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GENERALIZED FORMAL LOCAL COHOMOLOGY
MODULES

SH. REZAEI* AND F. LASHKARI

ABSTRACT. Let a be an ideal of a local ring (R, m) and M and N

two finitely generated R-modules. In this paper, we introduce the

concept of generalized formal local cohomology modules. We define

i-th generalized formal local cohomology module of M and N with

respect to a by §F2(M,N) := l'ngin(M,N/a”N) for i > 0. We
n

prove several results concerning vanishing and finiteness properties
of these modules.

1. INTRODUCTION

Throughout this paper, (R, m) is a commutative Noetherian local
ring with identity, a is an ideal of R and M and N are two finitely
generated R-modules. Recall that the ¢-th local cohomology module of
M with respect to a is denoted by H:(M). For basic facts about local
cohomology refer to [0]. Let a be an ideal of a local ring (R, m) and M
a finitely generated R-module. For each i > 0;

Fo(M) <= lim HY, (M/a™ M)

is called the i-th formal local cohomology of M with respect to a. The
basic properties of formal local cohomology modules are found in [2],
[5] and [15].
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A generalization of local cohomology functor has been given by J.
Herzog in [12]. The i-th generalized local cohomology module of M and
N with respect to a is denoted by Hy (M, N) := @Ext%(M/a”M, N).

Here, by using the concept of generalized local cohomology modules,
we introduce the generalized formal local cohomology modules. We
define §;(M, N) := lim H, (M, N/a"N) for any integer i > 0 and call it

the i-th generalized formal local cohomology module of M and N with
respect to a. Then, we study some properties of generalized formal
local cohomology modules.

In Section 2, we investigate vanishing, Artinianness and attached
prime ideals of generalized formal local cohomology modules. Among
other things, we will prove that for two finitely generated R-modules
M and N with pdy M < oo we have §:(M, N) = 0 for all i > dim R,
FdmB(Af N) is Artinian and

Attp(Fe™ (M, N)) = Attp(HZ™ (M, N)) NV (a),
Also, if M and N are two finitely generated R-modules such that
pdpM = d < oo and dimN = n < oo, then F4™(M,N) is an
Artinian R-module and
Attr(FT(M, N)) = Attp(HL™ (M, N)) NV (a).
Recall that, the formal grade of M with respect to ais defined to be the
least integer i such that §:(M) # 0 and it is denoted by fgrade(a, M),
[15]. The cohomological dimension of M and N with respect to a is
defined by cd (M, N) := sup{i : Hy(M,N) # 0}, [I]. We define the
formal grade of M and N with respect to a by
ferade(a, M, N) := inf{i : (M, N) # 0}
and the formal dimension of M and N with respect to a by
fd(a, M, N) := sup{i : (M, N) # 0}.
Here, we show that if pd; M < oo and dim N < oo, then
fd(a, M, N) = cdn(M, N/aN).
In Section 3, we investigate the 0-th generalized formal local cohomol-
ogy module F(M, N). At first, we prove that
§a(M, N) = Homp(M,F(N))
and by using it we prove that F°(M, N) is a finitely generated R-module
and
Assp(FU(M,N)) = {p € Assé(HomR(MJ\A/)) - dim(R/(aR,p)) = 0}.

In Section 4, we give a duality result for generalized formal local
cohomology modules over a Cohen-Macaulay local ring. We show that,
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if (R,m) is a d-dimensional Cohen-Macaulay local ring and M and N
are two finitely generated R-modules such that pdz M < oo then for
any integer ¢ > 0 we have

LM, N) = Homp(H-(N, M ®p wg), Er(R/m)),

where R is the m-adic completion of R, wz is the canonical module
of R and Er(R/m) denotes the injective hull of R/m. Then by using
this result, we prove that if (R, m) is a d-dimensional Cohen-Macaulay
local ring and M and N are two finitely generated R-modules such that
pdp M < oo and pdp N < oo then

ferade(a, M, N) + cdo(N, M) = dim R.

