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HEMI-COMPLEMENTED LATTICES

A. P. P. KUMAR AND M. SAMBASIVA RAO*

ABSTRACT. The notion of hemi-complemented lattices is introduced and some of the
properties of these algebras are studied. Some characterization theorems of hemi-
complemented lattices are derived with the help of minimal prime D-filters, ideals,
and congruences. The notion of D-Stone lattices is introduced and then derived a set
of equivalent conditions for a hemi-complemented lattice to become a D-Stone lattice.
Hemi-complemented lattices and D-Stone lattices are characterized in topological
terms.

INTRODUCTION

In 1970, the theory of relative annihilators was introduced in lattices by
Mark Mandelker [9] and he characterized distributive lattices in terms of
their relative annihilators. Later, many authors introduced the concept of
annihilators in the structures of rings as well as lattices and characterized
several algebraic structures in terms of annihilators. T.P. Speed [13] and
W.H. Cornish [3] made an extensive study of annihilators in distributive
lattices. In [1], Cornish introduced and characterized the special class of
distributive lattices, known as normal lattices, with the help of annihilator
ideals and minimal prime ideals. In [5], some properties of dense elements
of distributive lattice were studied in order to characterize another class of
distributive lattices called quasi-complemented lattices.

In the year 2015, M. Sambasiva Rao [10] introduced the class of disjunctive
ideals in terms of annihilator ideals of distributive lattices. He characterized
the class of normal lattices with the help of disjunctive ideals and annihilator
ideals. In 2016, Rao and Badawy [12] introduced the notion of co-annihilator
filters of distributive lattices. In this paper, the authors introduced the con-
cept of p-filters of distributive lattices and studied some topological proper-
ties of the space of all prime pu-filters. In the year 2013, M. Sambasiva Rao
[11] studied the properties of dense elements and D-filters of M S-algebras.

Published online: 15 October 2024

MSC(2010): Primary: 06D99.

Keywords: Lattice; Minimal prime D-filter; Condensed element; Hemi-complemented lattice; D-Stone lattice; Haus-
dorff space.

Received: 20 February 2023, Accepted: 7 August 2023.

*Corresponding author.



2 KUMAR AND SAMBASIVA RAO

Recently in 2020, M.S. Rao et.all studied the properties of D-filters of dis-
tributive lattices. The authors derived a set of equivalent conditions, in terms
of D-filters, for a quasi-complemented lattice to become a Boolean algebra.
Later, they investigated the properties of prime D-filters[s] of distributive
lattices and derived some topological properties of the space of all prime D-
filters of distributive lattices.

In this paper, the notion of condensed elements is introduced in distributive
lattices and investigated certain properties of these condensed elements. The
notion of hemi-complemented lattices is introduced, and a set of equivalent
conditions is derived for a hemi-complemented lattice to become a quasi-
complemented lattice. A necessary and sufficient condition is derived for
a hemi-complemented lattice to become a Boolean algebra. A character-
ization theorem of hemi-complemented lattices is proved with the help of
D-filters and minimal prime D-filters of distributive lattices. This class of
hemi-complemented lattices is also characterized with the help of ideals and
congruences.

The notion of D-Stone lattices is introduced and its properties are in-
vestigated in lattices. It is observed that every D-Stone lattice is hemi-
complemented but not the converse. A set of equivalent conditions is estab-
lished for every hemi-complemented lattice to become a D-Stone lattice. A
necessary and sufficient condition is derived for the space of all minimal prime
D-filters to become a compact space. Some topological characterizations of
hemi-complemented lattices and D-Stone lattices are given in terms of the
space of all minimal prime D-filters and the prime spectrum of D-filters of
distributive lattices.

1. PRELIMINARIES

The reader is referred to [1] and [2] for the elementary notions and notations
of distributive lattices. However some of the preliminary definitions and
results of [1], [3], [5], [1 1], [7], [8] and [13] are presented for the ready reference
of the reader.

Definition 1.1. [I] An algebra (L, A, V) of type (2, 2) is called a distributive
lattice if for all z,y, z € L, it satisfies the following properties (1), (2), (3), (4)
along with (5) or (5'),

(H)zAzx=2x,zVr=ux,

2)xANy=yAzx,xVy=yVux,

B) (zAyY)ANz=xzA(yANz), (@Vy)Vz=xV(yV=2),
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4) (xANy)Vz ==z, (zVy) ANz =z,
B)xA(yVz)=(zAy)V(zA2),
B aVvynz)=(xVy A(zVz2).

Throughout this article, all lattices are bounded distributive lattices unless
otherwise mentioned. A non-empty subset A of L is called an ideal(filter) of
Litfavbe Alanbe A)andaAzx € A(aV x € A) whenever a,b € A and
x € L. The set Z(L) of all ideals of (L, V, A, 0) forms a complete distributive
lattice as well as the set F(L) of all filters of (L,V, A, 1) forms a complete
distributive lattice. A proper ideal (filter) M of a lattice is called maximal if
there exists no proper ideal(filter) N such that M C N.

Definition 1.2. [2] Let (L, A, V) be a lattice. A partial ordering relation <
is defined on L by x <y if and only if x Ay = x and x Vy = y. In this case,
the pair (L, <) is called a partially ordered set.

The set (a] = {x € L | x < a} is called principal ideal generated by a
and the set of all principal ideals is a sublattice of Z(L). Dually, the set
l[a) ={x € L | a <z} is called principal filter generated by a and the set of
all principal filters is a sublattice of F(L). A proper ideal (proper filter) P of
a lattice L is called prime if for all a,b € L, aAb € P (aVb & P) thena € P
or b € P. Every maximal ideal (maximal filter) is prime. A prime ideal P of
L is called minimal [0] if there exists no prime ideal @ of L such that @ C P.

Theorem 1.3. [1| Let F be a filter and I an ideal of a distributive lattice L
such that F NI =, then there exists a prime filter P of L such that F' C P
and PN1=10.

For any element a of a distributive lattice (L, V, A, 0), the annihilator of a
is defined as (a)* = {z € L | z A a = 0}. Properties of these annihilators are
extensively studied by Cornish [3, 4], and T. P. Speed [13]. Normal lattices
are characterized in terms of annihilators in [1].

