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EQUITABLE RINGS DOMINATION IN GRAPHS

M. L. CAAY

ABSTRACT. A dominating set S of GG is an equitable dominating set of G if for every
v € V(G)\ S, there exists u € S such that uv € V(G) and |deg(u) — deg(v)] < 1. A
dominating set S of G is a rings dominating set of G if every vertex v € V(G) \ S is
adjacent to atleast two vertices V(G) \ S. In this paper, we examine the conditions
at which the equitable dominating set and the rings dominating set coincide, and
thus naming the dominating set as equitable rings dominating set. The minimum
cardinality of an equitable rings dominating set of a graph G is called the equitable
rings domination number of G, and is denoted by 7e.;(G). Moreover, We examine
and determine the equitable domination numbers of many graphs, as well as graphs
formed by some binary operations.

1. INTRODUCTION

The concept of domination was introduced in 1962 by Berge [3], and because
it offers a wide range of research ideas, many mathematicians have introduced
many variants of dominations up until today, and it is evident due to the

number of researches in domination such as in the paper of [7] and [¢]. One
of the variants of domination is the Equitable Domination in Graphs, which
was presented in the paper of Anita, Arumugan and Chellali [2], and in the

paper of Deepak, Sooner and Alwardi [6]. This study has caught the attention
of many researchers, and thus, in 2017, Caay and Arugay [!] introduced the
notion of Perfect Equitable Domination, which explained that every vertex
outside the equitable domination set is dominated only once by a vertex in
the equitable dominating set. Furthermore, in 2021, Caay and Durog [5]
studied the Independent Equitable Domination, which they explained that
an equitable dominating set must also be an independent set to achieve the
goal of the research. One of the newest developed variants of domination is
the concept of Rings Domination in Graphs which was introduced in 2022 by
Abed and Al-Harere [1].

Interestingly, this study introduces the concept of the Equitable Rings
Domination in Graphs. This means that the dominating set S of a graph
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(G is an equitable and rings dominating set. The layout of this paper is as
follows: Section 2 contains some basic definitions and preliminaries that are
used in the study of this paper; Section 3 discusses the notions of equitable
dominations and rings dominations, and this is where we show the condi-
tions when these two dominating sets coincide to present the notion of equi-
table rings dominations, which is the main concept of this study; Section 4
presents the results of equitable rings dominations in some graphs, and exam-
ine the number; Section 5 presents the results and discussions on the equitable
rings dominations and the numbers on binary operations such join, corona,
and cartesian product of graphs; and lastly, we present the conclusion and
recommendation in 6.

2. BASIC DEFINITIONS

This study only considers simple connected graphs. That is, the graphs
do not have loops and multiple edges. A pair G = (V(G), E(G)) is called a
graph (on V). The elements of V(G) are called the vertices of GG, and the
elements of F(G) are called the edges of G.

We define the neighborhood of v € (G), denoted by Ng(v), as the set

Ng(v) ={u e V(G) : w € E(G)}.
Given a subset S C V(G), the set Ng(S) = N(S) = U Ng(v) and the set

veS

Ng[S] = N[S]=SUN(S) are the open neighborhood and the closed
neighborhood of S, respectively.

Given a vertex v € V(G), we define the degree of v, denoted by deg(v), to
be the number of edges incident to v. The maximum degree of GG, denoted
by A(G), is the degree of the vertex in G having the maximum degree, and
the minimum degree of G, denoted by §(G), is the degree of the vertex in G
having the minimum degree.

The join G + H of the two graphs G and H is the graph with vertex set

V(G+H)=V(G)+V(H),
and the edge set
E(G+H)=FEGUH)U{w : veV(G),veV(H)}.

The corona G o H of two graphs G and H is the graph obtained by taking
one copy of G of order n and n copies of H, and then joining the ¢th vertex
of G to every vertex in the ¢th copy of H.
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The cartesian product G x H of two graphs G and H is the graph with
vertex set V(G x H) =V (G) x V(H), and e € E(G x H) if and only if
(ui,v;) (ug,v;) where either

i. i =k and vju; € E(H); or
ii. j =1 and wu; € E(G).
We now introduce the concept of domination in graphs.

Definition 2.1. [3] A subset S € V(G) is a dominating set of G if for every
v € V(G)\S, there exists u € S such that uv € E(G). That is, N[S] = V(G).
The minimum cardinality of a dominating set S of G is called the domination

number of G, and is denoted by v(G). In this case, we call a dominating set
S of G to be a v-set of G.

