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FURTHER STUDIES OF THE PERPENDICULAR
GRAPHS OF MODULES

M. SHIRALI* AND S. SAFAEEYAN

ABSTRACT. In this paper we continue our study of perpendicular
graph of modules, that was introduced in [7]. Let R be a ring
and M be an R-module. Two modules A and B are called or-
thogonal, written A | B, if they do not have non-zero isomorphic
submodules. We associate a graph I'; (M) to M with vertices
M, ={(0) # A< M |3(0) # B <M such that A L B}, and for
distinct A, B € M, the vertices A and B are adjacent if and only
if A 1 B. The main object of this article is to study the interplay of
module-theoretic properties of M with graph-theoretic properties
of Iy (M). We study the clique number and chromatic number of
I'y (M). We prove that if w(I'; (M)) < oo and M has a simple sub-
module, then x(I'y (M)) < co. Among other results, it is shown
that for a semi-simple module M, w(I'; (rM)) = x(TL(gM)).

1. INTRODUCTION

The present paper is sequal to [7] and so the notations introduced in
Introduction of [7] will remain in force. Thus throughout the paper, R
is a ring with identity and M is a left R-module,

M, ={(0) # A< M |3(0) # B < M such that A | B}

is the set of all vertices of the perpendicular graph. As [7], we say
that two modules A and B are orthogonal, written A | B, when they
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do not have non-zero isomorphic submodules. Then the perpendicular
graph of M, denoted by I'; (M), is an undirected simple graph with
the vertex set M| in which every two distinct vertices A and B are
adjacent if and only if A L B (see [7] for more details).

An R-module M is said to be simple, if it is not a zero module and it
has no non-trivial submodule. The socle of an R-module M, written
Soc(M), is the sum of all simple submodules of M. An R-module M is
said to be semi-simple, if Soc(M) = M. By N <. M, we mean N is an
essential submodule of M. We say an R-module N is subisomorphic
submodule of an R-module M, and denoted by N < M, when N is
isomorphic to a submodule of M. A module M is called atomic if
M # 0 and for any =,y € M \ {0}, R and yR have isomorphic non-
zero submodules. For more details and some basic facts about atomic
modules, the reader is referred to [3]. We should remind the reader
that these atomic modules are different from those defined in [4].

Let G be a graph with the vertex set V(G). By order of G, we
mean the number of vertices of G and we denote it by |G|. The degree
of a vertex v in graph G, denoted by deg(v), is the number of edges
incident with v. A locally finite graph is a graph in which every degree
of any vertex is finite. A complete graph is a graph in which every pair of
distinct vertices are adjacent. A clique of a graph is a maximal complete
subgraph and the number of vertices in the largest clique of a graph
G, denoted by w(G), is called the clique number of G. An independent
set is a set of vertices in a graph, no two of which are adjacent. A
maximal independent set is either an independent set such that adding
any other vertex to the set forces the set to contain an edge or the set of
all vertices of an empty graph. The size of a maximal independent set
of largest possible for a graph G is called the independence number of
G, denoted by a(G). Let x(G), denote the chromatic number of G, that
is, the minimum number of colors can be assigned to the vertices of G
such that every two adjacent vertices have different colors. Obviously
w(G@) < x(G). In section 2, we look at the coloring of the perpendicular
graph of modules. We study conditions under which the chromatic
number of I'; (M) is finite. We prove that if w(I'; (M)) < oo and
M has a simple submodule, then x(I'; (M)) < oo. Also it is shown
that for a semi-simple module M, x(I', (rM)) = w(I'L(gM)). We give
an example, which show that the semi-simple hypothesis is needed for
the previous fact. In section 3, we study conditions under which the
[’} (M) is finite or infinite. Finally, it is proved that I"; (M) is n-regular,
if I (M) = Ky
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2. CLIQUE NUMBER AND CHROMATIC NUMBER OF
PERPENDICULAR GRAPH

Let M be an R-module. In this section, we obtain some results on
the clique number of '} (M). We study the condition under which the
chromatic number of I'; (M) is finite. We show that if w(I') (M)) < o0
and M has a simple submodule, then x(I'; (M)) < co. The next result
is a counterpart of [1, Theorem 3.8].

Proposition 2.1. Let M be an R-module, I | (M) be infinite and S be
a simple submodule of M of finite degree. Then the following statements
hold :

(1) The number of non-isomorphic simple submodules of M is finite.
(2) x(I'L(M)) < oo.
(3) a(I'L(M)) = oo.