Lemma 1.4. [13] For any two elements a,b of a distributive lattice L with
0, we have

(1) a < b implies (b)* C (a)¥,

(2) (aVvb)" = (a) N (),

(3) (anb)™ = (a)" N (D)7,

(4) (a)* = L if and only if a = 0.

An element a of a lattice L is called dense if (a)* = {0}. The set D of
all dense elements of a lattice L forms a filter of L. A lattice L with 0 is
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called quasi-complemented [7] if for each x € L, there exists y € L such that
xAy=0and xVy € D. A lattice L is called dense if every non-zero element
of L is dense.

Definition 1.5. [7] A filter F of a lattice L is called a D-filter if D C F.

Clearly D is the smallest D-filter of the distributive lattice. For any a € L,
the set (a)p = [a) V D is the smallest D-filter containing a which is called
the principal D-filter [7]. For any () # A C L, define

A°={zxeL|avzeDforall a e A}.

Then A° is a filter of L. Clearly L° = D, D° = L and D C A° for any subset
A of L. For any a € L, we simply denote ({a})° by (a)°.

Lemma 1.6. [8] For any two subsets A, B of a lattice L, we have:
(1) A C B implies B° C A°,
(2) AC A%,
(3) AOOO — AO’
(4) A° =L if and only if AC D.

In case of filters, we have the following result.

Proposition 1.7. [3] For any filters F,G and H of a distributive lattice L,
we have:

(1) F° N F* = D,

(2) FNG C D implies F C G°,

(3) (FVG) =FNG°,

4) (FNG)*° =F*°nNG™.

For any element x of a distributive lattice, it is clear that ([z))° = (x)°. Then
clearly (0)° = D. The following corollary is a direct consequence of the above
results.

Corollary 1.8. [3] Let L be a distributive lattice and a,b,c € L. Then
(1) a < b implies (a)° C (b)°,

(2) (aAb)”=(a)* N (b)°,

(3) (aVb)* = (a)* N (b)>,

(4) (a)° = L if and only if a € D,

(5) (a)° = (b)° implies (a N c)° = (bAc)°,
(6) (a)° = (b)° implies (aV c)° = (bV c)°.
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A D-filter P of a distributive lattice L is called prime [8] if a V b € P then
either a € P or b € P for all a,b € L. The intersection of all prime D-filters
of a lattice is equal to D. Let I be an ideal and F a D-filter of L such
that 7 N F = (), then there exists a prime D-filter P such that F C P and
PNI=1(. A prime D-filter is minimal prime D-filter if and only if for each
x € P, there exists y ¢ P such that x Vy € D.

A collection 7 of subsets of a set X is called a topology on X if (1) both
the empty set and X are elements of 7; (2) any union of elements of 7 is an
element of 7; (3) any intersection of finitely many elements of 7 is an element
of 7. If 7 is a topology on X, then the pair (X, 7) is called a topological
space. The members of 7 are called open sets in X. A base or a basis for
the topology 7 of a topological space (X, 7) is a family B of open subsets
of X such that every open set of the topology is equal to the union of some
sub-family of B. The closure of a subset S of points in a topological space
consists of all points in S together with all limit points of S. The closure
of S may equivalently be defined as the union of S and its boundary, and
also as the intersection of all closed sets containing S. A topological space
(X, 7) is said to be compact if every open cover of X has a finite subcover.
A topological space X is called a Hausdorff space if for each z,y € X with
x # y there are disjoint open subsets A, B such that x € A and y € B.

2. HEMI-COMPLEMENTED LATTICES

In this section, the notion of hemi-complemented lattices is introduced
and these special classes of lattices are then characterized in terms of ideals,
D-filters, congruences, and minimal prime D-filters. A set of equivalent
conditions is derived for a hemi-complemented lattice to become a quasi-
complemented lattice.

Definition 2.1. An elements x of a lattice L is called condensed if (z)° = D.

Clearly 0 is a condensed element in the lattice L. Let us denote the set of
all condensed elements of L by D>.

Proposition 2.2. The following properties hold in a lattice L;
(1) DN D> =1,
(2) D> is an ideal of L.
Proof. (1) Let x € DN D*. Then, we get x € D and (z)° = D. Since z € D,

we get that L = (x)° = D. Hence 0 € D, which is a contradiction. Therefore
DND>=4.
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(2) Clearly 0 € D*. Let z,y € D*. Then (z)*° = (y)°*° = D° = L. Hence
(xVy)*© = (x)°N(y)*° = L. Thus (zVy)°=L°=D. Hence x Vy € D*.
Again, let x € D> and y < z. Then (y)° C (x)° = D. Since D C (y)°, we
get that (y)° = D. Hence y € D*°. Therefore D> is an ideal of L. O

Proposition 2.3. Fvery dense lattice contains a unique condensed element,
precisely 0.

Proof. Let L be dense lattice. Then every non-zero element of L is a dense
element. Let = be a condensed element of L. Then (x)° = D. Suppose x # 0.
Since L is dense, we get x € D. By Corollary 1.8(4), we get (x)° = L which
is a contradiction. Hence x = 0 is the unique condensed element of L, which
is equilently to say that D> = {0}. ]

The converse of Proposition 2.3 is not true. That is a lattice containing
unique condensed element 0 need not be a dense lattice. It can be seen the
following example:

Example 2.4. Consider the distributive lattice L = {0, a, b, ¢, 1} whose Hasse
diagram is given by:
1

C

For the elements a and b of the lattice, it can be easily observed that
(a)° = {b,c,1} and (b)° = {a,c,1}. It is easy to see that D = {c¢, 1},
therefore, D = {¢,1} = (a)° N (b)° = (a A b)° = {0}°. Hence 0 is the only
condensed element in L, but the lattice is not dense since a, b are not dense
elements.

Proposition 2.5. Define a binary relation 6 on a lattice L as follows:

(a,b) € 0 if and only if (a)° = (b)°
for all a,b € L. Then 0 is a congruence on L where D> is the smallest
congruence class with respect to 6 and the unit congruence class is D.