2. VANISHING AND ARTINIANNESS RESULTS

In this section, we obtain some results about vanishing, Artinian-
ness and attached prime ideals of generalized formal local cohomology
modules. We begin with the following main definition.

Definition 2.1. Let a be an ideal of a local ring (R, m) and M and N
be two finitely generated R-modules. For each ¢ > 0, we define the i-th
generalized formal local cohomology module of M and N with respect
to a by

Sa(M,N) := lim H, (M, N/a"N).

It should be noted that the formal local cohomology modules of N
with respect to a is defined by §F(N) = lLmH{ (N/a"N). Clearly,

Su(R,N) =Fi(N) for all i > 0 and any R-module N.

Recall that, the arithmetic rank of the ideal a, denoted by ara(a), is
the least number of elements of R required to generate an ideal which
has the same radical as a. We need the following known results for
generalized local cohomology.

Theorem 2.2. Let M and N be two finitely generated R-modules such
that pdp M < oo.

i) (I3, Theorem 3.1]) If dim R = d < oo then H.(M,N) = 0 for all
1 >d,

i) (17, Theorem 2.5]) H:(M, N) =0 for all i > pdp M + ara(a),

i) ([17, Theorem 3.7]) Suppose dim N < oo. Then H:(M,N) =0
for alli > pdp M + dim(M ®g N).

In the following, we give some vanishing results.
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Proposition 2.3. Let a be an ideal of a d-dimensional local ring (R, m)
and M and N two finitely generated R-modules such that pdy M < oo.
Then
i) FE(M,N) =0 for all i > d,
i) §(M,N) =0 for all i > pdp M + ara(m),
iii) If dim N/aN < oo then
FU(M,N)=0 for all i >pdy M + dim(M ®g N/aN).

Proof. (i), (ii): For all n € Ny, by Theorem 2.2(i),
H!(M,N/a"N) =0

for all 4 > d and by Theorem 2.2(ii) H. (M, N/a"N) = 0 for all
i > pdy M +ara(m). Thus, the result follows from the above definition.

(iii) Note that, dim(M ®g N/a*N) = dim(M ®r N/aN) for all
k € N. Thus by Theorem 2.2(iii), H.,(M,N/a*N) = 0 for all
i > pdg M +dim(M ®g N/aN) and k > 0. Therefore we conclude
that

§L(M, N) = lim H}, (M, N/a"N) = 0,
k

for all i > pdp M + dim(M ®gr N/aN), as required. O

Lemma 2.4. Let a be an ideal of a d-dimensional local ring (R, m), and
let M and N be two finitely generated R-modules such that pdy M < oo.
Then UM, N) is a homomorphic image of HL(M,N), and so the
following assertions hold:

i) §4(M, N) is Artinian,

ii) Suppy F4(M, N) C Suppp Hy, (M, N),

iii) Attr F4(M,N) C Attg HL (M, N).

Proof. For all n > 0, there is the following short exact sequence
0—a"N—-N— N/a"N — 0
that implies the following long exact sequence
oo = HE(M,N) — HE(M, N/a"N) — HE (M, a"N) — - - - .

By Theorem 2.2(i) HE™ (M, a"N) = 0 and by [10, Theorem 2.2] the
R-modules of the above long exact sequence are Artinian. Thus we
obtain an epimorphism H% (M, N) — H% (M, N/a"N) — 0 of Artinian
R-modules. Therefore [14, Lemma 2.3| implies that the sequence

lim Hyy (M, N) — lim Hy (M, N/a"N) — 0,
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is exact. Thus we obtain the exact sequence
Hy (M, N) = F4M,N) — 0.

By [10, Theorem 2.2] H%(M,N) is Artinian. Hence F¢(M,N) is
homomorphic image of an Artinian R-module, and so is Artinian, as
required. 0

Theorem 2.5. Let a be an ideal of a local ring (R,m), and let M
and N be two finitely generated R-modules such that pdy M < oo. Let
d=dim R. Then

Attr(FU(M, N)) = Attgr(HL(M, N)) NV (a).
Proof. From Theorem 2.2(i), it follows that H% (M, —) is a right exact
functor. Thus for all £ € N we have
HE(M,N/a"N) = H% (M, R) @ N/a*N
~ H!(M, N) @ R/a*
= HY (M, N) /a" H, (M, N).