Proof. (1) Every two non-isomorphic simple submodules are adjacent.
Now, if the number of non-isomorphic simple submodules of M is
infinite and hence deg(S) = oo, which is a contradiction.

(2) Let X = {X,}iesr be all of the vertices of I') (M) which are not
adjacent to S and Y = {Y;};c; be all of vertices of I' | (M) which are
adjacent to S. It is clear that |)| is finite. For each i € I, X; / S and
for each j € J,Y; L S. But for any X,, X3 € X we have X, £ S and
Xp L S such that «, 5 € I. Furthermore any two distinct elements X,
and Xz of X have isomorphic simple submodules, i.e., X, £ X3. This
shows that all of vertices in X can be colored by one color. Inasmuch
as ) is finite, we deduce that of x(I'} (M)) < oc.

(3) By proof of (2), X is a maximal independent set of I, (M). Also
note that X is infinite independent set in I'; (M) and so
a(l (M)) = oc. O

The next lemma states every element of a clique in I'; (M) is an
atomic module.

Lemma 2.2. Let M be an R-module and w(I'y (M)) = n such that
{A1, Ay, ..., A} is the complete subgraph in T'y(M). Then for any
A, B<A; suchthat 1 <i<n, AJ B.

Proof. Suppose that there exists 1 < ¢ < n and A, B < A; such that
A L B. For any j such that 1 <7 # j < n, we have A L A; and
B 1 Aj,as A; 1 A;. Hence

A - {A, B,Al,Ag, -'-aAi—laAi+17 ,An}

induces a clique in I'| (M), which is a contradiction. O]
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The next result is a counterpart of [!, Theorem 3.10].

Theorem 2.3. Let M be an R-module which has a simple submodule
and w(I' ) (M)) < co. Then the following hold:

(1) The number of non-isomorphic simple submodules of M s finite.
(2) x(TL(M)) < 0.

Proof. (1) On the contrary, assume that the number of non-isomorphic
simple submodules of M is infinite, but the set of all non-isomorphic
simple submodules of M induces a clique in I') (M), and it is
contradicted with w(I'; (M)) < oo.

(2) Assume that w(I'; (M)) < oo and S is a simple submodule of M.
Two cases may happen:

(Case 1) If ' (M) is a finite graph, then it is clear that

(Case 2) If I') (M) is an infinite graph, then the number of vertices
of Ty (M) is infinite. Two cases may happen:

(Case a) If deg(S) < oo, then by Proposition 2.1, x (I, (M)) < oo.

(Case b) If deg(S) = oo, then the number of vertices of I'; (M)
which are adjacent to S is infinite. Assume that X' = {X;};c; is all
of the vertices of I' | (M) which are adjacent to S and Y = {Y},cs is
all of the vertices of I' | (M) which are not adjacent to S. It is clear
that no two vertices of ) are adjacent. Therefore the vertices in ) are
mutually non-adjacent, hence all of vertices in ) can be colored by one
color. Since w(I'; (M)) < oo, assume that w(I'; (M)) = n. There exist
Ay, Ay, .., Ay € M such that A; L A;, for any 1 <14 # j < n. Hence
A = {A1, As, ..., A} is a clique in T') (M), which all of vertices in A
can be colored by n color. We let M| = X'U), it is easy to see that at
most one of A; is in ). Without less of generality, assume that A; € )
and we give A; € X for 2 <i <n. Now we put 7 = &X'\ {4y, ..., A, }.
It is clear that for any X; € T, X, is not adjacent to all of the vertices
in A. Now, suppose that

Ay ={X; € T|X; L A},
A3 - {XZ c T’Xl l A3} \ ./42,

i=n—1

Ay ={X; e TIX; L A\ | A

We claim that 7 = [J/Z5 A;. Tt is clear that | J'Z) A; C T and we show
that 7 C |U,—y A;. Suppose that X € T, so there exists 2 < i < n such
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that X f A;. Hence X € A;. Finally, we claim that for any 2 <1i <mn,
every two vertices of A; are not adjacent. Let Z,Y € A; such that
Z 1'Y. We know that Z [ A;, Y [ A;. So there exist Z; < Z and
Y; <Y and A, B < A; such that Z; =2 A, Y1 = B. By previous lemma,
A Y B,ie., Aand B have isomorphic submodules. In this case Z; and
Y1 have isomorphic submodules, which is a contradiction. Hence all
vertices of A; can be colored by A; color, for some 2 < i < n. Thus the
graph I'; (M) can be colored so that adjacent vertices have different
color. In this case, we have x(I' (M)) = w(I'L(M)). O]

The next result is a counterpart of [2, Theorem 2.5]. Now for any
semi-simple R-module M, we find the clique number and chromatic
number of I'; (M) and observe that they are in fact the same.