Proof. Clearly 0 is an equivalence relation on L. From (5) and (6) of Corollary
1.8, 0 is a congruence on L. Let x,y € D*. Clearly (z,y) € 6. Hence D>
is a congruence class modulo 6. Let a € D*°. Since D is an ideal, we get
that a A x € D™ for all x € L. Hence [a]g N [ylg = [a A ylg = [a]s because of
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a,z N a € D>®. Therefore [a]p = D> is the smallest congruence class modulo
0. Since D is a filter, dually we get that D is the unit congruence class

modulo 6. O]

Definition 2.6. A lattice L is called a hemi-complemented lattice if to each
x € L, there exists y € L such that x Ay € D* and xVy € D.

Every pseudo-complemented lattice is a hemi-complemented lattice. For,
consider a pseudo-complemented lattice L. Then, for each x € L, there
exists ** € L such that x A x* = 0 € D*. It is obvious that z V 2" € D.
Hence L is a hemi-complemented lattice. Similarly, we can see that every
quasi-complemented lattice is hemi-complemented. However, in the following
theorem, we establish a set of equivalent conditions for a hemi-complemented
lattice to become a quasi-complemented lattice.

Theorem 2.7. Let L be a hemi-complemented lattice. Then the following
assertions are equivalent:

(1) L is quasi-complemented;
(2) for any x,y € L — D, (z)° = (y)° implies x = y;
(3) L has a unique condensed element.

Proof. (1) = (2): Assume that L is quasi-complemented. Let x,y € L — D
be such that (z)° = (y)°. Suppose x # y. Clearly, either (z] N (y)p = 0 or
(y] N (z)p = 0. Then there exists a prime D-filter P such that (x)p C P and
(y]nP = 0. Hence x € (x)p C P and y ¢ P. Since L is quasi-complemented,
there exists ' € L such that zAx’ = 0 and xVa' € D. Hence 2’ € (z)° = (y)°.
Hence ' Vy € D C P. Since y ¢ P and P is prime, we must have 2’ € P,
ie., 0 =x A2’ € P, which is a contradiction. Therefore z = y.

(2) = (3): Assume condition (2). Suppose L has two distinct condensed
elements, say x and y. Then (z)° = D = (y)°. By condition (2), we get
x =y. Hence L possesses a unique condensed element.

(3) = (1): Assume that L has a unique condensed element, precisely 0.
Let x € L. Since L is hemi-complemented, there exists 2’ € L such that
rz Az € D* and x V2’ € D. Since D* = {0}, we get © A 2’ = 0. Therefore
L is quasi-complemented. [

Corollary 2.8. A hemi-complemented lattice L is a Boolean algebra if and
only if it contains a unique condensed element as well as a unique dense
element.
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In the presence of Corollary 1.8, it can be easily verified that the class
De(L) of all filters of the form (z)°, = € L forms a distributive lattice with
respect to the operations

()" N (y)* = (z Ay)® and (2)° U (y)° = (2 Vy)°
for all x,y € L. In the following theorem, a set of equivalent conditions is
derived for the lattice (D°(L),J,N) to become a Boolean algebra which leads
to a characterization of hemi-complemented lattices.

Theorem 2.9. The following assertions are equivalent in a lattice L:

(1) L is hemi-complemented;

(2) (D°(L),U,N) is a Boolean algebra;

(3) Ly is a Boolean algebra;

(4) for each x € L, there exists y € L such that (x)*° = (y)°;

(5) For any D-filter F of L with F'N D> =), there exists a minimal prime
D-filter P of L such that F C P.

Proof. (1) = (2): Assume that L is hemi-complemented. Let (z)° € D°(L).
Then there exists y € L such that zt Ay € D>* and x Vy € D. Hence
(x)°N(y)° = (x ANy)° = D and (2)° U (y)° = (x Vy)° = L. Therefore
(D°(L),U,N) is a Boolean algebra.

(2) = (3): Assume that (D°(L),U,N) is a Boolean algebra. Let [z]y € L.
Since D°(L) is a Boolean algebra, there exists y € L such that
(xAy)°=(x)°N(y)° =D and (xVy)° = (x)°U(y)° = L. Hence z Ay € D
and xVy € D. Thus [z]pNyle = [t Aylg = D* and [z]pV [y]s = [z Vylp = D.
Therefore Ly is a Boolean algebra.

(3) = (4): Assume that Ly is a Boolean algebra. Let x € L. Then there
exists [ylg € Ljg such that [z Ayl = [z]p N [y]s = D> and

[z Vylg = [zlo v [yle = D.
Hence x Ay € D*® and x Vy € D. Now
rANyeD® = (xANy)° =D
= ()°N(y)° =D (by Proposition 1.7(2))
= ()" C ()

o

rVyeD =uze(y)
= [z) C (y)° (since (y)° is a filter)

= (2)” C (y)°
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Hence, to each x € L, there exists y € L such that (z)°° = (y)°.

(4) = (5): Assume condition (4). Let F' be a D-filter of L such that
F N D*® = (). Then there exists a prime filter P such that F© C P and
PN D> =1(. Clearly P is a D-filter. We now show that P is minimal. Let
r € P. By the condition (4), there exists y € L such that (z)*° = (y)°.
Hence x € (x)°° = (y)°, which implies that x Vy € D. Again, we get
(xAy)° = ()°N(y)° = ()°N () = D. Hence x Ay € D*. Since
PN D® =0, weget x Ay ¢ P. Suppose y € P. Then x Ay € P, which is a
contradiction. Therefore P is the minimal prime D-filter.

