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FIXED POINTS AND CUT-HOMOMORPHISMS GENERATED BY
ACTIONS OF A BE-ALGEBRA ON ITS SUBALGEBRA

M. Sambasiva Rao

ABSTRACT. The concept of actions of a BF-algebra on its subalgebra is introduced
and certain properties of these actions are derived. The notion of cut-homomorphisms
is introduced and proved that the class of all cut-homomorphisms forms an ordered
BE-algebra. Properties of fixed points of cut-homomorphisms are investigated and a
set of equivalent conditions is given for any two cut-homomorphisms are equal in the
sense of mappings.

INTRODUCTION

The notion of B FE-algebras was introduced and extensively studied by H.
S. Kim and Y. H. Kim in [1]. These classes of BFE-algebras were introduced
as a generalization of the class of BC' K-algebras of K. Iseki and S. Tanaka [3].
Some properties of filters of B F-algebras were studied by S. S. Ahn and Y. H.
Kim in [I] and by B. L. Meng in [5]. In [11], A. Walendziak discussed some
properties of commutative BFE-algebras. He also investigated the relation-
ship between BFE-algebras, implicative algebras and J-algebras. In 2012, A.
Rezaei, and A. Borumand Saeid [7], stated and proved the first, second and
third isomorphism theorems in self distributive BFE-algebras. Later, these
authors [0] introduced the notion of commutative ideals in a B FE-algebra. In
2013, A. Borumand Saeid, A. Rezaei and R. A. Borzooei [2] extensively stud-
ied the properties of some types of filters in B F-algebras and established re-
lations among them. In 2016, the authors [10] characterized self-distributive
B E-algebras, commutative BFE-algebras and implicative B FE-algebras with
the help of left and right self maps. In [9], the author investigated certain
significant properties of self-maps and endomorphisms.

In this article, the notion of an action of a BFE-algebra on a given subal-
gebra is introduced. Certain properties of the actions generated by direct
products and endomorphisms of BF-algebras are investigated. The notion
of permutable actions is introduced in a BFE-algebra and then proved that
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their composition is again an action of the BFE-algebra. An ordering is
introduced on the set of all actions and then derived that this set is par-
tially ordered whenever the respective B F-algebra is commutative. It is also
proved that the collection of all actions of a BF-algebra on a given subalge-
bra forms a semi-lattice. The concept of subcuts of subalgebras and filters
of cuts are introduced. It is proved that the set of all subcuts of a given cut
forms a partially ordered semi-lattice. The notion of cut-homomorphisms
is introduced in BF-algebras and then it is proved that the collection of
all cut-homomorphisms forms a BFE-algebra which is homomorphic to the
given BFE-algebra. Further, it is proved that the set of all idempotent cut-
homomorphisms forms an upper semi-lattice.

In the final section, the notion of fixed points of a cut-endomorphism is
introduced in B FE-algebras. A necessary and sufficient condition is given for
a cut-endomorphism to have a fixed point. A set of equivalent conditions is
given for any two cut-homomorphisms to be equal in the sense of mappings.
Finally, some properties of fixed points and images of a cut-endomorphism
are investigated.

1. PRELIMINARIES

In this section, certain definitions and results are presented which are taken
mostly from [4], [5], and [3] for the ready reference.

Definition 1.1. [1] An algebra (X, x, 1) of type (2,0) is called a BF-algebra
if it satisfies the following properties:

(1) zxx =1,
(2) zx1=1,
(3) 1xx=ux,
4) zx(y*xz)=yx(rxz) foral z,y,z€e X.

A BE-algebra X is called self-distributive if x * (y x z) = (x xy) * (z * 2)
for all x,y,z € X. A BFE-algebra X is called transitive if
for all z,y,z € X. Every self-distributive B FE-algebra is transitive. A BE-
algebra (X, *, 1) is said to be commutative [8] if (z *y) xy = (y * x) * x for
all x,y € X. In this case, we consider (y * x) * x as z V y. In a commutative
BFE-algebra X, it is clear that z Vy = y V x for all x,y € X. We introduce a
relation < on X by x <y if and only if x xy =1 for all z,y € X.

Theorem 1.2. [0] Let X be a transitive BE-algebra and x,y,z € X. Then
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(1) 1 < x implies x =1,
(2) y < zimpliesxxy <xzxzand zxx < y*.

Definition 1.3. [!] A non-empty subset F' of a BE-algebra X is called a
filter of X if, for all x,y € X, it satisfies the following properties:

(1)1€F,

(2) x € F and x xy € F imply that y € F.

A subset S of a BF-algebra X 1is called a subalgebra of X if
xxy € S whenever x,y € S. Clearly every subalgebra of a BFE-algebra
contains the element 1. It is clear that every filter of a BFE-algebra is a
subalgebra. A mapping f from a BE-algebra (X, *,1) into a BF-algebra
(Y, 0,1') is called a homomorphism if f(z xy) = f(x) o f(y) for all z,y € X.
It is clear that f(1) = 1 whenever f is a homomorphism. A homomorphism
of BFE-algebra into itself is called an endomorphism.