Definition 2.2. [2] A dominating set S of G is an equitable dominating set
of G if for every v € V(G) \ 59, there exists u € S such that uv € V(G) and
|deg(u) — deg(v)| < 1. The minimum cardinality of an equitable dominating
set S of GG is called the equitable domination number of GG, and is denoted by

Y¢(G). In this case, we call an equitable dominating set S of G to be a 7.-set
of G.

Definition 2.3. [I] A dominating set S of G is a rings dominating set of G
if every vertex v € V(G) \ S is adjacent to atleast two vertices V(G) \ S.
The minimum cardinality of a rings dominating set S of GG is called the rings
domination number of G, and is denoted by 7,;(G). In this case, we call a
rings dominating set S of G to be a ~,;-set of G.

Remark 2.4. [1] For a v,;-set of G of order n, we have

i. the order of G is n > 4.
ii. for each v € V(G) \ S, the deg(v) > 3.
i, 1< |S|<n-3.
iv. 3<|V(G)\ S| <n-—1.
v. 1 <7i(G) < |5 <n-—3.

3. THE EQUITABLE DOMINATIONS AND THE RINGS DOMINATIONS IN
(GRAPHS

We present some important results of the equitable dominations and the
rings dominations in graphs, and with this, we present a case where the eq-
uitable dominating set and the rings dominating set coincide to formally
introduce the main definition of the study, which is the equitable rings
domination in graphs.
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Lemma 3.1. Let G be any nontrivial graph. Then v.(G) = 1 if and only if
A(G) —(G) < 1.

Lemma 4.1 has a similar proof with the Theorem 2.2 of [5], but the study
is on the independent equitable domination in graphs, and thus the concept
of the proof is beyond the scope of this paper. However, Lemma 4.1 can be
proven using the Definition 2.2, and is easy to follow.

Proposition 3.2. [1] Given a complete graph K, and a wheel graph W,
with n > 4, we have v,;(K,) = vi(Wp1) = 1.

Proposition 3.3. [I] A path graph P, has no ~.;-set. In general, tree graphs
T, have no ~,;-set.

Proposition 3.4. [1] A cycle graph C,, has no ~,;-set.

It is natural to ask what are the conditions for a graphs to have equal
equitable domination number and rings domination number. That is, what
are the conditions of a graph G such that if S is an equitable dominating set
of GG, then it is also a rings dominating set of G.

Lemma 3.5. Let G be any graph of order n > 5. Then G has a v.-set and
a Vri-set, and they coincide if and only if for such dominating set S,

i. for every vertexv € V(G)\ S, there exists u € S with wv € S such that
|deg(u) — deg(v)[ < 1, and |
ii. V(G)\ S is a union of i number of cycles C]ij_) for some i, with k; > 3.

Proof. Let G be any graph such that its v.-set and ~,;-set coincide. That
is, 7.(G) = 7(G) = |S|. Then by Definition 2.2, (i) follows. Moreover, by
Definition 2.3, it follows that every vertex in V(G) \ S is adjacent to atleast
two vertices in V(G) \ S.

If |V(G)\ S| =3, then V(G) \ S forms a cycle, and so we are done.

Suppose 3 < |[V(G) \ S| < oo. We choose vivy € V(G)\ S with v1vy € E(G)
and vy # ve. Take a vertex v, € V(G)\ S. Since deg(v;) > 2, for all 4, we can
choose vgy1 € {vs,vs_1}. Continue the process until we have the sequence of
vertices vy, - - -, vp41. By Pigeonhole Principle, there exists ¢, j with ¢ # j such
that v; = v;. Thus, V(G) \ S contains a cycle C’,gil). Now, since every vertex

v € (V(G)\ S)\ Cp, has degree of at least 2, we do the same process, and
so (V(G)\ S)\ C}. contains a cycle C,g) . Continue the process inductively, it

follows that V' (G) \ S contains cycles C’,gi) or is a union of ¢ number of cycles
for some 1.
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FiGUure 1. Graph G

Conversely, suppose (i) and (éi) hold. Let S C V(G). Since (i) holds, by
Definition 2.2, S is v.. Since (i7) holds, it follows that every vertex V(G) \ S
is adjacent to at least two vertices V' (G)\ S. Thus, this follows the Definition
2.3.

Therefore, the 7.-set of G and the ,;-set of G coincide. ]

Lemma 3.5 serves as the motivation of this paper. This introduces the
notion of equitable rings domination in graphs. To explore on this idea, we
now formally introduce the formal definition.