On the other hand, H% (M, N) is Artinian and so there exists an integer
t such that a® H (M, N) = a* HL(M, N) for all k > t. Therefore

FU(M, N) = lim HE (M, N/a* N)
k

> lim Hy, (M, N)/a* Hy, (M, N)
k

= H (M, N)/a" Hiy (M, N).
Hence §4(M,N) = H (M, N) ®g R/a'. Now, the result follows by
[14, Proposition 5.2]. O

Corollary 2.6. Let a be an ideal of a d-dimensional Cohen-Macaulay
local ring (R,m), and let M and N be two finitely generated R-modules
such that pdp M < co. Then

Attr(T4(M, N)) = Assg M N Suppr(N) N'V(a),
and we have
i) §4M, N) =0 if and only if Assg M N Suppr(N) NV (a) =0,
ii) F4M, N) is fintely generated if and only if Homg(N/aN, M) is
Artinian.
Proof. By [9, Corollary 3.4] Attr(HE (M, N)) = Assg M N Suppp(N).
Thus by Theorem 2.5,
Attr(F(M, N)) = Attgr(HE (M, N)) NV (a)
= Assg M N Suppgr(N) NV (a).
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Thus, assertion (i) follows because for an Artinian R-module A, A =0
if and only if Attg A = (). Now, we prove the assertion (ii). Assume that
F4M, N) is a finitely generated R-module. By Lemma 2.4, F¢(M, N) is
Artinian and so by [0, 7.2.12] we conclude that Attg(F¢(M, N)) C {m}.
On the other hand,

Assgp Hompg(N/aN, M) = Assg M N Suppg(N/aN)
= Assg M N Suppr(N)NV(a)
— Attp(340, V).

Hence Assgp Hompg(N/aN, M) C {m}. Moreover, Homg(N/aN, M)
is a finitely generated R-module and so Hompg(N/aN, M) is Artinian.
Conversely, assume that Hompg(N/aN, M) is Artinian. Thus we have
Attp(F4UM, N)) = Assp(Homp(N/aN, M)) C {m}. Since F4(M, N) is
Artinian and Att(F4(M, N)) C {m}, [6, 7.2.12] implies that F¢(M, N)
is finitely generated, as required. OJ

In the following result, we find a relation between formal dimension
and cohomological dimension of two finitely generated R-modules.

Theorem 2.7. Let a be an ideal of a local ring (R, m), and let M
and N be two finitely generated R-modules such that pdp M < oo and
dim N < co. Then fd(a, M, N) = cdn(M, N/aN).

Proof. Let u := cdu(M,N/aN). We must show that F“(M,N) # 0
and F.(M,N) =0 for all i > u.
For any integer n, the short exact sequence
0— aN/a"N — N/a"N — N/aN — 0,
induces the exact sequence
H“(M,N/a"N) — H“(M, N/aN) — H“"(M,aN/a"N).
Since Suppgr(aN/a"N) C Suppgr(N/a"N) = Suppr(N/aN) by
[1, Theorem B] we conclude that
cdw(M,aN/a"N) < cdy(M,N/aN) =u
and so H“™(M,aN/a"N) = 0 for all n € N. Therefore we have an
epimorphism
lim Hy (M, N/a"N) — lim Hy, (M, N/aN) — 0,

and so there exists an epimorphism §¢(M, N) — Hy (M, N/aN) — 0.
By assumption Hy, (M, N/aN) # 0 and we get F4(M, N) # 0. On the
other hand, let j7 > u be an integer. Since

Suppg(N/a"N) = Suppg(N/aN)
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we have cdy (M, N/a"N) = cdn(M, N/aN) = u for all n. € N. Thus
H(M,N/a"N) = 0 for all n € N. Therefore FZ(M,N) = 0, as
required. O

In the next result, we obtain [15, Theorem 4.5] by Theorem 2.7.