2. ACTIONS OF BE-ALGEBRAS

In this section, the notions of an action and a permutable action of a BE-
algebra on a given subalgebra is introduced. Certain properties of these
actions and the cuts of the B F-algebras are investigated.

Definition 2.1. Let (X, *,1) be a BFE-algebra and S is a subalgebra of X.
A mapping o : X x § — S is called an action of X on § if it satisfies the
following properties:

(Cl) o(a,1) =1foralla € X,

(C2) o(l,z) =x for all x € S,

(C3) o(a,zxy) =o0(a,z) *xo(a,y) for all a € X and x,y € S,

(C4) o(a,o(b,z)) = o(b,o(a,x)) for all a,b € X and x € S.

An action o of a BF-algebra X on its subalgebra S is called idempotent

if o(a,o(a,z)) = o(a,z) for all @ € X and = € S. Further, o is called a
complete action if along with (C1)-(C4), it satisfies the following:

olaxb,x)=o0(a,z)*o(b,x)

for all a,b € X and x € S. In all the cases, we call the pair (,5) an S-cut
of the BF-algebra X.

Example 2.2. (1) Let X be a self-distributive B E-algebra and S be a sub-
algebra of X. For any a € X and = € S, define a mapping o : X xS — S by
o(a,x) = a*xz. Then o is an action of X on S. Therefore (o,5) is an S-cut
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of the BFE-algebra X.

(2) Let X be a BFE-algebra and S be a subalgebra of X. For any a € X
and x € S, define a mapping o : X xS — S by o(a,z) = z. It can be
routinely verified that o is an action of X on S. Hence (0,S) is an S-cut

of X. Further, we see that ¢ is not complete. For consider a,b € X and
1 # ¢ € S be such that a xb = 1. Then

o(axb,c)=c and o(a,c)*xo(b,c)=cxc=1
Therefore o is an action of X on S which is not complete.

Proposition 2.3. Let X be a BE-algebra and S be a subalgebra of X. Let
w: X — S be a homomorphism satisfying the following:

(1) pla) * (z +y) = (u(a) x x) * (u(a) xy) for alla € X and z,y € S,
(2) pwlaxb)xx = (u(a)*x)* (ud) *x) for all a,b € X and xz € S.
For any a € X and x € S, define a mapping o, : X xS — S by
ou(a,x) = p(a) * x. Then o, is a complete action of X on S.
Proof. Since S is a subalgebra of X, we get o, is well-defined. Then
(C1) For any a € X, we get 0,(a,1) = p(a) 1 = 1.
(C2) For any = € S, we have 0,(1,2) = p(l) xx = 1%z = x.
(C3) Let a € X and z,y € S. Then, we get
oula,z xy) = pla) * (zxy)
= (u(a) x ) * (n(a) * y)
— a0, ) % 7l ).
(C4) Let a,b € X and x € S. Then, we get
Uu(a7 Uu(b7 ) = Uu(a7 (D) * x)
(@) * (u(b) * )
(b) * (u(a) * )
= N(b) * Uu(av :l?)
=0,(b,0,(a,x)).

Thus o, is an action of X on S. Hence (0,,S) is an S-cut of X. Further,
assume that p satisfies the condition. Let a,b € X and z € S. Then

=1
=1

oulaxb,x) = plaxb) xx

= (p(a) * ) * (p(b) * )
=ou(a,x) *xo,(b,x)
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Therefore o, is a complete action of X on S. ]

Proposition 2.4. Let S; and Sy be the subalgebras of the BE-algebras X
and Xo respectively. Suppose o1 and o9 are the actions of X1 on S7 and Xs
on Sy respectively. For all (a,b) € X1 x Xy and (x,y) € S1 X Sy, define a
mapping o1 X 09 : (X1 X Xo) X (81 x S9) — S1 X Sy by

(01 X 02)((avb)’ (ZU,y)) — (0’1(CL,$),02(b, y))

Then o1 X o9 is an action of the product algebra X1 x Xy on the subalgebra
S1 X Sy. Therefore (o1 X 09,51 X S9) is a cut of X3 X Xs.

Proof. Clearly o1 X o9 is well-defined. Note that S; x S5 is a subalgebra of
X x Xy with element (1,1). Now, the properties (C1)-(C4) can be routinely
verified by using point-wise operations. ]

Proposition 2.5. Let S be a subalgebra of a BE-algebra X. Suppose j :

X x 8 —= S is a mapping. For all a,b € X and x,y € S, define a mapping
0, X% — S? (where X?* = X x X and S* =5 x S) by

O-/i((avb)a (l‘,y)) = (M(avx)aﬁL(ba y))

Then w is an action of X on S if and only if o, is an action of X* on S*.
Moreover, (u,S) is a cut of X if and only if (0,,5%) is a cut of X

Proof. Clearly o, is well-defined. Note that S? is a subalgebra of X? with
element (1,1). Assume that g is an action of X on S. Then (C1) Let
(a,b) € X% Then o,((a,b),(1,1)) = (u(a,1),u(,1)) = (1,1). (C2) Let
(z,y) € S?. Then, we get

o,((1,1), (z,y)) = (u(1,2), u(1,y)) = (z,9).