Proposition 2.4. Let M be semi-simple R-module such that
L' (M) #0. Then the following statements hold:

(1) The clique number and the chromatic number of ') (M) are
equal to the cardinal number of the set of non-isomorphic simple
submodules of M.

(2) The girth of I'\ (M) is 3 except when M has ezactly two non-
isomorphic simple submodules.

Proof. (1) Let {N;}ier be a clique in I') (M). So for any ¢ # j € I,
N; L Nj. Also for any ¢ € I, N; contains a simple submodule of M such
as S;. Thus for any 4,5 € I, S; L S;,1i.e., 8; % S;. Assume that S is all
of non-isomorphic simple submodules of M, hence |I| < |S] such that S
is the largest clique in I'; (M). Therefore the clique number of I'; (M)
is the cardinal number of the set of non-isomorphic simple submodules
of M. But |[S| =w(l'L(M)) < x(T'L(M)) and so x(I' (M)) > |S|. We
show that x(I' (M)) = |S|. Let N € M , so N contains a simple
submodule of M such as S and we put:

Ng={T € S|T = N, < N}.

By the Axiom of choice, for any N € M, we choose T" € Ng. Hence
N, T can be colored by one color. We claim that by these conditions,
') (M) is colored. In fact we find the least of the number of color in
[’} (M) which adjacent vertices have different color. Suppose that N, K
are two adjacent vertices in I'j (M) such that have the same color. So
N and T7 € S have the same color, also K and T, € S have the same
color. Therefore T} and 15 have the same color, but 77,75 € S and
SO T1 = TQ. Also T2 = K1 S K and T1 = N1 S ]\77 that is N1 = Kl,
ie., N f K, which is a contradiction. Thus x(I', (M)) < |S], so
V(T (M) = |S].
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(2) Assume that the number of non-isomorphic simple submodules
of M is |I|. If |I| > 3, then it is clear that gr(I'y (M)) = 3. But if M
has two non-isomorphic simple submodules S; and Sy, then I'; (M) is
a bipartite graph. Thus gr(I'y (M)) =4 or gr(I'y (M)) = 0. O

The following example illustrate that condition of semi-simple is
required on Proposition 2.4.

Example 2.5. Let R = Z and consider the R-module
M=Z®Z,®Z,

such that p,q are distinct prime number. Note that M is not semi-
simple module and w(I'; (M)) = 3 such that the number of non-
isomorphic simple submodules of M is 2. Also gr(I'; (M)) = 3.

The following figure shows that w(I" | (Z210)) = x(I'1 (Z210)) = 4 and
the number of non-isomorphic simple submodules is 4.

42

35

FIGURE 1. Zsg

3. PERPENDICULAR GRAPH AND SOME FINITENESS CONDITIONS

In this section, we find results with hypothesis which all vertices
are finite degree. Also we show that I'j (M) is finite if and only if
M contains a simple submodule and every simple submodule of M
has a finite degree. Finally, it is proved that I') (M) is n-regular, if
M'(M)=K,,.
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Let A € M . By N(A), we mean the set of all vertices which are
adjacent to A. It is called the neighbor of A in I'; (M). Also S(A)
means that all of submodules of A.

Lemma 3.1. Let M be an R-module such that every vertex of I') (M)
has a finite degree. Then the number of submodules of any vertex of
L' (M) is finite.

Proof. Assume that N € M so there exists K < M such that K 1. N.
Since all submodules of N are adjacent to K and the degree of every
vertex of ') (M) is finite, the number of submodules of N is finite. [

Now, we reduced the conditions of Lemma 3.1, we infer:

Lemma 3.2. Let M be an R-module. If M contains a simple submodule
and every simple submodule of M has a finite degree, then the number
of submodules of any vertex of I') (M) is finite.