Corollary 2.8. Let a be an ideal of a local ring (R,m) and N be a
finitely generated R-module such that dim N < oo. Then

sup{i : §-(N) # 0} = dim(N/aN).
Proof. By Grothendieck’s Non-vanishing Theorem
cdn(R, N/aN) = cdn(N/aN) = dim(N/aN).
Hence, the assertion is immediate by Theorem 2.7 and putting
M = R. OJ

Corollary 2.9. Let a be an ideal of a local ring (R,m), and M, N be
two finitely generated R-modules such that pdp M < oo, dim N < oo.

If Hide M N/aN (Af N JaN) 2 0 then oo M NN (ar N) £ 0.

Proof. By Theorem 2.2(iii) we have H!(M,N/aN) = 0 for all

i > pdp M + dim N/aN. Thus, assumption implies that
cdw(M,N/aN) = pdr M + dim N/aN.

Now, by Theorem 2.7, it follows that fd(a, M, N) = pdz M+dim N/aN.

Therefore S’EdR Mdim N/ ClN(]\J ,N) # 0, as required. O

Lemma 2.10. Let a be an ideal of a local ring (R,m). Let M and
N be two finitely generated R-modules such that pdy M = d < oo and
dim N =n < oo. Then F4H"(M, N) is an Artinian R-module and

i) Supp 34" (M, N) C Suppy, HE™" (M, N),

i) Attp FT (M, N) C Atttz HE™ (M, N).
Proof. Let k > 0. The short exact sequence

0—a"N = N — N/a*N — 0
induces the exact sequence
HE(M, N) — HE™ (M, N/aFN) — HEF P (M, a" N).

Since pdy M + dima*N < pdz M + dim N + 1, by Theorem 2.2(iii)
HEF (M, aFN) = 0 and so we have the following exact sequence of
Artinian R-modules

HE™ (M, N) — HE™ (M, N/a"*N) — 0,
and by passing to the inverse limit we get
HE (M, N) — F4 (M, N) — 0.
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But by [10, Theorem 2.2] HE (M, N) is Artinian and so (M, N)
as a homomorphic image of an Artinian module is Artinian and also
we have Suppp 4" (M, N) C Suppy HE™ (M, N) and

Attp FH"(M, N) C Attg HE™ (M, N).
O

Proposition 2.11. Let a be an ideal of a local ring (R,m). Let M
and N be two finitely generated R-modules such that pdy M = d < oo
and 0 < dim N = n < oco. If (M, N) # 0 then it is not finitely
generated.

Proof. By assumption ¢(M, N) # 0 and so Attz(F4(M, N)) # 0.
On the other hand, by the previous lemma and [, Proposition 2.2],

Attr F4T(M, N) C Attgp HE™ (M, N)
C Atttz H(N)
= {p € Ass(N)|dim R/p = n}.

Assume that & (M, N) # 0 is a finitely generated R-module. Since
by lemma 2.10 ¥ (M, N) is Artinian, [6, Corollary 7.2.12] implies
that

m € Attr(F(M, N)) C {p € Ass(N)|dim R/p = n > 0},
which is a contradiction. O

Theorem 2.12. Let a be an ideal of a local ring (R,m), and let M
and N be two finitely generated R-modules such that d = pdy M < oo
and | = dim N/aN < oo. Then

FE(M, N) = Extd(M, §L(V)).
Proof. By [11, Proposition 2.2],
HEY(M, N/aN) = Extg (M, H., (N/aN)).
Since dim N/a*N = dim N/aN = [ for all k € N, we have
HE (M, N/aN) = Bty (M, Hy (V/aN),
for all k € N and so
lim H™ (M, N/a*N) = Extf, (M, lim H, (N/a*N)).
k k

Therefore, we have
Fat (M, N) = Extq (M, §,(N)),

as required. O
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Corollary 2.13. Let a be an ideal of a local ring (R, m), and let M
and N be two finitely generated R-modules such that d = pdy M < oo
and | = dimN/aN < oco. If §L(N) is an Artinian R-module then
SEYM, N) is an Artinian R-module.

