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ON CLOSED HOMOTYPICAL VARIETIES OF
SEMIGROUPS-2

SH. ABBAS, W. ASHRAF* AND R. ALAM

ABSTRACT. In this paper we extended the results of paper
“On Closed Homotypical Varieties of Semigroups” and have
shown that the homotypical varieties of semigroups defined
by the identities axy = z"ayx, axry = za"yalary = yay™z],
ary = zaya™[axy = y"ayzr] and axy = zayz™ are closed in
itself, where (n € N).

1. INTRODUCTION AND PRELIMINARIES

A semigroup identity u = v is the formal equality of two words u
and v formed by the letters over an alphabet set X. For any word u,
the content of u (necessarily finite) is the set of all distinct variables
appearing in u and is denoted by C(u). The identity u = v is said to
be homotypical if C'(u) = C(v). The class of semigroups, in which a
finite or an infinite collection u; = vy, us = vy - - - of identical relations
is satisfied, is called the variety of semigroups determined by these
identical relations. A variety V of semigroups is said to be homotypical
if it admits a homotypical identity. Let U be a subsemigroup of a
semigroup S. Isbell [10] defined the dominion of U in S as

Dom(U,S) ={de S:Va,p:8 —T,if aly =Bly = da =dp}.
It is well known that Dom(U, S) is a subsemigroup of S containing U.

If Dom(U,S) = U, then U is called closed in S; and absolutely closed
it Dom(U,S) = U in every containing semigroup S. If each member
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of a variety V is closed, then the variety )V of semigroups is said to be
closed. Let V; and Vs, be any varieties of semigroups such that V; C Vs.
Then the variety V) is said to be closed in the variety Vs, if whenever
a semigroup U € V) is a subsemigroup of a member S of Vs, then U is
closed in S. Obviously, if V; is closed in Vs, then all subvarieties of V;
are closed in containing subvarieties of Vs.

The following result provided by Isbell [10], known as Isbell’s zigzag
theorem, is a most useful characterization of semigroup dominions and
is of basic importance to our investigations.

Theorem 1.1. ([10], Theorem 2.3) Let U be a subsemigroup of a
semigroup S and let d € S. Then d € Dom(U, S) if and only if d € U

or there exists a series of factorizations of d as follows:

d = apty = yra1ts = Yyrasts = Yoasts = - -+ = YmAom—1tm = Ymaom (1.1)

where m > 1, a; € U (i = 0,1,...,2m), y;,t; € S (1 = 1,2,...,m),
and

ap = Y101, A2m—1tm = A2,
agi—1t; = agiliy1, YiG2; = Yiy102i41 (1<i<m-—1).

Such a series of factorization is called a zigzag in S over U with
value d, length m and spine ag, aq, . .., Qop.

The following result is also necessary for our investigations.

Theorem 1.2. (/11], Result 3) Let U and S be semigroups with U as
a subsemigroup of S. Take any d € S\U such that d € Dom(U,S).
If (1.1) is a zigzag of minimal length m over U with value d, then
ti,y; € S\U forall j=1,2,...,m.

Semigroup theoretic notations and conventions of Clifford and
Preston [7] and Howie [9] will be used throughout without explicit
mention.

2. CLOSEDNESS AND VARIETIES OF SEMIGROUPS

In general varieties of bands containing the varieties of rectangular
and normal bands are not absolutely closed as Higgins [8, Chapter 4]
had given examples of a rectangular band and a normal band that were
not absolutely closed. Therefore, for the varieties of semigroups, it is
worthwhile to find largest subvarieties of the variety of all semigroups
in which these varieties are closed. As a first step in this direction,
one attempts to find those varieties of semigroups that are closed in
itself. Encouraged by the fact that Scheiblich [12] had shown that
the variety of all normal bands was closed, Alam and Khan in [ 4, 5,
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6] had shown that the variety of left [right] regular bands, left [right]
quasi-normal bands and left [right] semi-normal bands were closed. In
[3], Ahanger and Shah had proved a stronger fact that the variety of
left [right] regular bands was closed in the variety of all bands and,
recently, Abbas and Ashraf [1] had shown that a variety of left [right]
normal bands was closed in some containing homotypical varieties of
semigroups.