Definition 3.6. A dominating set S C V(G) is said to be an equitable
rings dominating set of G if for every v € V(G) \ S, there exists u € S
with wv € E(G) such that |deg(u) —deg(v)| <1, and v is adjacent to at
least two vertices in V(G) \ S. The minimum cardinality of an equitable
rings dominating set of G is called equitable rings domination number of G,
and is denoted by 7.(G). An equitable rings dominating set S of G with
S| = Yeri(G) is said to be 7.-set of G.

Example 3.7. Consider the graph in Figure 3.7. Then we have .,;-sets of
G as follows:

{a7b7c7d7€}7{a7g7c7i7€}7{a7b7h7d7j}7 and {f7g7h7?:7j}'
Therefore, v,:(G) = 5.

4. THE EQUITABLE RINGS DOMINATIONS IN (GRAPHS

The first two lemmas below follow from Definition 3.6.
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Lemma 4.1. Let G be any graph of order n with A(G) — 6(G) < 1. Then
Yeri = 1 if and only if A(G) =n — 1.

Lemma 4.2. Let G be any graph. If u € S C V(G) with deg(u) = A(G),
then S is a veri-set of G.

Proposition 4.3. There does not exist a Yeri-Set in a tree graph T,. In
particular, there does not exist a 7e.r;-set in a path graph P,.

Proposition 4.4. There does not exist a ~.r;i-set in a cycle graph C,.

The proofs of Propositions 4.3 and 4.4 follows directly from Propositions
3.2 and 3.3, respectively.

Theorem 4.5. There exists a yei-set in a complete k-partite graph
G=Kpnymp, B > 3, if there exists a vertex partition P; of cardinality
at least 2, such that || P;| — |P;j|| < 1, for all i # j. Moreover,

Veri (Kn1,n2,~-~,nk) = ’PZ| .

Proof. Suppose there exists a partition P; such that ||| — |FP;|| <1 for all
i # j, and let u;; be the kth vertex in the i¢th partition. Let |P;| = r. Then

the rest of the partitions are either P;, P/ or P/ such that |P;| = r — 1,

|Pj| = r and |P}| = r + 1. Suppose there are k; copies Pj, ky copies of P
and k3 copies of P/". Then deg(u) = ki(r — 1) + kor + k3(k + 1).
If vy is one of the vertices of P;’s, then

deg(vs) = (k1 — 1)(r = 1) + kor + k3(r + 1) +r.
Thus,
|deg(uij) — deg(vs)| = [(ki(r — 1) + kor + ks(k + 1)) — (k1 — 1)(r — 1)
t+hor + k3(r +1) +1)|
=1.
If v; is one of the vertices of P/’s, then
deg(ve) = k1(r — 1) + (ke — U)r + ks(r + 1) + 7.
Thus,
|deg(ui;j) — deg(ve)| = [(ki(r — 1) + kor + ks(k + 1)) — (k1(r — 1)
+(ky — D)r + ks(r + 1) +1)|
= 0.

Lastly, if v, is one of the vertices of P;”’s, then
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deg(v,) = k1(r — 1) + kor + (ks — 1)(r + 1) + .
Thus,
|deg(ui;) — deg(v:)| = [(ki(r = 1) + kor + E3(k + 1)) = (Ba(r — 1)
thor + (ks = 1)(r +1) +7)]
=1.

Since this holds for all w;; in the partition F;, j = 1,---,r, it follows
that we can choose P; to be the ~..-set. Therefore, 7..-set exists, and

VYeri (Knl,n27“',nk) - ‘Pz| L]

Corollary 4.6. There does not exist a Veri-set of G = Ky, nyo pp, K > 3, if
there exists a vertex partition P; such that ||P;| — |Pj|| > 2, for all i # j.

Theorem 4.7. There exists a Veri-set in a bipartite graph G = K, ,, if
N1 —ng| <1 forng > 3,n9 > 3. Moreover, Yeri (Kn,n,) = 2.

Proof. Let P, and P, be the vertex partitions of K, ,,. Let u; and v; be the
ith vertex and the jth vertex of P; and P, respectively. If |P;| = r, then
| Py| is either r — 1 or r + 1. Without loss generality, take |Py| = — 1. Then
deg(u;) = r — 1 and deg(v;) = r. Thus, |deg(u;) — deg(v;)| < 1. This means
that ~..-set exists. In particular, we may w; € P; and v; € P, and uq is

adjacent to all v; € P, for all j =1,--- ,r — 1, and v; is adjacent to all u;’s,
for all i = 1,--- ,r. Hence, we may take S = {u1,v1} as a yepi-set of K, ,.
Therefore, Yeri (K, n,) = 2. O

Corollary 4.8. There does not exist a Yeri-set of Ky, n,, if In1 —ng| > 2.