Proof. Since ' (N) is an Artinian R-module, by [3, Lemma 2.1],
Ext% (M, §L(N)) is Artinian and so the result follows by Theorem 2.12.
0J

Corollary 2.14. Let a be an ideal of a local ring (R,m), and let M,
N be two finitely generated R-modules such that pdg M < oo and
dim N < co. Then 5% M+dlmN(M, N) is an Artinian R-module.

Proof. If dim N/aN < dim N then by Proposition 2.3(iii) we have
Foan MmN v Ny = 0 and so FEEMTN (M N) is an Artinian R-
module. If dim N/aN = dim N then since by [5, Lemma 2.2] Fdm~(N)
is an Artinian R-module, the result follows by Corollary 2.13. 0J

Proposition 2.15. Let R be a ring and (Q,)n>1 be an inverse system
of R-modules, with maps ©mn @ Qum — Qn for m > n. Let a be an
ideal of R such that u*Qj = 0 for allu € a and all k € N. If @Qn is

non-zero and representable, then a Cp for all p € AttR(Lan).

Proof. Let @Q” = 51+S53+...4+5, be a minimal secondary representa-
tion of lngn where S; is p;-secondary for j = 1,2,...,n. Suppose that

there exists an integer j € {1,...,n} such that a ¢ p; and look for a
contradiction. Take an element u € a\p;. Since S; # 0 there exists an
element 0 # g = (gx) € S; C leQn. Let g be the first non-zero com-

ponent of g. Since u & p;, we have uS; = S;. But u*S; C uk(l'&nQn),
and so S; C uk(LQn) As u*Q;, = 0, it follows that the k-th
component of each element of u (Q_Qn) is zero. But, g € u (lé_Qn)

and the k-th component of g is non zero, which is a contradlctlon 0

Theorem 2.16. Let a be an ideal of a local ring (R, m), and let M and
N two finitely generated R-modules. Let i be a non-negative integer. If
S.(M, N) is representable, then a C p for all p € Attr(FL(M, N)).

Proof. By definition we have §.(M,N) = I&ann(M, N/a*N). But,
k

ub H! (M, N/ak*N) = 0 for all u € a and k € N. Now, the result follows
by proposition 2.15. 0
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Corollary 2.17. Let a be an ideal of a local ring (R, m), and let M and
N two finitely generated R-modules. Let i be a non-negative integer. If
Fi(M, N) is representable, then a C /(0 : Fi(M, N))

Proof. By Theorem 2.16, Attz(Fi(M,N)) C V(a) and so the result
follows by [0, 7.2.11]. O

In the next result, we give the formula for the attached primes of the
top generalized formal local cohomology module Fe =M™ N (A1 N).

Theorem 2.18. Let a be an ideal of a local ring (R,m). Let M and
N be two finitely generated R-modules with d = pdy M < oo and
n=dim N < co. Then

Attp(FI(M, N)) = Attp(HL™ (M, N)) NV (a).
Proof. Let dim N/aN < dim N then by Proposition 2.3(iii) we have

FE(M,N) = 0 and so Attg §4"(M, N) = (). But by [I 1, Theorem
2.3]

Attgr HE™(M, N) = {p € Assg N|cdn(M, R/p) = d +n}.
Thus we have
Attg HEM (M, N) NV (a) = {p € Assg N | cdn(M, R/p) = d+n} NV (a).
We show that Attyz HE™ (M, N) NV (a) = 0. If
Att HE™ (M, N)Y NV (a) # 0,

then there is p € Assg N such that cd, (M, R/p) = d+n and p € V(a).
Thus p € Suppy N/aN and we conclude that dim R/p < dim N/aN.
Moreover, by the hypothesis dim N/aN < dim N and so by Theorem
2.2(iii) we have HZ™(M, R/p) = 0 and this shows that

cdw(M, R/p) # d +n,

which is a contradiction. Thus the result follows in this case.