In [2], Abbas and Ashraf had shown that some closed
homotypical varieties of semigroups determined by the identities
axy = r’ayx, ary = xa’ya, ary = yay’x, axy = vaya®, axy = ylayx
and ary = zayx®. In the same direction, we have shown that the
homotypical varieties of semigroups defined by the identities
axy = z"ayz, ary = xa"yalary = yay"z|, ary = raya™lary = y"ayz]
and ary = xayz™ are closed in itself.

Finally, the results in this section raise open problem of whether the
varieties considered in the paper are absolutely closed; if not, of finding
out largest varieties of semigroups in which these varieties are closed.

Lemma 2.1. Let U be a subsemigroup of semigroup S such that S sat-
isfies an identity ary = x"ayx [axy = ra™ya] and let d € Dom(U, S)\U
has a zigzag of type (1.1) in S over U with value d of shortest possible
length m. Then

k k

d= (H a%?:ll)yka%—ﬁk(n Aok—(2i-1))-

i=1 i=1
for each k=1,2,....m.
Proof. Let Vi = [axy = x™ayx] and Vs, = [axy = za™ya] be the varieties
of semigroups. First we show that in both cases whether S € V; or
S € V,, S satisfies zyz = y*" Layzy.
Case (i): When S € Vi, then for any z,y,z € S, we have
xyz =y xzy (as S €V )
= (y" yx)zy (for n = 1, we treat y" 'y as y)
n, n—1

=y"y" ayzy (as S € V)
=" lryzy. (2.1)

Case (ii): When S € V,, then for any x,y, z € S, we have
xyz = (yx"z2)x (as S € Vy )
=z"y"zyxr (as S € Vy )
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2" (yy" 1 2)yx (for n = 1, we treat yy"~' as y)
= 2"y Y zyyr (as S € Vy )
= (x”(?f" L2)y)yz
Y (2 (™) yx " yx (as S € V)
v (2" 2)(yy)x) (as S € Vy)
= y2" Yy(a"2)"z(2"2)) (as S € Vy )
=y (y2"(zy)z) (as S €Wy )
=y layzy (as S € V)
Thus the claim is proved.

Now, we shall prove the lemma by using induction on k. Let U be a
subsemigroup of semigroup S such that S belongs to either S € V) or
S € Vy and let d € Dom(U, S)\U has a zigzag of type (1.1) in S over
U with value d of shortest possible length m. Now, for £ = 1, we have

d = y1a1t1 (by zigzag equations)
= a®" Yya,ti1a; (by equation (2.1)).

Thus the result holds for £ = 1. Assume inductively that the result
holds for k£ = j < m. Then we shall show that it also holds for k£ = j+1.
Now

J J
d= (H ag?__f)yj@j—ﬁj(n a2j—(2i-1))
i=1 =1
(by inductive hypothesis)
J J
= (H a%?—_11>yj+1a2j+1tj+1(H ag;—(2i-1))
i=1 i=1

(by zigzag equations)
J J
= (H agf 11)a§?+1 Yj+102541t 54102541 (H a2j—(2i—1))
=1 =1

(by equation (2.1))
j+1 j+1
= (H ag? 1 )y]+1a2j+1t]+1(H a2(j+1)7(2i71))7

i=1 i=1

as required and, by induction, the lemma is established. O
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Theorem 2.2. The variety V = [axy = x™ayx] of semigroups, i.e. the
class of all semigroups satisfying the identity axy = x™ayx, is closed.

Proof. Take any U, S € V with U as a subsemigroup of S such that
d € Dom(U,S)\U. Let d has zigzag of type (1.1) in S over U of shortest
possible length m. Now

d= <H a5 11>yma2m—1tm(H A9m—(2i-1))
i=1 i=1
(by Lemma (2.1))
H a%? 11 %m (. 1(yma2mfl)tma2mfl>(H A2m—(2i-1))
i=2
(for n =1, we treat aj ' ab | asal ;)

2n— 1
H Agi—1 a2m 1 yma2m 1 a2m 1tm Ha2m (20— 1

(as SeV)
m—1 m

= (H 5771 ) A Y1 Q2 2a2m(H A9m—(2i-1))
i=1 =2

(by zigzag equations)