(5) = (1): Assume condition (5). Let x € L. Then clearly (z)° V (x)*°
is a D-filter in L. Suppose there exists a minimal prime D-filter P such
that (z)° Vv () € P. Then z € (z)*° C P. Since (z)° C P and P is
minimal, we get © ¢ P, which is a contradiction. Hence (z)° V (2)°° is not
contained in any minimal prime D-filter. Thus by hypothesis (5), we get
{(x)°V (z)°°} N D> # (). Choose ¢ € {(x)°V (z)°°} N D*. Then (¢)° = D
and ¢ = a A b for some a € (z)° and b € (2)°°. Since a € (z)°, it is clear that
aVx € D. Since b € (z)°°, we get (x)° C (b)°. Now we get the following
consequence:

=aNx € D>
Therefore L is hemi-complemented. Hence the proof is completed. L]

In the following, another characterization is given for the congruence 6 in
hemicomplemented lattice. For this, we observe another congruence defined
in terms of D>.

Definition 2.10. Let L be a lattice. For any a € L, defined
(a,D*®)={x €L |z Nae€ D>}
Lemma 2.11. Let L be a lattice. For any a,b € L, the following properties
hold:
(1) (a Do°> is an ideal in L,
(2) D> < {a, D%),
(3) a < b implies (b, D*°) C (a, D*),
(4) {(aV b, D*) = {(a, D*) N (b, D),
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(5) a € D> if and only if (a, D*) = L.

Proof. (1) Clearly 0 € (a, D*). Let z,y € (a, D>*). Then a Az € D> and
a Ny € D>*. Hence

(anN(zVy))*©=((arnz)V(aAy))*=(arnx)’N(aNy)°=LNL=L.

Hence (a A (x V y))° = L° = D, which implies a A (z V y) € D>.
Thus z Vy € (a,D>). Again, let x € (a,D>*) and y < z. Then
yNa < xzANa € D* Hence y € (a, D*), which yields that (a, D) is
an ideal in L.

(2) and (3) are trivial.

(4) Clearly (a V b, D*) C (a, D*>) N (b, D*=°). Conversely, let

x € (a, D>*) N (b, D).

Then, we get a Ax € D> and b Az € D*. Since D* is an ideal, we get
(aVb) ANz =(aNz)V (bAx)€ D>®. Therefore z € (a Vb, D).

(5) Assume that a € D*. Since D™ is an ideal, we get a A z € D> for all
x € L. Hence (a, D*) = L. Conversely, assume that (a, D*°) = L. Then, we
get 1 € (a, D*). Hence a =1 A a € D*™. O
Proposition 2.12. Let L be a lattice. Define a relation ¥p~ on L as

(a,b) € Up if and only if (a, D>) = (b, D*)

for all a,b € L. Then Vp= is a congruence on L.

Proof. Clearly Vp« is an equivalence relation on L. Let (x,y) € WUp~. For
any c € L, we get

(x V¢, D®) = (x, D>®) N (¢, D*) = (y, D*®) N (¢, D*) = (y V ¢, D).
Hence (z V ¢,y V ¢) € Upx. Again, for any t € L, we get

te{xNe,D*) ©tANxzANce D™
S tAcé€ (x,D®) = (y, D>)
StAcNy € D™
s te(yne, D).

Thus (x A ¢, D*®) = (y A ¢, D*®). Hence (x A ¢,y Ac) € Upe. Thus ¥p is a
congruence. ]

Theorem 2.13. In a hemi-complemented lattice L, 0 = ¥ p.
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Proof. Let (x,y) € 0. Then (x)° = (y)°. For any t € L, we get
te(x,D>) & axNte D™
S @)°’NE)°=@At)’=D
S WAt =) nE)° =D
SyANt e D™
e te (y, D)

Hence (x, D*) = (y, D*°). Thus (z,y) € ¥p«=. Therefore § C ¥ pe.
Conversely, let (z,y) € ¥p for z,y € L. Then (x, D>*) = (y, D*). Since
L is hemi-complemented, there exists ' € L such that x A 2’ € D> and
x Va2 € D. Hence 2/ € (x, D>) = (y, D). Hence 2’ Ay € D*. Hence
(@) N(y)° = (&' ANy)° = D. Lett € (y)°. Since (y)° is a filter, we get
tVaz e (y)°. Since z V' € D, we get x € (2')°. Hence t Vx € (2')°. Thus
tVae e (2)°N(y)° = D. Hence t € ()°. Therefore (y)° C (x)°. By a
similar argument, we can obtain (x)° C (y)°. Hence (z,y) € 6. Therefore
Yp= C 0. O

Lemma 2.14. For any ideal J of a lattice L, the set
D(J)={ze€L|xVaecD for someac J}
s a filter of L.

Proof. Clearly D C D(J). Let z,y € D(J). Then xVa € DandyVbée D
for some a,b € J. Hence (xAy)V(aVb) = (zVaVb)A(yVaVvb) e D. Since
J is an ideal, we get that « Ay € D(J). Again, let x € D(J) and =z < y.
Then x Va € D for some a € J. Hence we get y Va € D, which shows that
y € D(J). Therefore D(J) is a filter of L. O

Theorem 2.15. The following assertions are equivalent in a lattice L:

(1) L is hemi-complemented;

(2) For each filter F', there exists an ideal J such that F°*° = D(J);

(3) For each filter I, F°° = D(J(poo)) where Jipooy is the ideal as
Jipeoy ={z € L | (a)® C (x)°° for some a € F°° }.

Proof. (1) = (3): Assume that L is hemi-complemented. Consider the set
Jipeoy = {w € L | (a)° C (2)*° for some a € F'*°}. Clearly 0 € Jipeo). Let
r,y € Jpeoy. Then (a)® C (2)°° and (b)° C (y)* for some a,b € F*°. Now
(@anD)® = (a)°N(b)° C ()N (y)*° = (zVy)* and a Ab € F°°. Hence
rVy € Jpeey. Again let x € Jipeoy and r € L. Then (a)° C (2)°° for some
a € F*°. Now (a)° C (x)* C (z A7)®. Thus x Ar € Jipeoy. Therefore
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J(peoy is an ideal of L. We now prove that F°° = D(Jpey). Let x € F*°,
Since L is hemi-complemented, by Theorem 2.9, there exists y € L such that
(z)°° = (y)°. Since x € F*°, we get that y € Jpee). Now z € (2)*° = (y)°
implies that = Vy € D for some y € Jipey. Therefore F°° C D(Jpeo)).
Conversely, let € D(Jipeey). Then 2V f € D for some f € Jpeoy. Hence
x € (f)° for some f € Jpeoy. Now, we get

[ € Jipeey = (a)® C (f) for some a € F*°
= (f)° C (a)* for some a € F°
=z € (a)° C F”

Hence D(J(pesy) € F°°. Therefore F°° = D(J(poe)).