Proof. Assume that S is a simple submodule of M such that S € M.
We know that the number of vertices of I'; (M) which adjacent to S
is finite, so suppose that N(S) = {Ny, Na, ..., N,,}. Since S L N;, S is
adjacent to all submodules of N;. That is the number of submodules of
N; is finite. Now, suppose that B = {M;};c; is the family all vertices
of I' ) (M) which are not adjacent to S. We note that the vertices of
B are mutually non-adjacent (If M;, My € B and M; L Ms, inasmuch
as S L My and S L M, so there exist M| < M; and M} < M, such
that M{ = S = M}, which is a contradiction). For any K € S(1;),
since M; € M, there exists N; € N(S) such that M; L N;. Hence
K 1 N;. On the other hand, for every NV; € N(5), N; contains a simple
submodule, hence assume that S; C N;, for every 1 < ¢ < n. Thus
K 1 S; for any K € S(M;). Since deg(S;) < oo, |S(M;)| < oo. Hence
the number of submodules of M; is finite. [l

The next example shows that the converse Lemmas 3.1 and 3.2 are
not true.

Example 3.3. Let R = Z and consider the R-module
M == Zq EB Zpoo

where p, ¢ are distinct prime number. By [0, Theorem 2.4], every
submodule of M is A ® B such that A < Z,~ and B < Z,. Hence
[’} (M) is an infinite star graph such that for any N € M, |S(N)| < oo
but deg(Z,) = 0.
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The next result is a counterpart of [1, Corollary 3.9].

Theorem 3.4. Let M be an R-module such that T') (M) # 0. Then
the following statements hold:

(1) If M has no simple submodule, then T\ (M) is infinite.
(2) If M contains a simple submodule and every simple submodule
of M has finite degree, then I') (M) is finite.

Proof. (1) It is clear.

(2) Suppose that M contains a simple submodule and every simple
submodule of M has finite degree. First, the number of non-isomorphic
simple submodules of M is finite. Second, assume that {S;};c; is
the family of all non-isomorphic simple submodules of M such that
|I| > 1. If there exists ¢ € I such that the number of simple submod-
ules isomorphic to \S; is infinite, then for any i # j, deg(S;) is infinite
which is a contradiction. Hence the number of simple submodules
which are isomorphic to S; is finite, for any ¢ € I. That is the number
of simple submodules of M if finite. Assume that {S;, Ss, ..., S, } is the
set of all simple submodules of M and we show that the number of
vertices of I') (M) is finite. On the contrary the number of vertices
of I'y (M) is infinite. If every vertex of I'} (M) is adjacent to S;
for some ¢ € I, then as each S; is simple and has a finite degree,
T (M)] <> deg(S;) < co. Therefore there exists N € M such
that N [ S; for any ¢ € I. Hence N has a submodule isomorphic to S;
and so for any N # K € M, K } N which is the contradiction with
NeM,. O

The following corollary is an immediate consequence of Theorem 3.4.

Corollary 3.5. Let M be an R-module and T'y (M) # (. The degree
of any vertex of T'; (M) is finite if and only if T\ (M) is finite graph.

A ray in an infinite graph is an infinite sequence of vertices v, vy, va, ...
in which each vertex appears at most once in the sequence and each
two consecutive vertices in the sequence are the two endpoints of an
edge in the graph.

Lemma 3.6. [5, Lemma 1] A locally finite graph has infinite diameter
if and only if it contains a ray.

Using Konigs Lemma and Lemma 3.6, we are able to give a
completely graph theoretic proof for Corollary 3.5. The reader is
reminded that Konigs Lemma say “ If a graph is connected and
locally finite, then if our graph is infinite, it has a ray (an infinite
path)”. Now we are ready to give the second proof.
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Second proof for Corollary 3.5: Let ') (M) be a locally finite graph.
On the contrary assume that I'; (M) is an infinite graph. By Konigs
Lemma, it has a ray and by Lemma 3.6, its diameter must be infinite
which is a contradiction with diam(I'; (M)) < 3 in [7].

Proposition 3.7. Let M be an R-module and T (M) # O such that
') (M) is finite. Then the following statements hold:

(1) Every simple submodule of M is a vertex of I\ (M).
(2) The number of simple submodules of M 1is finite.

