . (4.3)
Using the fact that d is a (α, τ)-derivation, we have d is a (α, τ)-P+

λ -
derivation on N for all Pλ ∈ P . Since 2(N /Pλ) ̸= {0}, by using (4.3),
then corollary 3.6 gives
d(N ) ⊆ Pλ or N /Pλ is a commutative ring for all Pλ ∈ P . (4.4)

If d(N ) ⊈ Pλ for all Pλ ∈ P , then N /P = N / ∩ Pλ is a commutative
ring by (4.4).

□
Theorem 4.3. Let P be a semiprime ideal of a symmetric near-ring
N , where N /P is 2-torsion free, and d be a (α, τ)-derivation of N
such that α(d(N )) − d(α(N )) ⊆ P and τ(d(N )) − d(τ(N )) ⊆ P . If
[d(N ), d(N )]α,τ ⊆ P , then one of the following assertions holds:

(a) There exists a prime ideal Pλ ⊇ P such that d(N ) ⊆ Pλ.
(b) N /P is a commutative ring.

Proof. We obtain the desired result by applying arguments similar to
those used in the proof of Theorem 4.2. □
Theorem 4.4. Let P be a semiprime ideal of a symmetric near-ring
N , and d be a (α, τ)-derivation of N such that α(d(N ))−d(α(N )) ⊆ P
and τ(d(N ))−d(τ(N )) ⊆ P . If d(xy)−d(x)d(y) ∈ P for all x, y ∈ N ,
then d(N ) ⊆ P .

Proof. Since P is semiprime, there exists a family P of 3-prime ideals
Pλ such that ∩Pλ = P . Hence,

d(xy)− d(x)d(y) ∈ Pλ for all x, y ∈ N , Pλ ∈ P . (4.5)
Since d is a (α, τ)-derivation, we find that d is (α, τ)-Pλ-derivations on
N for all Pλ ∈ P . By using (4.5), Theorem 3.10 forces that d(N ) ⊆ Pλ

for all Pλ ∈ P . Hence, d(N ) ⊆ P . □
Theorem 4.5. Let P be a semiprime ideal of a symmetric near-ring
N , and d be a (α, τ)-derivation of N such that α(d(N ))−d(α(N )) ⊆ P
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and τ(d(N ))−d(τ(N )) ⊆ P . If d(xy)−d(y)d(x) ∈ P for all x, y ∈ N ,
then d(N ) ⊆ P .
Proof. By using similar arguments to those used in the proof of
Theorem 4.4, we get the required result. □
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S. MOUHSSINE AND A. BOUA

شبه حلقه ها ;P-(α-مشتق های τ) بررسی

بوا٢ الكريم عبد و محسن١ سمیر

مراکش تازا، ،LSI رشته ای، چند دانشکده فاس، عبداله بن محمد سیدی دانشگاه ریاضیات، ١,٢گروه

دهه های در جذاب موضوع یک به قسمتی خارج شبه حلقه ی جبری ساختارهای و مشتق ها بین رابطه  ی
-(α; τ) مفهوم مقاله، این در باشد. آن اول ایده آل P و شبه حلقه N کنید فرض است. شده تبدیل اخیر
در که N /P قسمتی خارج شبه حلقه های ساختار همچنین، است. شده معرفی شبه حلقه ها در P-مشتق

شده اند. بررسی می کنند، صدق ;P-(α-مشتق τ) جبری خواص برخی

جابه جایی. ;P-(α-مشتق ها، τ) اول، ایده آل های شبه حلقه ها، کلیدی: کلمات
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