(3) = (2): It is obvious.

(2) = (1): Assume condition (2). Let « € L. Hence by condition (2), there
exists an ideal J such that (x)°® = D(J). Therefore,

r€D(J) =axVie D for someie J
= [z) € (9)°
j (:E)OO g (7:)000 — (Z)O

Again let a € (i)°. ThenaVi e D andi € J. Thus a € D(J) = (z)°°. Hence
(2)° C (x)°°. Thus (x)°° = (i)°. Therefore L is hemi-complemented. O

3. D-STONE LATTICES

In this section, the notion of D-Stone lattices is introduced. A set of equiv-
alent conditions is derived for a hemi-complemented lattice to become a D-
Stone lattice. It is proved that every hemi-complemented lattice is D-Stone
if and only if D°(L) is a Boolean algebra.

Lemma 3.1. Let L be a lattice. For any a,b € L, the following assertions
are equivalent:

(1) avbe D;
(2) (a)*°N[b) € D;
(3) (@) (b)>* < D.

Proof. (1) = (2): Assume condition (1). Let a,b € L. Suppose aVb € D.
Then b € (a)°, which gives [b) C (a)°. Hence (a)*° N [b) C (a)*° N (a)® = D.

(2) = (3): Assume that (a)°*° N [b) C D for any a,b € L. By Proposition
1.7(2), we get (a)°° C (b)°. Therefore (a)®° N (b)°° C (b)° N (b)*° C D.
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(3) = (1): Assume that (a)°° N (b)°° C D for any a,b € L. By Proposition
1.7(2), we get (a)*® C (b)°*° = (b)°. Hence a € (a)*° N (b)°, which means
aVbeD. ]

Proposition 3.2. The intersection of all minimal prime D-filters is D.

Proof. Clearly D C (\{P | P is a minimal prime D-filter}. Let x ¢ D. Then
there exists an ideal I such that x € I and I is maximal with respect to
the property of not meeting D. Clearly L — I is a minimal prime D-filter
and © ¢ L — 1. Hence x ¢ N{P | P is a minimal prime D-filter }. Thus
({P | P is a minimal prime D-filter } C D. Therefore

D =P | P is a minimal prime D-filter }.

Corollary 3.3. Let L be a lattice Then for any x € L, we have
() =P | P is a minimal prime D-filter such that x ¢ P}
Proof. Let a € ()° and P a minimal prime D-filter such that x ¢ P. Then
xVa€DCP. Since x ¢ P, we get a € P for all minimal prime D-filters
with ¢ P. Hence
()° € N{P | P is a minimal prime D-filter,z ¢ P}. (3.1)

Conversely, suppose that ¢ ¢ (z)°. Then t Vo ¢ D. By Proposition
3.2, there exists a minimal prime D-filter P such that ¢tV x ¢ P. Hence
t ¢ ({P | Pis a minimal prime D-filter such that x ¢ P}. Therefore

({P | P is a minimal prime D-filter such that x ¢ P} C (z)°.
]

Definition 3.4. A lattice L is called a D-Stone lattice if (x)°V (z)°° = L for
all x € L.

The bounded distributive lattice L = {0,a,b,c, 1} given in Example 2.4
is a D-Stone lattice. Clearly (a)° V (a)*® = {1,¢,b} V {1,¢,a} = L and
(b)° Vv (D) ={1,c,a} V{l,¢e,b} = L. Also (¢)°V (¢)*=DV L = L.

Proposition 3.5. If every prime D-filter of a lattice L is minimal, then L
1s a D-Stone lattice.

Proof. Assume that every prime D-filter of L is minimal. Let x € L.
Suppose (z)°V (x)°° # L. Then there exists a prime D-filter P such that
(2)°V (z)*° C P. Hence (z)° C P and (z)°° C P. Since (z)° C P, we get
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that ¢ P because of Corollary 3.3. Clearly z € (z)°® C P. Hence z € P,
which is a contradiction. Thus (z)° V (2)°° = L. O

Proposition 3.6. Fvery D-Stone lattice is hemi-complemented.

Proof. Suppose L is a D-Stone lattice. Let x € L. Then (z)° V (z)°*° = L.
Hence 0 € (x)° V (2)°°, which implies 0 = a A b for some a € (z)° and
b e (). Thus (a)°N(b)° = (aAb)° = (0)° = D. Hence (a)° C (b)*° C (x)°°.
Since a € (x)°, we get (z)°° C (a)°. Thus () = (a)°. Therefore L is
hemi-complemented. ]

In the following, a set of equivalent conditions is derived for every hemi-
complemented lattice to become a D-Stone lattice. Let us call that a D-filter
F' of a lattice L is called a D-factor of L if there exists a proper D-filter G
such that FNG =D and FFV G = L.

Theorem 3.7. Let L be a hemi-complemented lattice. Then the following
assertions are equivalent,

(1) L is a D-Stone lattice;

(2) each (x)° is a D-factor of L;

(3) for each x € L, there exists ' € L such that (z)°V (2')° = L;

(4) forz,y € L, (2)°V (y)° = (z Vy)*;

(5) D°°(L) = {(x)°° | = € L} is a sublattice of F(L), where F(L) is the
lattice of all filters of L.

Proof. (1) = (2): Assume that L is a D-Stone lattice. Let x € L. By
Proposition 1.7(1), (z)° N (z)*° = D. By (1), we get ()° V () = L.
Therefore (z)° is a D-factor of L.

(2) = (3): Assume condition (2). Let x € L. Since L is hemi-complemented,
there exists 2’ € L such that (z)°° = (2/)°. Since (x)° is a D-factor of L,
there exists a D-filter G such that (z)°NG = D and (x)°V G = L. Since
()°NG = D, we get G C (x)°° = (2/)°. Therefore L = (2)°VG C (z)°V(2')°.
Therefore (z)°V (2')° = L.