(C3) Let (a,b) € X* and (x,y), (2, w) € S?. Since p is an action of X on S,
we get the following consequence:

oul(a,b), (z,y) * (z,w)) =

I
Q
=
—~
k3
=
~—
Youn
“&
<
~—
N—
*
Q
=
—~
Yo
8
=
N~—
—~
N
S
~—
N~—
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(C4) Let (a,b), (c,d) € X? and (x,y) € S?. Since p is an action of X on S,
we get the following consequence:

ou((a,0),0,((c,d), (x,y)) = 0,((a;b), (u(e, x), u(d, y)))

= d), (1(

= ou((c, d), ou((a, ) (z,y))
Hence o, is an action of X? on S%. Therefore (0, 5?) is a cut of X?.
Conversely, assume that o, is an action of X? on S?. (C1) Let a € X. Then

(n(a, 1), 1(1,1)) = 0,4((a,1),(1,1)) = (1,1). Hence pu(a,1) = 1. (C2) Let
x € S. Then (u(1,z),pu(1,1)) = 0,((1,1),(1,2)) = (1,1). Hence pu(1,z) = 1.
(C3) Let a € X and z,y € S. Since g, is an action of X? on S?, we get that
(ula, z xy), u(1,1)) = o,((a, 1), (z *y, 1))
= ou((a, 1), (z,1) * (y,1))
= ou((a, 1), (z,1)) x 0,((a, 1), (y, 1))
= (pla, x), p(1,1)) * (p(a, y), p(1, 1))
(
)-

/\/\

= (u(a, ) * pla,y), u(1,1))

Hence p(a,z *y) = p(a, x) * p(a,y). (C4) Let a,b € X and z € S. Since o,

is an action of X2 on S2. Then

(pla, p(b, z)), 1) = (u(a, p(b, ), u(1,1))

I
Q
=

I
Q
=

I
Q
=

I
Q
=

=
o N e R N N YR

I
= =

Hence p(a, p(b, x)) = pu(b, u(a, z)). Thus p is an action of X on S. O

Proposition 2.6. Let X be a BFE-algebra and S be a subalgebra of X.
Suppose p : X — X is an endomorphism and o : X x § — S is a
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mapping. For a € X and x € S, define a mapping 0, : X xS = §
by

O-/L(aa :C) — O-(:u(a’)a x)
If o is a complete action of X on S, then o, is a complete action of X on S.
Further, the converse is also true whenever i is surjective.

Proof. Assume that o is a complete action of X on S. Then, we get

(C1) For any a € X, we get that o,(a,1) = o(u(a),1) = 1.

(C2) For any x € S, we get 0,(1,z) = o(u(1),2) =o(l,z) = .

(C3) Let a € X and z,y € S. Since o is an action of X on S and p is an
endomorphism, we get that

(1(a
(n(a
u(a

); & % y)
);x) *x o(pfa),y)

) *oyu(a,y)

O'M(CL, €T * y)

o
o
o

(C4) Let a,b € X and = € S. Since o is an action of X on S, we get

(@, ou(b, ) = Uu(a o(u(b),x))
o(p(a),o(u(b), ))
o(u(b),o(u(a), ))

= Uu(b o(p(a),z))
o Uﬂ(bv J/~L( 756))

(C5) Let a,b € X and x € S. Since o is a complete action, we get

a(paxb), )
a(p(a) * u(b), )
(u(a), x) + o (u(b), x)

w(a,z) % 0,(b, )

ou(axb,x)

I
Q9

Therefore o, is a complete action of X on S. To prove the converse, let us
suppose that p is a surjective mapping. Assume that o, is a complete action
of X on S. Then, we get

(C1) Let a € X. Since p is surjective, there exists b € X such that p(b) =
Now, o(a,1) = o(u(b),1)) = o,(b,1) = 1.

(C2) For any z € S, we get o(1,2) = o(p(1),2) = 0,(1,2) = .