H a5y )ab (A, 3(a5t  Ym—1)(G2m—202m ) d2m3)
(H a2m—(2i—1))

2n— 1
H azi st sast (Ym—100m—3)Gom—202m Hflzm (2i-1))

(as SeV)
m—2 m

= (H a5 )bt 305t Y204l 2(l2m(H A9m—(2i-1))
i=1 =3

(by zigzag equations)

2n—1 n— 1 n—1
=ap as “ Qo 3a2m 1Y1G20y * -+ Q2202 01

=a}"(a} (ag_l cab taab tiyn) (asay - s 209, )ay)
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_n—1_n— 1 n—1
=ap ag Ay, 30, 1(y1a1)a2a4 *A2m—202m
(as S eV )
n—1_n—1 n—1 n—1
=a; ‘ag © Aoy 309, 10020406 * * * A2m—202m

(by zigzag equations)
eU

= Dom(U,S) =U.
Thus the proof of the theorem is complete.

O

Theorem 2.3. The variety V = [axy = xa"ya] of semigroups, i.e. the
class of all semigroups satisfying the identity axy = xa™ya, is closed.

Proof. Take any U, S € V with U as a subsemigroup of S such that
d € Dom(U, S)\U. Let d has zigzag of type (1.1) in S over U of shortest

possible length m. Now

m

d= (H ag;” ll)meQm—ltm(H A2m—(2i—1))

=1 =1

(by Lemma (2.1)).

= (H a5 1) (A @y 1(yma2mfltm)a2m*1><H A2m—(2i-1))
i=1 =2

— n—1
(for n =1, we treat ay, "~ ,ab | asal, ;)

m—1 m

= (H a5 11)(agm_1(a%ilymam_l)tm)(n A2 (2i-1))
(;SIS €evV) -
H a5 y) a2£1—1ym(@2m1a3m—1tm@2m1)(ﬁ A2m—(2i-1))
(as Sey) -

= (ﬁ a5p ) At y (Yo 1)(a2m—1tm)(ﬁ A2m—(2i-1))
(;slS €V) -
H a3 ) a2m1_1ym1@2m2a2m(ﬁ A2m—(2i-1))

=2

(by zigzag equations)
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2n— 1 n—1 n n—1
H i1 ) (A= 305—3(A%0—1Ym—102m—202m) A2m—3)

(H &2m7(2171))

H az)( azm—s(a%l_gag;ll_wm—lazm—z)CLQm)(H A2m—(2i-1))

m

(H a2m—(2i—1))

275

i=3
(as SeV)
m—2
. 2n—1\ n—1
= (H %51 )Wy 3a2m 1Ym—1(02m—203,,_302ma2m—3 Hazm—(%—l))
i=1 ,
(as SeV)
2n— 1
%z 1 a?m 30— 1(ym 102m—3 ) A2m—202m ( azm (2i— 1
(as UeV)
m—2 m
2n—1\ n—1
= (H %51 )W 3a2m 1Ym—202m—4A2m—202m
=1 i=3
(by zigzag equations)
2n—1 _n— 1 n—1
=a; as * Qo — 3a’2m 13/1@2@4 * A2m—202m 01
n—1 _n/ n— 1 n—1

= (aY" aj (a3

Qo — 3a2m Y1020y -+ * Agpm—202m )01)

= (ay(a}™ lag t agml 305, 1y1a2)(a4 e Agm—202m))

(as SeV)

n—1_n—1 n—1
=a; as

(asSEV)

n—1 _n—1
=a; ag

(asU €eV)

1 n—1
=al as

(by zigzag equations)

" Ao, 3a2m 1Y1

(a2a1 (CL4 ce a2m—2a2m)a1>

n—1 n—1
3, (Y101) 020y - - - Agm—200m

n—1 n—1
“ Aoy, _3Qoy,— 1A0A204 * * - A2m—202m

n—1 _n— 1
=a; ‘as %m 3a2m 1 | |a2z

cU
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= Dom(U,S) =U.
Thus the proof of the theorem is complete. OJ

Dually, we may prove the following result.