(3) = (4): Assume condition (3). Let z,y € L. By (3), there exists 2’ € L
such that (z)°V (2/)° = L. Clearly ()°V (y)° C (z V y)°. Conversely, let
a € (xVy)°. Then aVzxVy e D, which gives aVy € (z)°. By Proposition
1.7(2) and Lemma 3.1, we get

aVye (r) = (x)” C(aVy)
= (@)= N[avy) CD
= () N{lae)N[y)} €D



= {(@)”Nla)}Nly) €D
= {(z)" Nla)} € (y)°
={(@)°Nla)} < (y)°

Om[
Om[

Hence (z Vy)° C (z)°V (y)°.

(4) = (5): For any z,y € L, by Corollary 1.8(3), (z)°° N (y)*° = (z V y)°°.
Since L is hemi-complemented, there exist 2’4" € L such that (x)*° = (2/)°
and (y)*° = (y')°. Hence ()°V (y)*° = (2/)° vV (¢)° = (&' V¢)° = (¢)*° for
some ¢ € L, as L is hemi-complemented. Therefore D°°(L) is a sublattice of
F(L).

(5) = (1): Assume condition (5). Let x € L. Since L is hemi-complemented,
by Theorem 2.9(4), there exists y € L such that (z)°° = (y)°. Since D°°(L)
is a sublattice of F(L), we get (z)°° V (y)*° = (¢)°° for some t € L. Thus
Ay € () V (y)°*° = (). Therefore

(1) = (@) C(zny)” = @) NE)° = (@) n@) =D
which implies that (¢)°° = D° = L. Hence
@)V (@) = (1) V (2)" = () = L.
Therefore L is a D-stone lattice. L]

Corollary 3.8. If L is a D-Stone lattice, then D°(L) is a sublattice of F(L).

The following corollary states a property of D-Stone lattices in terms of
minimal prime D-filters. Two D-filters F' and G of a lattice L are called
comaximal if F'V G = L.

Corollary 3.9. If L is a D-Stone lattice, then any two distinct minimal
prime D-filters of L are comaximal.

Proof. Assume that L is a D-Stone lattice. By condition (2) of Theorem 3.7,
each (z)° is a D-factor of L. Let P and ) be two distinct minimal prime
D-filters of L. Choose a € P — ). Hence (a)° C (. Since P is minimal,
we get that (a)°° C P. Since (a)® is a D-factor of L, there exists a D-filter
G such that (¢)° NG = D and (a)°V G = L. Hence G C (a)*° C P. Thus
L=(a)°VG CQV P. Therefore P and ) are comaximal. O
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Theorem 3.10. Let L be a hemi-complemented lattice. Then L is a D-Stone
lattice if and only if D°(L) is a Boolean algebra.

Proof. Assume that L is a D-Stone lattice. Let (x)°, (y)° € D°(L). Clearly
()°N(y)° = (z Ay)°. Since L is D-Stone lattice, by Theorem 3.7(4), we get
(2)°V (y)° = (x V y)°. Hence (D°(L),V,N) is a lattice. Since (z)° = D for
all x € D>, we get that D is the smallest element of D°(L). Since (d)° = L
for each d € D, we get that L is the greatest element in D°(L). It can be
routinely verified that (D°(L),V,N, D, L) is a bounded distributive lattice.
Now, let (z)° € D°(L) where x € L. Since L is hemi-complemented, there
exists 2’ € L such that (z)°° = (2/)°. Hence (z)° N (2')° = (z)° N (x)*° = D.
Since L is D-Stone, we get (2)°V(x)°° = L. Hence (z)°V(2')° = L. Thus (2)°
is the complement of (z)° in D°(L). Therefore D°(L) is a Boolean algebra.
Conversely, assume that D°(L) is a Boolean algebra. Let x € L. Then
(x)° € D°(L). Since D°(L) is a Boolean algebra, there exists (2')° € D°(L)
such that (z)° N (2/)° = D and (x)° V (’)° = L. Since (z)° N (2')° = D,
we get (2')° C (z)°°. Hence L = (x)° Vv (2')° C (z)° V (2)°°, which gives
(2)° V (x)°° = L. Therefore L is a D-Stone lattice. O

4. TOPOLOGICAL CHARACTERIZATIONS

In this section, the classes of hemi-complemented lattices and D-Stone
lattices are characterized in topological terms. Let us denote the set of all
minimal prime D-filters of L by Specl;-(L). For any subset S of L, define
fn(S) = {P € Spech (L) | S € P}. In case of S = {z}, we write &,(z)
for R,,({x}) = {P € Specl;p(L) | ¢ P}. Then it can be easily seen that
8n(9) = U fnla).

zeS
Lemma 4.1. For any x,y of a lattice L, the following properties hold:

(1) K () N Rin(y) = K(2 V y),
2) Rz ANy) € Rin(z) U Rn(y),
3) Rm(x) = Km((x)),
4) (x)° € (y)° if and only if RKu(y) € Km(2),
5) ) =0 if and only if v € D,
6 (z) = Spect (L) if and only if x is condensed.
1) and (2) are trivial.
(3) Let P € R,(xr). Then z ¢ P. Since P is minimal, we get

¢ P. Hence P € R,((2)*). Therefore R,(z) C K,((x)°°). Con-
Versely, let P € R,((x)°°). Then (z)°*° ¢ P. Suppose z € P. Since P is
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minimal, we get (x)°° C P, which is a contradiction. Hence P € K, ().
Thus &, ((2)°°) C R(x). Therefore R,,(x) = K, ((x)*°).

(4) Assume that (z)° C (y)°. Let P € K,(y). Then y ¢ P. Hence
(x)° C (y)° € P. Since P is minimal, we get x ¢ P. Hence P € R, (z).
Therefore R,,(y) C K,(x). Conversely, assume that &,,(y) C &,(z). Let
a ¢ (y)°. Then aVy ¢ D. Then by Proposition 3.2, there exists a minimal
prime D-filter Py such that a Vy ¢ Py. Hence a ¢ Py and y ¢ Fy. Thus
a¢ Pyand Py € R,,(y) C R(z). Hencea ¢ Pyand z ¢ Py. Thus aVz ¢ Py,
which implies that a V x ¢ D. Hence a ¢ (x)°. Therefore (x)° C (y)°.