Now suppose that dim N/aN = dim N. By Lemma 2.10(ii) and
Theorem 2.16 we have Att(F4" (M, N)) C Attgz(HE™(M, N))NV (a).
We will show that

Attr(HE™(M, N)) NV (a) C Attr(FS(M, N)).
Assume that p € Attz(HE™ (M, N)) NV (a). Thus we have
pe{pe€Assg N |cdn(M,R/p)=d+n}NV(a).

Since p € Assg N, by [13, Theorem 6.8] there is a p-primary submodule

of N, say L, such that Assp(N/L) = {p} and p = /(0 : N/L). Thus
Suppy R/p = Suppy N/L and so, dim R/p = dim N/L.
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We claim that dim R/p = dim N. Let dim R/p < dim N, then

pdp M + dim(M ®r R/p) < pdp M +dim R/p
<pdr M +dim N
=d+n,
and by Theorem 2.2(iii), HX™ (M, R/p) = 0 and that is a contradiction
with cdw (M, R/p) = d + n, so dim N/L = dim R/p = dim N. But
a C p thus v/a C /(0: N/L) and so

V(0: (N/L)/a(N/L)) = v/a+ (0: N/L) = +/(0: N/L).

L
a(N/L)> = Suppy N/L = Suppy R/p and so

Therefore Supp (

N/L
a(N/L)

=dim N/L = dim N = dim R/p.

dim
It follows from [I, Theorem B| that

N/L
cdn (M, W) =cdw(M,R/p)=d+n

N/L
and so we have HE™ (M, a(N//L)) # 0. Now by Corollary 2.9 we

conclude that & (M, N/L) # 0 and so Attp(F™(M, N/L)) # 0. By
lemma 2.10, Attz(F4"(M, N/L)) C Attgr(HE™(M, N/L)) and

Attp(HE™ (M, N/L)) C Assg(N/L) = {p}.

Thus p € AttFE™(M,N/L). On the other hand, the short exact
sequence 0 — L — N — N/L — 0 induces the exact sequence
F'(N) — §*(N/L) — 0 and by using the functor Exth(M, —), we
get the exact sequence

Ext$(M, Fe(N)) = Extf,(M,FH(N/L)) = 0
and so by Theorem 2.12 we obtain the exact sequence
FH(M,N) — (M, N/L) — 0.

Thus Att 4 (M, N/L) C Att F4 (M, N). Now, p € Attg F¢ (M, N/L)
implies that p € Attg FIT(M, N), as required. O
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3. 0-TH GENERALIZED FORMAL LocAL COHOMOLOGY

In this section, we obtain some results about the 0-th generalized
formal local cohomology module.

Lemma 3.1. Let a be an ideal of a local ring (R, m). Let M and N
be two finitely generated R-modules and i € No. Then §:(M, N) has a

natural structure as an R-module and
S/S(Ma N) = 3;§(M7 ]/\7)
Proof. For any integer k, H' (M, N/a*N) is an Artinian R-module,
and so we have H' (M,N/a*N) = H!(M,N/a*N) ®z R. But by
[10, Lemma 2.1 (ii)], Hy,(M, N/a"*N) @ R = H! 5(M,N/a*N). Thus
for any integer k we have
Hi, (M, N/a*N) = H! (M, N/a*N).
Now we get the result, by passing to the inverse limit. 0

Lemma 3.2. Let a be an ideal of a local ring (R, m). Let M and N be
two finitely generated R-modules. Then FO(M, N) = Hompg (M, FU(N)).

Proof. By [16, Lemma 2.2]
HY (M, N/a"N) = Hompg(M, HY (N/a*N)),
for all £ > 0. Therefore
lim Hy, (M, N/a"N) 2 lim Hom(M, Hy (N/a*N)).
k k

Thus
Fa(M, N) = lim Hyy (M, N/a*N) = Hompg (M, lim H, (N/a*N))
k k

and so
FU(M, N) = Homp(M,FN)).
O

Theorem 3.3. Let a be an ideal of a local ring (R, m), and let M and
N be two finitely generated R-modules. Then F°(M,N) is a finitely

generated R-module.