Theorem 2.4. The variety V = [axy = yay"x] of semigroups, i.e. the
class of all semigroups satisfying the identity axy = yay™x, is closed.

Lemma 2.5. Let U be a subsemigroup of semigroup S such that S sat-
isfies an identity axy = xaya™ [axy = xayx"] and let d € Dom(U, S)\U
has a zigzag of type (1.1) in S over U with value d of shortest possible
length m. Then

2n—1
= Ha2z 1)Yka2k—1tk H%k (2i— 1

for each k =1,2,....m

Proof. Let Vi = [axy = xaya™] and Vy = [azy = xayz"] be the varieties
of semigroups. First we show that in both cases whether S € V; or
S €V, S satisfies xyz = yaxyzy?" L.

Case (i): When S € Vy, then for any z,y,z € S, we have

xyz = (yxz)z" (as S € V)
=zyzy"z" (as S € V)
= z(yzy)y
= (z(zyy)y")y" 2" (as S € W)
= zy(yzy"a™)y" 2" (as S € V)
= ((zp)a(yy"y"")a") (as S € W)
= z(z(yy)y")y"" (as S € W)
= 2y(yzy"2")y"  (as S € V)
= ((zy2)(yy")y"™") (as S€ V1)
= y(y" (wyz)y" " (zy2)") (as S € Vy)
= yxyzy"y” Las SeV)
= yryzy* L. (2.2)

Case (ii): When S € V,, then for any x,y, z € S, we have

nln

(for n = 1, we treat yy" ! as y)

xyz = yxzy" (as S € Vy )

n—1

= yx(zyy™ ') (for n = 1, we treat yy" ' as y)

= yayzy" 'y (as S € V)
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= yayzy™ ! (as S € V).

Thus the claim is proved.

Now, we shall prove the lemma by using induction on k. Let U be
a subsemigroup of semigroup S such that S belongs to either S € V;
or S € Vy and let d € Dom(U,S)\U has a zigzag of type (1.1) in S
over U with value d of shortest possible length m. Now, for k£ = 1, we
have

d = y1a1ty (by zigzag equations)
= aryrartial"” " (by equation (2.2)).

Thus the result holds for £ = 1. Assume inductively that the result
holds for k£ = j < m. Then we shall show that it also holds for &£ = j+1.
Now

J

H (2i-1)Yja2j-1t; Ha2n 121 1)

i=1 =1
(by inductive hypothesm)

J

= ([T az-Dwjsraatya ([T 037 1)

i=1 i=1
(by zigzag equations)

.

J J
= (H a2z‘—1)a2j+1yj+1a2j+1tj+1a§;:11(H ag? (121 1))
i=1 i=1
(by equation (2.2))
j+1 j+1
= ([T a2i-1)yj+1021t51 (] [ o a5 2io1):

i=1 i=1

as required and, by induction, the lemma is established. O

Theorem 2.6. The variety V = [axy = xaya™| of semigroups, i.e. the
class of all semigroups satisfying the identity axy = xaya™, is closed.

Proof. Take any U, S € V with U as a subsemigroup of S such that
d € Dom(U, S)\U. Let d has zigzag of type (1.1) in S over U of shortest
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possible length m. Now

2n—1
Ha2z 1 yma'2m lt Ha —(2i— 1)

(by Lemma (2.5)).

m—1 m
= ((H i —1) A1 (Ym@om—1tm) a5, 1 )05t 1(H a%?n 1(2@—1))
=1 1=2
(for n = 1, we treat aj, ' a3, , as a}, )
m—1 m
= (azm1 (] ] a2i-1)ymazm-—1)tm)as (] asm iy
i=1 i=2
(as SeV)
m—1
= (] a2i-1)ym(aom-102m - 1tmas,, a5, Ha2n “eie1))
i=1
(as SeV)
m—1 m
= (H a2i—1) (Ym2m—1)(@2m—1tm )agml 1(H 6@;2 1(22 1)>
=1 =2
(as SeV)

2n—1
H 12i—1)Ym—102m—202m 0y Ha —(2i— 1)