(5) It is obvious by Proposition 3.2.

(6) Assume that &,,(x) = Specl;z(L). Then

(x)°= () P= N P=D.
Pefy,(x) PeSpeck) (L)
Hence z is condensed. Conversely, assume that x is condensed. Then

()° = D C P for all P € Specy;r(L). Hence x ¢ P for all P € Speck.(L).
Therefore &,,(x) = Specl;z(L). O

From Lemma 4.1, we conclude that {K,,(z) | = € L} is the class of all
subsets of Spec; (L) which is closed under finite intersections. Also, since
every minimal prime D-filter is proper, we get that |J &, (x) = Spec? .(L).

zel

Therefore {&,,(x) | * € L} forms a base for a topology on Spec?, .(L). For
any subset S of a lattice L, define

H,,(S) = {P € Speck,-(L) | S C P}.
In case of S = {z}, we write H,,(z) for

H,({2}) = {P € Spech(L) | = € P}.
Keeping in view of the above facts, we can have the following:

Lemma 4.2. For any two D-filters F' and G of a lattice L, the following
properties hold:

(1) Hm(F) M Hm(G> - Hm(F \ G):

(2) H,(F) = Speclp(L) if and only if F = D,

(3) Rm(x) = Hpn((x)°) for all x € L,

(4) Hp(z) = Rm((2)°).
Proof. (1) It is obvious.

(2) Assume that H,(F) = Specl;z(L). Then F C P for all

P € SpecP .(L). Let x € F. Suppose x ¢ D. Then by Proposition 3.2,
there exists P € Specl; (L) such that = ¢ P. Hence we get F' ¢ P, which is
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a contradiction. Thus x € D and hence we get F' C D. Since F'is a D-filter,

we get F'= D. Converse is clear.
(3) Let P € Specl;z(L). Then

PeRy(v) ¢ P<s (2)°CPs PeHy((x)°).
(4) Similarly, it can be obtained. O

In the following two theorems, some topological properties of the space
Specl (L) of all minimal prime D-filters of a lattice L can be observed.

Theorem 4.3. For any lattice L, the space Spec_,\%F(L) is compact if and
only if Hy,(F) =0 implies ' D> £ () for any filter F of L.

Proof. Assume that Spec? (L) is compact. Let F be a D-filter of L such
that H,,(F) = (. Then F ¢ P for all P € Speclr(L). Hence

Spectin(L) = &,(F) = | Ru(x). Since Specl;p(L) is compact, we get

reF
that Specl (L) = U K (z;) for some z1,23,...,7, € F. But by Lemma
i=1
4.2, we get

n n

Uﬁm )= Ul = B ((Yo) = H( \)?) = S A

=1 1=1 1=1

Now by the fact that F is a filter and each x; € F', we conclude, A z; € F.
i=1

Therefore there exists a € /\ z; € F such that Specl (L) = &,,(a). Hence

by Lemma 4.1(6), we get a E D Therefore F'N D> 2 ().
Conversely, assume that H,,(F) = () implies F' N D> # () for any D-filter
F of L. Let S C L be such that Speck (L) = U Rn(a) = Rn(9) = R (F),

where F' is the D filter generated by S. Now Choose c € FND*. Then we

can write ¢ = /\ a; for some ay,as,...,a, € S and n € N. Hence by Lemma
i=1

4.1(6), we get Spechp(L) = Rnlc) = Rn( A @) € U Rn(a;). This shows
that Spec? (L) is compact. O]
Theorem 4.4. For any lattice L, Spec_,%F(L) is a Hausdorff space.

Proof. Let P and Q be two distinct elements of Spect;-(L). Choose z € L
such that x € P and x ¢ ). Then we get Q) € K,,(x). Since x € P and P
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is minimal, there exists y ¢ P such that z Vy € D. Hence P € R&,,(y) and
also R, () N Rn(y) = Rn(x Vy) = 0 because of Lemma 4.1(5). Therefore
Spect (L) is a Hausdorff space. O

In the following theorem, some equivalent conditions are derived for a lattice
to become hemi-complemented, which leads to a topological characterization.

Theorem 4.5. The following assertion are equivalent in a lattice L:

(1) L is hemi-complemented;
(2) for each x € L, there exists y € L such that Hy,(x) = K, (y);
(3) for each x € L, there exists y € L such that R, (x) = K,((y)°).

Proof. (1) = (2): Assume that L is hemi-complemented. Let x € L. Then
there exists y € L such that (x)° = (y)°°. Then by Lemma 4.1(6) and Lemma
4.2(4), we can obtain that H,,(z) = K,,((2)°) = K.((v)*°) = Kn(y).

(2) = (3): Assume condition (2). Let x € L. Then there exists y € L
such that R,,(x) = H,,(y). Then by Lemma 3.2, we get H,,(y) = K((v)°).
Therefore R,,(z) = K,((y)°).

(3) = (1): Assume condition (3). Let = € L. Then by (3), there exists
y € Lsuch that K,,(x) = 8,((y)°). Leta ¢ (y)°. Then aVy ¢ D. This means
that there exists a minimal prime D-filter P such that aVy ¢ P. Hence a ¢ P
and y ¢ P. Since y ¢ P, we get (y)° C P and hence P ¢ &,,((v)°) = Rn(x).
Thus x € P. Since P is minimal, we get (z)°° C P. Since a ¢ P, we
get a ¢ (z)°°. Hence (x)*° C (y)°. Similarly, we can obtain (y)° C (z)°°.
Therefore L is hemi-complemented. ]

It can be easily observed that the class (L) = {R,,(z) | x € L} forms a
distributive lattice with respect to the set theoretic operations N and U. In
the following theorem, a necessary and sufficient condition is derived for the
above set to become a Boolean algebra.

Theorem 4.6. A lattice L is hemi-complemented if and only if
K(L) = {{R.(x) | z € L},N,U) is a Boolean algebra.