Proof. By Lemma 3.1 we can assume that R is complete. By [2, The-
orem 2.6] FY(N) is a finitely generated R-module. Thus it follows that
Homp(M,F%(N)) is a finitely generated R-module. Now the result
follows by Lemma 3.2. O

Let 0 = ﬂpe ass a7 Z(p), denotes a minimal primary decomposition of
0 in M and
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To(M) ={p € Ass M : dim(R/(a,p)) = 0}.
Put Un(a) = Npeassarran Z(p). In [15, Lemma 4.1], Schenzel has
proved that §9(M) = Uﬁ(aﬁ) and Assg Up(a) = Ty(M). Now, in the
following we give a similar result for F°(M, N).

Theorem 3.4. Let a be an ideal of a local ring (R, m). Let M and N
be two finitely generated R-modules. Then

3%(M, N) = Homz(M, Ug(aR)).
Proof. By Lemma 3.1, §%(M,N) = Sgﬁ(l\/f\, N) and by Lemma 3.2,
SSE(J\A/[, N) & AHomE(M,SSE(N)). Since by [15, L/e\mma Z&l],
SSE(N) =~ Ug(aR) we conclude that (M, N) = Homgz(M, Ug(aR)),
as required. O
The following result is a generalization of [15, Corollary 4.2].

Corollary 3.5. Let a be an ideal of local ring (R,m). Let M and N
be two finitely generated R-modules. Then

Assp(§UM, N)) = {p € Assp(Hompz(M, N)) : dimps(R/(aR, p)) = 0}.
and so F9(M, N/)\:AO if and only if dimﬁ/(aﬁ +p) > 0 for all
p € Assy Homp(M, N).
Proof. By Theorem 3.4 and [15, Lemma 4.1] we have
Assp(FUM, N)) = Assp(Homp(M, Ug(aR)))
— Supps M N Assz(Ug (aR))
— Supps M N {p € Ass; N : dim 4 (R/(aR, p)) = 0}
= {p € Assz(Homp(M, N)) : dimy(R/(aR,p)) = 0},
which finishes the proof. O

Lemma 3.6. Let a be an ideal of local ring (R, m) and, let M, N be

two finitely generated R-modules. Then, the two R-modules
Torf(R/a, SU(M,N)) and Torf(]%/ﬁ, 3’%(]\/4\, ﬁ))

are isomorphic for all i and j.

Proof. Let F, be a free resolution of the R-module R/a. Then, F,® RE

is a free resolution of the R-module ﬁ/ akR. Thus, for any R-module X
and any integer ¢ > 0 we have

Tor®(R/a, X) & H(Fa0pX) = H,((Fa@rR)©pX) = Torf(R/aR, X).
Now, Lemma 3.1 completes the proof. O
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Theorem 3.7. Let a be an ideal of a local ring (R,m) and M be a
finitely generated R-module. Then Torf(R/a,§(M,N)) is Artinian
for all j.

Proof. By Lemma 3.6 we may and do assume that R is complete. By
Theorem 3.3, F2(M, N) is finitely generated and by Corollary 3.5,

Assp(F2(M, N)) = {p € Assg(Homp(M, N)) : dim R/(aR,p) = 0}.
Thus, for any integer j, we have
Suppg(Tor} (R/a, Fo(M, N))) € V(a) N Suppg(Fe(M, N)) C {m}.

Thus, it follows that Torf(R/a,&'g(M, N)) has finite length, as
required. [l

4. A DuarLiTy THEOREM

In this section, we give a Duality Theorem for generalized formal
local cohomology modules over a Cohen-Macaulay local ring (R, m)
and by using it we obtain some results about lower and upper bounds
for non-vanishing of generalized formal local cohomology modules. We
define the formal grade of M and N with respect to a by

ferade(a, M, N) := inf{i : §.(M, N) # 0},

and the formal dimension of M and N with respect to a by

fd(a, M, N) := sup{i : §,(M,N) # 0}.
At first, recall the following Duality Theorem.