(C3) Let @ € X and x,y € S. Since p is surjective, there exist b € X such
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that 1(b) = a. Since o, is an action of X on S, we get

o(a,zxy) = o(ub),z*y)
= 0,(b,z xy)
= 0,(b,z) *0,(b,y)
= o(u(b), z) * o(u(b),y)
=o(a,z) * o(a,y)

(C4) Let a,b € X and x € S. Since p is surjective, there exist ag,by € X
such that p(ap) = a and p(by) = b. Since o, is an action,

o(a,0(b,x)) = o(u(ao), o(u(bo), )
= o(p(ag), 0y (bo, 7))
= oy(ao, 0u(bo, 7))
= 0u(bo, opu(a0, 2))
= 0u(bo, o (p(ao), x))
= o(p(bo), o(p(ao), z))
=o(b,o(a,x))

(C5) Let a,b € X and x € S. Since p is a surjective mapping, there exist

ag, by € X such that p1(ag) = a and p(by) = b. Since o, is an action of X on
S, we get

o(axb,x) =o(u(ag) * u(by), )
= o(p(ao * by), x)
= 0, (ag * by, )
= o,(ag, ) * ,(bo, x)
= o(plao), z) * o (p(bo), )
=o(a,z) * o(b,x)

Therefore o is a complete action of X on S. [

Definition 2.7. Let (X, %,1) be a BF-algebra and S be a subalgebra of X.
Two actions o; and o; of X on S are said to be permutable if for all a,b € X
and x € S, the following property holds:

O'Z‘(CL, O'j(b, SU)) = Ui(b, O'j(a, 33))
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Example 2.8. Let X = {1, a,b, ¢} be the given set. Define a binary operation
«x on X as given in the following table:

1

_ = OO
O O OO0

a
a
1
a

o o =
— = = =

a 1 1

Clearly (X, *,1) is a BE-algebra. Consider the subalgebra S = {b, 1}. Define
two mappings o7 and oy from X x S into S as given by

oi(z,y) = zxy  oxzy) =y
for all x € X and y € S. Clearly o1 and o9 are actions of X on S. It can be
easily verified that o, and o9 are permutable actions of X on S.

Proposition 2.9. Let X be a BE-algebra and S is a subalgebra of X. Let
o1 and o9 be two permutable actions of X on S. Define the composition of
the actions o1 and oy as

(o1 009)(a,x) = o1(a,09(a,x))
foralla e X and x € S. Then o1 0 09 is an action of X on S.

Proof. (C1) and (C2) are clear. To prove (C3), let a € X and z,y € S. Then,
we get the following:

T *y))
a,x) * oo(a,y))
a,x)) *xo1(a,oqs(a,y))
(a,z) * (01 0 09)(a,y)
(C4). Let a,b € X and x € S. Since o1 and oy are permutable, we get
(01 009)(a, (010 02)(b,x)) = (01 0 02)(a, 01(b, 02(b, 7))
= o1(a, oa(a, o1(b, oo (b, )

(a,
o1(a, oo (b, (b, x
a, (

(

o1(b, o9 T
( b, o9(a, x
( x

(01 009)(a,z *xy) = o1(a, o2

= o1(a, o9

a,

01(6%02

e N

= (0'1002

oi(a, o9
o

1
1(a, o3
= 01(b, o2(a, o1(b, oo
o1(a, az(a,
)

= 01(b, 02

(

(
= 01(b, o2(b,

(b, (01 0 09

)(b,

~—
“Q

= (010 09)(b, (01 0 09
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Therefore o1 0 09 is an action of X on S. ]

Theorem 2.10. Let X be a BFE-algebra with given ordering <.
Suppose that S is a subalgebra of X and 3(X) denotes the set of all ac-
tions of X on S. For any 01,09 € (X)), define an ordering <, on the set of
all actions of X on S as given by

01 <o 02 Zf and OTlly Zf Ul(aax) < 0‘2(0,,37)

foralla € X and x € S. Then <, is a BE-ordering on %(X). Further, if
X is commutative, then <, is a partial ordering on 3(X).

Proof. Since S is a subalgebra of X and < is a BFE-ordering on X, it is
clear that <, is reflexive. Further, if X is commutative, then it is transitive.
Hence <, is transitive on (X). Since X is commutative, we get that < is
anti-symmetric and hence <, is anti-symmetric on (X ). Therefore <, is a
partial ordering on X (X). O

Suppose that X is a commutative BFE-algebra and S is a subalgebra of X.
Let 01 and o9 be two actions of X on S. Due to the commutativity of the
subalgebra S, we get

o1(a,z) Voy(a,x) = (o9(a,x) *o1(a,x)) * o1(a, )
for any a € X and x € S. Further, we have
o1(a,z) V os(a,x) = o9(a,x) V oy(a, ).
Lemma 2.11. Let X be a BFE-algebra and S a commutative subalgebra of
X. If o is an action of X on S, then o(a,x Vy) = o(a,x)V o(a,y) for any
a€ X andx,y €S.

Proof. Routine verification. Il

Proposition 2.12. Suppose X is a BE-algebra and S a commutative subal-
gebra of X. Let o1 and oy be two permutable actions of X on S. Define the
supremum of the actions o1 and o9 as given under

(o1 Uoy)(a,x) = o1(a,x) V oy(a, x)

for alla € X and v € S. Then o1 U oy is an action of X on S. Further
o1 Uog is a complete action of X on S whenever both o1 and o9 are complete
actions of X on S.