(by zigzag equations)

m—2
= (( a2i—1) @2m—3(Ym—102m— 2a2ma2m11)a’2m 3)agm13
i=1
m
2 1
(H Uy (21—1))
i=3

m

m—2
= (a2m—3((H A2i— 1)ym 1a2m— 2)a2m>a’2m1 1a§m13(H ag:; 1(21 1))

=3

i=1
(asSGV)

H a2;—1 ym 1 azm 202m— 3a2ma2m 3 @Qm 1a2m 3 | |a

(aSSEV)

2n—1

—(2i—

1
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m—2
= (H (i 1) (Ym—102m—3) am—209m syt 105" 5 Hai% 1(21 1)
=1
(asU €eV)
m—2 m

n—1 n—1 2n—1
= (l | 2i—1)Ym—202m—402m—202m Ay, 1 Ay 3(| |a2m (2i— 1))

i=1 i=3
(by zigzag equations)

n—1 n—1 n—1 2n—1
= Q1Y1G2a4 * * * Q2m—202m Aoy, 1oy, — g * " A3 4]

= (al(yla2)(a4'"a2m—2a2m))a3m11a3m13 -ay tatal”!

n—1_n _n—1
:y1(a2a1(a4"'a2m—2a2m)a1)02m_102m—3 tag a0y

(as SeV)

= (y101(a204 - - - Ggm—202m 0, 105, 5 - - af " )af )al ™
(asU €V)
= (a1(y10204)(ag - - - Ggm—202m) ), a5, s -~ af ay ™"
(as SeV)
= y1((agas)ar (ag - - - agm—209m)at)as,t yas, Ly - ay el ™!
(as SeV)
= (y101)a204a6 - - * Ay zazmagmlla’g‘mlg “az~ 161711 !
(asU €V)

= ApAA40g * * * A2py— gagma2m1 1a3m13 ay” 1(1? !
(by zigzag equatlons)

eU

= Dom(U, S) =U.
Thus the proof of the theorem is complete. |

Dually, we may prove the following result.

Theorem 2.7. The variety V = [axy = y"ayx] of semigroups, i.e. the
class of all semigroups satisfying the identity axy = y"ayx, is closed.

Theorem 2.8. The variety V = [axy = xayx"] of semigroups, i.e. the
class of all semigroups satisfying the identity axy = xayx™, is closed.

Proof. Take any U, S € V with U as a subsemigroup of S such that
d € Dom(U, S)\U. Let d has zigzag of type (1.1) in .S over U of shortest
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possible length m. Now

2n—1
Ham 1)Ym02m—1tm HG i)

(by Lemma (2.5))

m—1 m
= (H a2i-1)(2m—1Ym(@2m—1tm) s, l)a;ml 1(H ag; 1(21 1))
=1 =2

(for n = 1, we treat a},,_,ay ', as a}, )
m—1

= (] a2i-1) (ymazm—1) (a2m-1tm)as, ", Ha% o)
i=1

(asSGV)

2n—1
Ham 1 ?/m 102m— 2a2ma2m 1 | |a —(2i— 1

(by zigzag equations)

m—2
= (1T a2-1)(a2m-sym—1(azm-sazmas;, L 1) a5, s)as," s
=1

2n—1
(Hazm (2i— 1))
i=3
m—2 m
= (H a2i-1) (Ym—102m—3) G2m— 2a2m@2m1 1‘13m13(H agnm 1(21—1))
=1 =3
(as SeV)

2n—1
= (H A2i—1)Ym—202m—402m— 2G2ma2m 1G2m 3 Ha —(2i— 1)

(by zigzag equations)

_ n—1 n—1 n—1 _2n—1
= A1Y10204 * * * A2 —202m 0oy~ 1 0oy, " 3+ G347

. n—1 n—1 n—1

= (a1y1(asay - - - Agm—200m Ay, 1A, 3+ a3 )al)al
—1 n—1 n—1 _n—1

= (ylal)a2a4 *A2m—202m Ay, 1Ay, 37+ Q3 AY

(as SeV)

_ n—1 — n—1_n—1
= ApA20y4 * * * A2m—202mQop, 10y, _3* Q3 0

(by zigzag equations)
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eU

= Dom(U,S) =U.
Thus the proof of the theorem is complete. O
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