5. THE EQUITABLE RINGS DOMINATIONS IN GRAPHS UNDER SOME
BINARY OPERATIONS

In this section, we modify how we write the degree of a vertex to avoid
confusion. Given two graphs G and H, we denote degq(u) to refer the degree
of u in the graph G alone. Unless no binary operation is done yet, we use
the convention deg(u). Also, we denote degq, (1) to refer the degree of u in
G x H, for any binary operations * presented in this paper.

5.1. Join of Graphs.

Theorem 5.1. Let G and H be any graphs of order n and m, respectively.
Let S be eri-set of G and uw € S with degg(u) =n — 1. Then S is a Yeri-Set
of G + H if and only if every vertices in H have degree of atleast m — 2.
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Proof. Let w € S C V(G + H), with S a ~4-set of G + H. Since
degg(u) = n — 1, it follows that degq, y(u) =n—1+m. If v; € V(H),
then degg, y(vi) =n+degy(v;), for all ¢ = 1,--- ,m. Let degy(v;) = =.
Then degg, y(vi) = n+ 2. Thus,

|deg(u) —deg(vi)| =|(n—14+m—(n+2)) <L

This means that x must be at least m — 2. Since v; is arbitrary, this holds
for all vertices in H.

Conversely, suppose every vertices in H have degree of atleast m—2, and let
v; € V(H). Then, degg, y(v;)) > m —2+n. Since u € S and S is a 7.-set
of G, degg, y(u) =n — 14 m. Hence, we have

|deggypr(u) — deggyp(vi)| = |(n—=14m)—(m—2+n)| or
(n—14m)—(m—14+n)|,
which in either case is less than or equal to 1. This proves the claim. [

Theorem 5.2. Let G and H be any graphs of order at least 4. If
rYem'(G> - Veri(H) - 1; then ’Veri(G + H) = 1.

Proof. Let G and H be groups of order n and m, respectively. If
Yeri(G) = Yeri(H) = 1, then by Lemma 4.1, A(G) = n —1, §(G) = n — 2,
A(H) =m —1and §(H) =n —2. By Lemma 4.2, if u € S, S is a 7ei-set
of G, then degg,(u) = A(G) = n — 1. Thus, degg,y(u) =n — 1+ m. Now if
u € V(G)\ S, by Lemma 4.1, deg(v') = n — 2, and so
dege,g(u') =n—2+m.
Also, if hy,hy € V(H) with degy(h1) = A(H) and degg(hy) = 6(H). Thus,
by Lemma 4.1, degy(h1) = m — 1 and degy(hy) = m — 2, and so
degoiyg(h) =m —14+n and degg,y(he) =m—2+n.

Hence, we have

[deggip(u) —deggg(v)|=|(n—1+m)—(n—-2+m)| < 1.
|degqyg(u) —degayy(h)|=|(n—14+m)—(m—14+n)| <1.
[deggypm(u) —degaypy(he)| =[(n —14+m) —(m—-2+n)] <1

Therefore, u is in a ~..-set of G + H. Consequently, v.,;(G + H) = 1. H

Proposition 5.3. There exists a veri-set in K, + K, if |[n — m| < 1.
Otherwise, eri-set does not exist. Moreover, Ve.;(K, + K,) = 1.
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Proof. Let u; € V(K,,) and v; € V(K,,), fori=1,--- ,n,and j =1,--- ,m.
Thus, degg,m(ui)=n—1+m and degq, g(v;)=m—1+n, for all
t=1,---,n,and for all j =1,--- ,m. Hence,

|degqy i (ui) — deggyp(vy)| < 1.
Since it holds for any 7 and j, we may take u; in particular. Thus, S = {uy}
is a yer-set of K, + Ky, and 80 Yeri (K, + Kpp) = 1. O
5.2. Corona of Graphs.

Theorem 5.4. Let G and H be any graphs of order n > 3 and m > 3,
respectively. Then G o H does not have a 7..;-set whenever every vertices of
G has degree at least 2.

Proof. Suppose on the contrary that there exists a v.,;-set S in G o H. Take
uwe S If S cC V(G), then deggopy(u) > 3+ m. Let v; € V(H). Then
deggop(v1) < 1+ m. Thus, we have

|[deggom (1) — deggop (v1)] = [deggon (u)| — [degaom (v1))]
> (24+4m)—(1+m)
> 1.
This is a contradiction. Now, if S C V(H), then degg,p(u) <m+ 1. Let

vy € V(G). Then degg,y(va) > m + 2. Following the same argument, this
leads to contradiction. ]

Corollary 5.5. There exists Yepi-set in Pyo K,, n >3, and
Veri (PQ o Kn) - ‘V(PQ)’ = 2.
The following result is easy to follow.