Proof. Assume that L is a hemi-complemented lattice. Let K, (x ) K(L )
Then there exists y € L such that x Vy € D and (z)°N (y)° = (z A y)° =
Hence &,,(x) N R(y) = Kn(xVy) = 0. Also R,(x) U R,(y) = Hu((z o) U
H,((y)°) = Hy,((x)° N (y)°) = Hyu(D) = Spec? n(L). Hence K,,(y) is the
complement of K,,(z) in IC(L). Therefore KC(L) is a Boolean algebra.
Conversely, assume that (L) is a Boolean algebra. Let x € L.

Then RK,,(x) € K(L). Then there exists K,(y) € K(L) such that
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B Ay) = Bn(x) N Bn(y) = 0 and &, (z) U &, (y) = Speclz(L). Hence
xVyéeD. Also

fn(2) U R (y) = Specyyp(L) = Hu((2)*) U Hu((y)°) = Specyyp(L)
H((2)° 0 (y)°) = Specyyp(L)

= (2)°N(y)° =D by Lemma 4.2(2)
Therefore L is a hemi-complemented lattice. [

We now present a topological characterization of D-Stone lattices. Let
SpecR(L) be the set of all prime D-filters of a lattice L. For any subset A of
L, define R(A) = {P € SpecR(L) | A ¢ P} and

H(A) ={P € Spec2(L) | AC P}.
For A = {z}, we simply represent &(x) = {P € Spec2(L) | * ¢ P} and
H(z) = {P € SpecP(L) | * € P}. Then there are no hidden difficulties to
prove the following properties hence the proof can be omitted.

Lemma 4.7. Let L be a lattice and x,y € L. Then

(1) U &(z) = Specp(L),

xzeL

(2) R(z) NKR(y) = Kz Vy),

(3) R(z) U ( ) = R(z Ay),

(4) R(z) =0 if and only if x € D,
(5) £(0) = Specp(L).

From the above result, it can be easily observed that the collection
{R(x) | # € L} forms a base for a topology on Spec2(L). For the topol-
ogy on Specl (L), the open set corresponding to any x € L will become
Specli»(L) N &(x) and is denoted by £,,(z). This topology on Spec2(L) is
known as the hull-kernel topology for which {H(x) | € L} is the hull which
is the basis and the kernel is {R(x) | z € L}.

Lemma 4.8. Let I',G be two D-filters of a lattice L. Then
(1) H(F) = Specg( ) if and only if F = D,

2) H(F) =0 if and only if F = L,

3) F C G implies H(G) C H(F),

4) H(F)NH(G) = H(FV G),

5) HF)UH(G)=H(FNG).

N TN N TN
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Proof. (1) Since F is a D-filter, we get D C F. Suppose H(F) = Spec2(L).

Then F C Pforall P € Spec2(L). Hence F C (| P =D. Hence F = D.
SpecB (L)

Conversely, suppose that F' = D. Then F = D C P for all Spec2(L). Hence

H(F) = Spec?(L).

(2) Assume that H(F) = (). Suppose F' # L. Then there exists a prime
D-filter P such that F' C P. Hence P € H(F') = (), which is a contradiction.
Therefore F' = L. Conversely, let F' = L. Since there is no prime D-filter
containing F', we get H(F) = ().

(3) It is clear.

(4) and (5) follow immediately due to P is a prime D-filter of L. O

From Lemma 4.8, we observe that the collection {&(F) | FF € FP(L)} forms
a base for a topology on SpecZ(L). In this hull-kernel topology, open sets
are of the form &(F) where &(F) = {P € Spec2(L) | F ¢ P} and the closed
sets are of the form

H(F) = SpecP(L) - &(F)
For any subset A of Spec? (L), the closure A of A in the hull-kernel topology
is given by

A={Q € SpecB(L) | PmAP CQ}

Lemma 4.9. Let L be a lattice and x € L. Then K(x) = H((x)°).

Proof. Let x € L. Then we have the following consequence:
f(z) ={Q € Specp(L) | () PCQ}
PeR(x)
={Q € Specp(L) | (x)° € Q}
= H((x)°).
]
Theorem 4.10. A lattice L is a D-Stone lattice if and only if for any

x € L, the closure R(x) is open in the hull-kernel topology on S’pecg(L).
Proof. Assume that L is a D-Stone lattice. Let x € L. Then

R(x) ={Q e Specp(L)| () PCQ}

Pef(x)

={Q € Specp(L) | (2)° € Q}
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={Q € Specp(L )*° ¢ Q}  since L is D-Stone

= R((2)™)
Since &((2)°°) is open in Spec? (L), we get K(z) is open in Spec2(L).

Conversely, assume that K(x) is open in the hull-kernel topology on

SpecB(L). Then Spec2(L) — &(x) is closed in SpecP(L). Then there ex-
ists a prime D-filter F' of L such that SpecP(L) — &(x) = H(F). By the
above lemma, we have R(z) = H((x)°). Hence H(F) and H((z)°) are com-
plements to each other in Spec2(L). Therefore H((z)°) U H(F) = Spec2(L)
and H((x)°) N H(F) = 0. By Lemma 4.8(4) and (5). we get

H((x)°NF) = SpecP(L) and H((z)°V F)=1(
By Lema 4.8(1) and (2), we get (z)°NF = D and (z)°V F = L. Since
()° N F = D, by Proposition 1.7(2), we get F' C (x)°°. Hence

L= (x)°VFC(x)V ().

Therefore L is a D-Stone lattice. ]

5. CONCLUSION

In this article, an investigation is made to characterize the properties of
hemi-complemented lattices and D-Stone lattices. Certain relations between
hemi-complemented lattices and D-Stone lattices. A set of equivalent con-
ditions is established for every hemi-complemented lattice to become a D-
Stone lattices. Certain topological properties of hemi-complemented lattices
and D-Stone lattices are also investigated. In the future work, it is proposed
to instigate some properties of hemi-complemented lattices and D-Stone lat-
tices with the help congruences which may characterize several structures of
distributive lattices.
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