Proof. (C1), (C2) and (C3) can be routinely verified. To prove (C4), let
a € X and x € S. For simplicity of the representation, in the following, we
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use the notation o;(a,) = o;(a, x) and 0;(b,) = 0;(b,x) for ¢ = 1,2. Since oy
and o, are permutable, we get
(o1 U a9)(a, (or Uog)(by)) = (01 Uos)(a,o1(by) V oa(by))
= o1(a,o1(b;) V 02(b;))
Voo(a,o1(by) V oa(by))
= o1(a,01(bz)) V o1(a, 02(b2)))
Voy(a,o1(by)) V oo(a, oa(bs))
= o1(b,01(az)) V o1(b, 02(az)))
Vao(b,o1(az)) V os(b, 09(ay))
= 01(b,01(az) V oa(az)) V oo(b, o1(az) V os(az))
= 01(b, (01 U o9)(ay)) V aa(b, (01 U oz)(ay))
= (o1 U o2)(b, (01 U o9)(ay))
Hence o1Uos is an action of X on S. Further, suppose that o1, o9 are complete

actions of X on S. It can be routinely verified that oy LI o9 is a complete
action of X on S. ]

The following theorem is a direct consequence of the above results.

Theorem 2.13. Suppose (X,*,1) is a BE-algebra and S a commutative
subalgebra of X. Let 3(X) be the set of all permutable actions of X on
S. Then (3(X),U) is a semi-lattice with partial ordering <,. Therefore
(3(X), <,) is a partially order set.

3. CUT-HOMOMORPHISMS

In this section, the concept of subcuts of subalgebras of a BFE-algebra is
introduced. The notion of cut-homomorphisms is introduced in B E-algebras.
It is proved that the collection of all idempotent cut-homomorphism forms
an upper semi-lattice.

Definition 3.1. Let S be a subalgebra of a BFE-algebra X. Suppose (o, .5)
is a cut of a BE-algebra X. A subalgebra S’ of S is said to a subcut of S if S’

is closed under action by elements of X. In this case, we simply call (o, 5") a
subcut of (o, S).

Definition 3.2. Suppose that S is a subalgebra of a BFE-algebra X and (o, .5)
is a cut of X. A subcut (o, F') of the cut (o, 5) is called a filter of (o,.5) if it
satisfies the following properties:
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(1) Fis a filter of S,
(2) o(xz,y) <z forallze Sand 1 #y € F.
In this case, we simply call that F' is a filter of the cut (o,S5). For any

subalgebra S of X, it is clear that {1} is a filter of any cut (o, S). A filter F
of a cut (o, 5) is called proper if F' # S.

Example 3.3. Let X = {1,a,b,c} be a set. Define a binary operation * on
X as follows:

x|1 a b c
1/1 a b ¢
all 1 b c
b/l a 1 ¢
cll a b 1

It can be routinely seen that (X,x*,1) is a BFE-algebra. Consider the sub-
algebra S = {a,b,1}. Define a mapping ¢ : X xS — S by o(a,1) = 1,
o(l,z) =z foralla € X,z € S, and

o(c,a) =a, o(c,b) =b and o(c,c) =1

Note that o is an action of X on S. Consider the set F' = {1,a}. Then, it
can be easily verified that F' is a filter of the cut (o, 5).

Proposition 3.4. Let S be a subalgebra of a BE-algebra (X,*,1) and o is
an action of X on S. Then the set-intersection of any two filters of the cut

(0,8) is again a filter of (o,5).

Proof. Given that o an action of X on S. Let (o, F1) and (o, F3) be two filters
of the cut (¢,5). Clearly Fy N F; is a filter of S. Therefore the intersection
of F} and F; is a filter of the cut (o, 5). O

The following corollaries are direct consequences of Proposition 3.4.

Corollary 3.5. Let S be a subalgebra of a BE-algebra X and o is an action
of X on S. Suppose {F,}acn is an indexed family of filters of the cut (o, .S).
Then the set intersection (| F, is a filter of (0,S).

acA
Corollary 3.6. Let S be a subalgebra of a BE-algebra X. If o is an action
of X on S, then the intersection of all filters of (o,S) is {1}.

Proposition 3.7. Let S be a commutative subalgebra of a BFE-algebra X.
Suppose o1 and oy are two actions of X on S. If F is filter of both the cuts
(01,S) and (09, 5), then F is a filter of (o1 U 09, S).
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Proof. By Proposition 2.12, o1 U 09 is an action of X on S. Let z € S and
1 #y € F. Since F is filter of (01, 5) and (09, 5), we get

o1(z,y) <z and os(z,y) < x.

Hence (o7 U o9)(z,y) = o1(x,y) Voa(z,y) <z forallz € Sand 1 #y € F.
Therefore F' is a filter of the cut (o1 U 02, .5). O]

Theorem 3.8. Let S be a commutative subalgebra of a BFE-algebra X.
Suppose {0;}iea is an indexed family of actions of X on S. For any filter F
of S, the set {(0;, F') }iea of all subcuts forms a partially ordered semi-lattice
with respect to the operation L.