Theorem 4.1. Let (R,m) be a d-dimensional Cohen-Macaulay local
ring, and let M and N be two finitely generated R-mo/@ules such that
pdr M < oo. Let wg denotes the canonical module of R. Then for all
1 >0,

H, (M, N) 22 Homg(ExtS(N, M ©7 wg), Er(R/m)).

Proof. Since H! (M, N) = Hffﬁ(]\//f, N), it follows from [16, Theorem
3.5]. O

Theorem 4.2. Let a be an ideal of a d-dimensional Cohen-Macaulay
local ring (R,m), and let M and N be two finitely generated R-modules
such that pdy M < co. Then for alli > 0,

§L(M,N) = Homp(H(N, M ® wg), Er(R/m)).
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Proof. Let ¢ > 0 be an integer. By using Theorem 4.1 we have
Fo(M,N) = lim H, (M, N/a*N)
k

o Homﬁ(li% Ext& (N /a*N, M @5 wg), Er(R/m))

—~

= Homp(HZ(N, M ©p wp), Er(R/m)).
O

Theorem 4.3. Let a be an ideal of a d-dimensional Cohen-Macaulay
local ring (R,m), and let M and N be two finitely generated R-modules
such that pdp M < co. Then

i) fgrade(a, M, N) = dim R — Cdaﬁ(]/\\f, ]\/4\®§ Wg).
i) fd(a, M, N) = dim R — gradeg;,_, (N/aN).
R™R

Proof. By Theorem 4.2 we have
i)
ferade(a, M, N) = inf{i : (M, N) # 0}
= inf{i : Homp(H-/(N, M @5 wy), Er(R/m)) # 0}
=d —sup{i: Hiﬁ(ﬁ,M\@ﬁ wg) # 0}
=d— cdaﬁ(]\Af, ]/\4\®§ wg).
if)
fd(a, M, N) = sup{i : (M, N) # 0}
= sup{i : Homp(H='(N, M ®5 wg), Er(R/m)) # 0}
=d—inf{i: Hiﬁz(ﬁ’ ]\7@@ wg) # 0}
=d— grade]%@ﬁwﬁ(ﬁ/ﬁ]/\\f).
The last equality follows by [1, Proposition 5.5]. O

Corollary 4.4. Let a be an ideal of a d-dimensional Cohen-Macaulay
local ring (R,m), and let M and N be two finitely generated R-modules
such that pdp M < 0o and pdyp N < 0o. Then

ferade(a, M, N) + cdy(N, M) = dim R
Proof. By [7, Theorem 3.3.5 b] Suppg wg = Spec R. Thus

Supps(M ®5 wg) = Suppg M.



208 REZAEI AND LASHKARI

On the other hand, pdg N < oo implies that pdz N < 00 and so by [1,
Theorem B| cdaﬁ(]\Af, M@Ewﬁ) = cdaﬁ(ﬁ,ﬂ). But by [10, Lemma 2.1
(ii)] it follows that cdaﬁ(ﬁ, ]\/4\) = cdo(N, M). Now the result follows
by Theorem 4.3(i). O]

Corollary 4.5. Let a be an ideal of a d-dimensional Cohen-Macaulay
local ring (R,m), and let M and N be two finitely generated R-modules
such that pdp M < 0o and pdyp N < co. Then

depth N < fgrade(a, M, N) + dim M.

Proof. Since R is Cohen-Macaulay, by the Auslander-Buchsbaum
formula we have pdp N + depth N = dim R. Also, by Corollary 4.4
we have fgrade(a, M, N) + c¢da(N, M) = dim R. Thus

pdp N + depth N + dim M = fgrade(a, M, N) + cdq(N, M) + dim M.

Since cdy(N, M) < pdgy N + dim M by Theorem 2.2(iii), the result
follows from the above equality. O
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