Theorem 5.6. Let G and H be any graphs. If V(G) = {u} and there exists
a Yeri-set Sg of H such that for some v € Sy, degy(v) = |V(H)| — 1. Then
i. G is a Yeri-set of Go H.
ii. Sy is a Yeri-set of Go H.
Consequently, Yei (Go H) = 1.

5.3. Cartesian Product of Graphs.

Theorem 5.7. Let G and H be graphs of order at least 4 having the properties
that |A(G) — A(H)| <1 and |0(G) — 6(H)| < 1. Suppose further that either
of the graph G and H has the property that the difference of its maximum
and minimum degree is at most 1. Then there exists a 7e.i-set in G X H.
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Proof. Let u and v be vertices of G and H, respectively, such that
deg(u) = A(G) and deg(v) = A(H). Then |deg(u) —deg(v)| < 1. Fur-
thermore, let «' and v be vertices of G and H, respectively, such that
deg(u’) = 0(G) and deg(v') = 6(H). Then |deg(u’) — deg(v')| < 1. With-
out loss of generality, assume that G' has the property that

A(G) - 3(G)| < L.

Let (u,v) denote the vertex of G x H with respect to u and v after the cartesian
product operation. Then degq, i ((u,v)) = degqy(u) + degy(v). Now we have

|deggon ((u,v)) —deggm((u,v'))]

|degg(u) + degy (v) — degg(u) — degy (v')| < 1.
|deggor ((u,v)) —degg (W', 0))]

|degg(u) + degy (v) — degg(u') — degy (v')| < 2.

/

(
|deggop ((u,v)) — degg, (4, v))]
|degg(u) + degp (v) — degg(u') — degp (v)| < 1.
|[deggon ((u,v)) —deggyp((u',v))]

|deg(u) + degpy (v') — degg(u') — degy (v)] < 1.

Observe that the only absolute difference bounded by 2 is when between ver-
tices (u,v) and (u/,v’), and the rest of the absolute difference is at most 1.
This implies that we can choose a pairing of vertices as (u,v) and (v, v), or
(u,v) and (u,v’), or (u,v') and (u',v) to have a “dominant-dominee” rela-
tionship. Now (u,v) can be paired with either (u,v’) or (v'v), and either of
these is a dominating vertex to dominate (u,v). This is all possible since u
and v are indexed by the orders of G and H, respectively. Therefore, we can
always choose a dominating vertex for G X H. That is, Ve.-set in G x H. [

Proposition 5.8. Let G be any graph of order n > 1. If for every u € V(G),
deg(u) < 2, then G X Ky, has a Yeri-set, and veri(G X Ky,) =

Proof. Let ujv; € V(G x H), where u; € V(G), and v; € V(K,,). We present
the graph in Figure 5.3.

We arrange vertices in columns such that the entries of the first column
are of the form u;vq, the entries of the second column are u;v9, and so on, so
that wu;v,, is the entry of the mth column. This is possible because there are
m vertices for K,,. Moreover, there are also n rows since there are n vertices

of GG.
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UV ul n
u2v7 uz n

FIGURE 2. G x K,,

Consider the vertex u,v;. Note that u,v; is adjacent to all u,v; since all v;’s
are adjacent to each other for they are vertices of K,,. This means that u,v;
is adjacent to m + 1 vertices. Similarly, each vertices unv}s, ] =2,---,m,
are adjacent to at most m — 142 = m + 1 vertices since u;’s are adjacent at
most 2 vertices. This means that u,v; is a equitable rings dominating vertex
to all u,v;’s since the difference of degree to u,v; to u,v;’s is at most 1, for
all 7 = 2,---,m. Since this holds for all u;v’s, i = 1,--- ,n, all w;v{’s is an
equitable rings dominating vertices to other vertices. Therefore, we can pick
Yeri-set of G X H to the set of vertices of the first column. Hence, such ~,,;-set

exists and v.,+(G X H) = n. O

6. CONLUSIONS AND RECOMMENDATIONS

This paper provides an interesting results on equitable rings dominations
in graphs. We have shown the conditions when an equitable dominating set
and a rings dominating set coincide, and that where our motivation is taken
to present the notion of equitable rings domination. We also have shown
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results and conditions on the existence of equitable rings dominating sets in
graphs, and examined the numbers up to the binary operations.

As this notion draws an interesting study in the are of domination in graphs,
the researcher would like to recommend to the readers to study results and
existence of this notion to other binary operations that are not covered in this
study. Moreover, it would be a nice research if one could see the applications
of this notion to the other disciplines in mathematics.
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