Proof. By Proposition 3.7 and Theorem 2.10, it follows. ]

Definition 3.9. Let I’ and G be two filters of a BF-algebra X. Suppose
o and p are actions of X on F' and G respectively. For the cuts (o, F) and
(4, G) of X, the mapping f : (o, F) — (u, G) is called a cut-homomorphism
if it satisfies the following properties:

(H1) f(x*xy) = f(x) x f(y) for all x,y € F,
(H2) f(o(a,x)) = p(a, f(x)) for alla € X and x € F.

A bijective cut-homomorphism is called a cut-isomorphism. A cut-
homomorphism from a cut (o, F) into itself is called a cut-endomorphism.

Proposition 3.10. The composition of any two cut-homomorphisms of a
BE-algebra is again a cut-homomorphism.

Proof. Let F,G and H be three filters of a BF-algebra X. Suppose o, i
and 0 be three actions of X on F,G and H respectively. Let
fi(o,F) — (,G) and ¢ : (1, G) —> (0, H) be two cut-homomorphisms.
Clearly go f : (0, F) — (0, H) is a cut-homomorphism. O

Definition 3.11. Let (o, F) be a cut of a BFE-algebra X. For any a € X,
define a self-map o, : (0, F) — (0, F) by o,(z) = o(a,z) for all x € F.

Proposition 3.12. Let (o, F') be a cut of a BE-algebra X. For any a € X,
the mapping o, : (0, F) — (0, F) defined above is a cut-endomorphism.

Proof. Let a € X. For any z,y € F, we get
ooz xy) = 0o(a,zxy) = o(a,z) xo(a,y) = 0a(x) * 04(y).
For any b € X and x € F, we get
o.(0(b,x)) =o(a,o(b,z)) =0c(b,o(a,x)) = o(b,o4(x)).

Therefore o, is a cut-endomorphism. ]
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Lemma 3.13. Let (0,5) be a cut of a BE-algebra X. For any a € X,
(1) for any x € (0,9), o.(x) = x % 0,(x),
(2) for any x € (0,S5), x = 0,(x) * x whenever o is complete,
(3) if F is a filter of (0,95), then (0,04,(F)) is a subcut of (o,.5).

Proof. (1) Let a € X. For any = € (0,S5), we get
o.(x) =0(a,x) =oc(lxa,x) =0(l,x) *o(a,x) = x * 0,(x)
(2) Let @ € X and o is complete. For any x € (o, S), we get
r=o(l,x)=c(lax1,z) =0(a,x) xo(l,z) = o,(x) xx

(3) Let F be a filter of (¢,5). Let 0,(x),0,(y) € 0,(F) where xz,y € F.
Then

0ulx) # 0uly) = o(a,2) * o(a,y) = o(a,2 xy) = 04(x * y) € 0u(F)

because of z xy € F. Therefore o,(F) is a subalgebra of X, for any b € X
and o,(z) € 0,(F). Then x € F and

o(b,o.(r)) = o(b,o(a,x)) =0o(a,o(b,z)) = o.(0(b,x)) € 0,(F)

since o(b,x) € F. Hence 0 : X X 0,(F) — 04(F) is an action of X on
04(F). Therefore (o,0,(F)) is a subcut of (o,.5). O

Lemma 3.14. Let (0,95) be a cut of a BE-algebra X. For any a,b € X,
(1) oy is the identity map on (o,95),
(2) 04 is order preserving on (o,S),
(3) 0,00, =0p00y.

Proof. (1) For any x € S, we get that o1(z) = o(1,2) = x.
(2) Let 2,y € S and x <y. Then

oo() * 04(y) = o4(x xy) = 0,(1) = o(a, 1) = 1.

Hence o,(z) < 0,(y). Therefore o, is order preserving.
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(3) For any x € S, we have

(0a 0 0v)(x) = 0a(0u(7))
oa(o(b,2))
o(a,o(b,x))
=o(b,o(a,x))
o(b,04())
op(0a(7))

= (op 0 0,) ().

Therefore o, 0 0, = 0, 0 0. ]

Theorem 3.15. Let (0,S5) be a cut of a BE-algebra X. Then the collection
M ={o, | a € X} is a BE-algebra and there is an onto homomorphism
from X into M.

Proof. For any a,b € X, define a binary operation ©® on M as
(00 ©® 0p)() = 0gup(x) for all z € S. For any a € X, we have

(04 © 01)() = 04sa(z) = 01(7)

for all z € S. Hence 0, ® 01 = 01. Again, we have
(01 ® 04)(2) = 0140(2) = 0u()

forall z € S. Hence 0100, = 0,. Also (0,00,)() = 0usa(x) = o1(x). Hence
0, ® 0, = 01. Similarly, we can prove that o, ® (0, ® 0.) = 0, ® (0, ® 0¢)
for any o,, oy, 0. € M. Therefore (M, ®, 01) is a BE-algebra where o7 is the
top element.