Proof. (1) Since I'; (M) # 0, there exist N, K < M such that N 1 K.
But the degree of any vertex in I') (M) is finite, by Lemma 3.1, the
number of submodules of any vertex is finite, i.e., every vertex contains
a simple submodule. There exist non-isomorphic simple submodules 5}
and S5 of M such that S; C N and Sy C K. Assume that S is a simple
submodule of M such that S & M. Thus S /£ S; and S [ Sy, i.e.,
S; = S =5, which is a contradiction.

(2) Since I'} (M) is finite, the number of non-isomorphic simple sub-
modules of M is finite. We let {S1,S5s,...,S,} be the set of all non-
isomorphic simple submodules of M. We note, if M have just one
simple submodule Sy, then by Lemma 3.1, every vertex contains 5
and so I' | (M) = (), which is a contradiction. If the number of simple
submodules isomorphic to S; is infinite, for some 1 < ¢ < n then for
any i # j, deg(S;) = oo, which is a contradiction. O

Proposition 3.8. Let M be an R-module and T\ (M) # 0 be a finite
graph. Then the following statements hold:

(1) Soc(M) <. M.

(2) M is finitely cogenerated.

Proof. (1) Assume that N is a non-trivial submodule of M. Two cases
may happen:

(Case 1) If N € M, then by Corollary 3.5, deg(N) < oo and by
Lemma 3.1, N contains a simple submodule S. Hence Soc(M)NN # 0.

(Case 2) If N ¢ M, since I') (M) # (), there exist K, L € M such
that K L L. But N ¢ M, thatis K Y Nand L £ N. Since K / N,
there exist Ny < N and K; < K such that N; = K. Hence N; € M,
i.e., deg(N;) < oo and by Lemma 3.1, N contains a simple submodule
S1. Hence Soc(M)N N # 0, i.e., Soc(M) <. M.

(2) By (1), Soc(M) <. M and by Proposition 3.7 the number of
simple submodules of M is finite. Hence Soc(M) is finitely generated
and by [3, Proposition 21.3], M is finitely cogenerated. O
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The next example shows that the converse Proposition 3.8 is not
true.

Example 3.9. Let R = Z and consider the R-module M = Z* & Z;°
where p, ¢ are distinct prime number. It is clear that Soc(M) <. M
and M is finitely cogenereted. By [0, Theorem 2.4], we can see that all
of submodules of M are A @ B which A <Z5°, B < Zx°. Since S(Z)
and S(Z:°) are infinite and Zo° L Z°, deg(Z;Y) = deg(Zg°) = oo. Thus
[’} (M) is an infinite graph.

Theorem 3.10. Let n be a positive integer number and M an R-module
such that T'| (M) is an n-regular, then the following statements hold:

(1) Every non-simple vertex of 'y (M) only contains a simple
submodule (up to isomorphism).

(2) M has exactly two non-isomorphic simple submodules.

(3) The intersection of all non-zero submodules of M is zero.

(4) T (M) is a complete bipartite graph K,,,.

Proof. (1) On the contrary, K be a non-simple vertex of I'; (M) and
S1, 59 C K, such that S; and S5 are non-isomorphic simple submodules
of M. Since I'} (M) is n-regular, K is adjacent to n vertices of ') (M).
Let N(K) = {Al,AQ, ...,An}. Since Sl %;—e SQ, Sl 1 SQ. But Sl and SQ
are adjacent to all of vertices in N(K). Thus deg(S;) = deg(S2) > n+1,
which is a contradiction with n-regular graph.

(2) On the contrary, Sy, S, S5 are three non-isomorphic simple sub-
modules of M so S1®Ss, S1BS3, So®S3 € M |, which is a contradiction
with (1).

(3) The intersection of different simple submodules is zero, thus the
result follows from part (2).

(4) By (2), M has exactly two non-isomorphic simple submodules
S1, 8. Thus for any N € M, S; SN or S5 S N. Set

Vi={NeM,|S; SN}

and Vo = {N € M|Sy < N}. Clearly, ViNVo =0 and VUV, = M
and the elements of V; are not adjacent, for : = 1,2. Now suppose that
A € Vi so there exists 0 # B < M such that A L B. But S; S A
and B contains a simple submodule, so So < B. This implies that
') (M) is a bipartite graph and since ' (M) is an n-regular graph,
\Vi| = |Vo| = n, ie, T (M) is K,,p,. O

Corollary 3.11. Let M be an R-module. T\ (M) is n-regular graph if
and only if 'y (M) = K.
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The following figure, I" | (Za16) is a 3-regular graph.

FIGURE 2. Zsi6
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