Since (M, ®,01) is a BFE-algebra, define a mapping 2 : X — M as
Q(a) = o, for all a € X. Clearly  is well-defined. For any a,b € X, we get
Qa*xb) = o4 = 0, © 0p = Q(a) © Q(b). Therefore 2 is a homomorphism.
Let 0, € M. For this a € X, it is clear that (a) = o,. Therefore Q) is an
onto homomorphism. ]

In a self-distributive BFE-algebra X with subalgebra S, the action
oc: X xS — S defined by o(a,z) = a*x for all a € X and = € S is
observed as the idempotent action.

Theorem 3.16. Let o be an idempotent action of a BE-algebra X on its
subalgebra S. Then the collection K' = {0, | a € X} is an upper semi-lattice
with top element oq.
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Proof. For any a,b € X, define a binary operation A on K" as o,Aoy, = 0,00,
For any a € X, we have

(0o Noa)(z) = (040 04)(7)

= 04(0a(7))

= 04(0(a,z))

=o(a,o(a,x))

=o(a,x)

= 0,(7)
for all x € S. Hence o, A 0, = 0,. Let a,b € X. By Lemma 3.14(3), we get
oy N\ oy = 0,00, = 03,00, =0\ 0,. Since the composition of self mappings

is associative, it is concluded that (K’ A) is a semi-lattice. For any a € X
and r € S, we get

(0o No1)(x) = (040 01) () = 04(01(7)) = 04().

Hence o,A\01 = 0,. Similarly, o1 Ao, = 0,. Therefore (K’, A) is a semi-lattice
where o as the top element. [

4. FIXED POINTS OF CUT-ENDOMORPHISMS

In this section, the concept of fixed points of a cut-endomorphism is
introduced in BFE-algebras. A necessary and sufficient condition is given
for a cut-endomorphism to have a fixed point. Properties of fixed points and
images of a cut-endomorphism are investigated.

Definition 4.1. Let S be a subalgebra of a BFE-algebra X. Suppose (o, .5)
be a cut of X and f : (0,5) — (0,5) is a cut-endomorphism. An element
xr € S is called a fized point of f if f(z) = x.

Example 4.2. Consider the subalgebra S = {a,b, 1} of the BE-algebra X
which is given in Example 3.3. Define a self-mapping f : S — S as given

by
1 ife=1
-}

a otherwise

It can be easily noticed that f is a cut-endomorphism on S. Under this self
mapping f, the elements 1 and a of the subalgebra S are fixed points but not
the element b because of f(b) = a.
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Theorem 4.3. Let S be a subalgebra of BE-algebra X and (0,S) be a
cut of X. For any a € X, the cut-endomorphism o, has a fixed point in
S if and only if there exists a constant mapping g : S — S such that

g(o(a,x)) =o(a,g(x)) for allz € S.

Proof. Assume that o, has a fixed point, say c. For this ¢ € S, define
a constant map g : S — S by g(x) = ¢ for all x € S. Then, we get
g(o(a,x)) = cand o(a,g(z)) = o(a,c) = g4(c) = ¢ for all z € S. Therefore
g(o(a,z)) =o(a,g(x)) for all z € S.

Conversely, assume that there exists ¢ € S and a constant mapping
h : S — S such that h(x) = ¢ and h(o(a,z)) = o(a, h(x)) for all z € S.
Hence o,(c) = o(a,c) = o(a,h(x)) = h(o(a,z)) = c¢. Therefore ¢ is a fixed
point of o,,. ]

Proposition 4.4. Let (0,S) be a cut of a BE-algebra X. For any a € X,
the class of all fixed points of o, given by

Fiz(o,) ={x € S | o4(v) =z}
is a subcut of (0,9).

Proof. Let a € X. Since 0,(1) = 1, we get 1 € Fix(o,). Let z,y € Fixz(o,).
Then, we get o,(x) = x and 0,(y) = y. Hence

ou(wxy) = o(a,x*y) = o(a,x) *o(a,y) = 0u(x) *x 0a(y) = T *y.

Thus z xy € Fix(o,). Therefore Fix(o,) is a uni-subalgebra of (o, 5). For
any b € X and = € Fiz(o,). Then o(a,x) = 0,(x) = x. Hence

o.(ob,x)) =0(a,o(b,x)) =0c(b,o(a,z)) =0c(b, ).

Hence o (b, x) € Fix(o,). Thus o : X x Fix(o,) — Fiz(o,) is an action of
X on Fix(o,). Therefore (o, Fiz(o,)) is a subcut of (o, 5). O

Let (0,5) be a cut of a BE-algebra X where S is a subalgebra of X. For
any cut-homomorphism o,, its image is given as

Im(o,) = {o.(z) | x € S}.

Proposition 4.5. Let (0,S) be a cut of a BE-algebra X. For any a € X,
Im(o,) is a subalgebra of S.

Proof. Clearly I'm(o,) is a subsets of S and 1 € Im(o,). Let z,y € Im(o,).
Then = = 0,(2") and y = 0,(y) for some 2/, y" € S. Now

rxy = 0,(2) x0,(y) = oa(x' x ).
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Since ' xy’ € S, we get x xy € Im(o,). Therefore Im(o,) is a subalgebra of
S. O

Lemma 4.6. Let (0,5) be a cut of a BE-algebra X. Then Fix(c1) = S. Let
a € X. If o is idempotent, then we have

(1) o4(x) € Fiz(o,) forallxz € S,

(2) 04(x) € Im(oy,) forallz € S.

Proof. Let a € X. Clearly Fix(oy) C S. For any x € S, we get that
o1(z) = o(1,z) = x. Hence z € Fiz(oy). Therefore S C Fix(oy). The
remaining part is clear. [

Theorem 4.7. Let o be an idempotent action of a BFE-algebra X on its
subalgebra S. For any a,b € X, the following are equivalent:

(1) 04 = o,

(2) Im(o,) = Im(oy);

(3) Fix(o,) = Fix(oyp).

Proof. (1) = (2): It is obvious.

(2) = (3): Assume that Im(o,) = Im(op). Let x € Fix(o,). Then, we get
r = o4(z) € Im(o,) = Im(op). Hence z = ou(y) for some
y € S. Since o is idempotent, we get o,(z) = op(op(y)) = op(y) = x. Thus
x € Fix(op). Therefore Fiz(o,) C Fix(op). Similarly, we can obtain that
Fiz(oy) C Fix(o,). Therefore Fiz(o,) = Fix(oy).

(3) = (1): Assume that Fix(o,) = Fiz(op). Let z € S be an arbitrary
element. Since o,(x) € Fiz(o,) = Fix(op), we get

op(0a(7)) = 04(x).
Also we have oy,(z) € Fiz(oy) = Fixz(o,). Hence o,(0p(x)) = op(x). Thus, it
yields
7a(®) = 00(0a(x)) = (03 0 7a) () = (04 © 00)(2) = Tul0n(2)) = T3(2).

Hence o, and o, are equal in the sense of mappings. Thus o, = o} ]

Theorem 4.8. Let 0 and p be two idempotent actions of a BE-algebra X
on its subalgebra S. For any a € X, the following are equivalent:

(1) Oq = ,LLa,'

(2) Im(aa) = ]m(:ua);
(3) Fix(o,) = Fizx(ug)-
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Proof. (1) = (2): It is obvious.
(2) = (3): Assume that Im(o,) = Im(u,). Let © € Fizx(o,). Then, we get
r=o04(x) € Im(o,) = Im(pig).

Hence x = p,(y) for some y € S. Now pq(x) = pia(pta(y)) = pa(y) = x. Thus
x € Fixz(p,). Therefore Fix(o,) C Fix(u,). Similarly, we can obtain that
Fiz(p,) C Fix(o,). Therefore Fiz(o,) = Fix(u,).

(3) = (1): Assume that Fix(o,) = Fiz(u,). Let x € S. Since
o.(x) € Fix(o,) = Fix(u,), we get pq(oq(z)) = ou(x). Also we have
pa(x) € Fiz(u,) = Fiz(o,). Hence o,(pa(x)) = po(z). Thus, it yields

0a(®) = pa(0a(2)) = (Ha © 00) () = (04 © f1a) (%) = Ta(pa(®)) = pra().
Hence o, and pu, are equal in the sense of mappings. Thus o, = . ]

Theorem 4.9. Let 0 be an action of a BE-algebra (X, ,1) on its subalgebra
S. Then the collection K = {Fiz(o,) | a € X} forms a BE-algebra with top
element S. Hence there exists an onto homomorphism from M into K.

Proof. For any Fix(o,),Fiz(oy) € K where a,b € X, define an
operation ® on K by

Fizx(o,) ® Fix(op) = Fix(ogm)
By Lemma 4.6(1), we have Fixz(oy) = S. It can be routinely verified that
(K, ®, Fiz(o1)) is a BE-algebra. For any a € X, define

g M—K

by g(o,) = Fixz(o,). Clearly g is well-defined and onto. For any o,, 0, € M,
we get

90, ® 0p) = g(0asp) = Fix (o) = Fix(o,) ® Fizx(op) = g(o,) ® g(oy).
Therefore g is a homomorphism. ]

Corollary 4.10. Let o be an action of a BE-algebra X on its subalgebra S'.
Then there exists an onto homomorphism from X into IC.

Proof. By Theorem 3.15, ) is a onto homomorphism from X into M. By
Theorem 4.9, we have g is an onto homomorphism from M into K. Hence
g o €2 is the required onto homomorphism from X into /C. ]
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