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w—FILTERS OF ALMOST DISTRIBUTIVE LATTICES

N. RAFI*, P. VIJAYA SARADHI AND M. BALAIAH

ABSTRACT. The notion of w—filters is introduced in an Almost Distributive
Lattice (ADL) and properties are investigated. A necessary and sufficient condi-
tion is derived for a maximal filter of an ADL to become a w—filter which leads
to a characterization of a quasi-complemented ADL. Also, w—filters of an ADL are
characterized in terms of minimal prime D—filters.

1. INTRODUCTION

The notion of an Almost Distributive Lattice(ADL) was first introduced
by Swamy U.M. and Rao G.C. in their work [10]. This novel concept serves
as a common abstraction of many existing ring theoretic generalizations of
a Boolean algebra on one hand and the class of distributive lattices on the
other. The ADL framework introduced in the paper introduces the notion
of an ideal within an ADL, analogous to the concept in distributive lattices.
Notably, the authors established that the collection of principal ideals within
an ADL constitutes a distributive lattice structure. This provided a path
for the expansion of various lattice theory concepts and notions to the class
of ADLs. In [5], the concept of quasi-complemented Almost Distributive
Lattice was introduced and certain properties of quasi-complemented ADLs
were derived. In [3], the concept of D—filters is introduced recently by Rafi,
et.al. and studied their properties. The notion of w—filters in lattices was
introduced and studied their properties in [8] by Sambasiva Rao, et.al. In
the study this paper, a concept called “w—filters” is introduced in Almost
Distributive Lattices(ADLs) and their properties are investigated. For every
maximal filter in an ADL to become a w—filter, a set of equivalent conditions
must be satisfied. These conditions are established and help to characterize
a quasi-complemented ADL. In addition to characterizing w-filters, sufficient
conditions are derived to identify when a proper D—filter of an ADL becomes
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a w—filter. Finally, the w—filters of an ADL can be characterized using
minimal prime D—filters.

2. PRELIMINARIES

In this section, we recall certain definitions and important results from [/]
and [10], those will be required in the text of the paper.

Definition 2.1. [10] An algebra R = (R, V, A, 0) of type (2,2,0) is called an
Almost Distributive Lattice (abbreviated as ADL), if it satisfies the following
conditions:

(1) (avb)Ac=(aNc)V (bAc)
A\

(2) an(bVe)=(aNnb)V(aAc)
3) (aVO)Ab=1b

4) (avb)Na=a

(5) aV(aAnb)=a

(6) 0Aa=0

(7) av0=a, forall a,b,c € R.

Example 2.2. Every non-empty set X can be regarded as an ADL as follows.
Let xg € X. Define the binary operations V, A on X by

x\/y{x .1f:U7£:c0 x/\y{y 1f.x75x0

y if x =z ro if = x.

Then (X, V,A,xg) is an ADL (where zg is the zero) and is called a discrete
ADL.

If (R,V,A,0) is an ADL, for any a,b € R, define a < b if and only if
a = a Ab (or equivalently, a V b = b), then < is a partial ordering on R.

Theorem 2.3. [10] If (R,V,A,0) is an ADL, for any a,b,c € R, we have
the following:

JaVb=a<aANb=1D

2)avb=bsanb=a

3) A is associative in R

) aNbANc=bANaANc

5) (avVb)ANe=(bVa)Ac

6) aVvV(bAc)=(aVb)A(aVec)

YaAN(aVb)=a, (aNb)Vb=bandaV (bANa)=

8) aNa=aand aVa=a.

(1
(
(
(
(
(
(
(
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It can be observed that an ADL R satisfies almost all the properties of a
distributive lattice except the right distributivity of V over A, commutativity
of V, commutativity of A. Any one of these properties make an ADL R a
distributive lattice.

As usual, an element m € R is called maximal if it is a maximal element
in the partially ordered set (R, <). That is, for any a € R, m < a = m = a.

As in distributive lattices [1, 2], a non-empty subset I of an ADL R is called
an ideal of RifaVvb e I and aAx € I for any a,b € I and x € R. Also, a
non-empty subset F' of R is said to be a filter of RifaAbe Fand xVa € F
for a,b € F and x € R.

The set J(R) of all ideals of R is a bounded distributive lattice with least
element {0} and greatest element R under set inclusion in which, for any
I,J € 3(R), I NJ is the infimum of [ and J while the supremum is given
by IVJ:={aVb|aelbeJ}. A proper ideal(filter) P of R is called
a prime ideal(filter) if, for any z,y € R, x ANy € PleVy € P) = x € P
or y € P. A proper ideal(filter) M of R is said to be maximal if it is
not properly contained in any proper ideal(filter) of R. It can be observed
that every maximal ideal(filter) of R is a prime ideal(filter). Every proper
ideal(filter) of R is contained in a maximal ideal(filter). For any subset S of
R the smallest ideal containing S is given by

(S]={(Vsi)Ax|s; €S,xe Randn e N},
i=1

If S = {s}, we write (s] instead of (S] and such an ideal is called the principal
ideal of R. Similarly, for any S C R,

[S) :={zV (A si)|si€ S xeRandne N}
i=1
If S = {s}, we write [s) instead of [S) and such a filter is called the principal
filter of R.

For any a,b € R, it can be verified that (a]V(b] = (aVb] and (a]N(b] = (aNb).
Hence the set (37/(R),V,N) of all principal ideals of R is a sublattice of
the distributive lattice (J(R),V,N) of all ideals of R. Also, we have the set
(§(R),V,N) of all filters of R is a bounded distributive lattice.

Theorem 2.4. [0] Let R be an ADL with maximal elements. Then P is a
prime ideal of R if and only if R\ P is a prime filter of R.

It is known that, for any x,y € R with x < y, the interval [z, y] is a bounded
distributive lattice. Now, an ADL R is said to be relatively complemented if,



4 RAFI, SARADHI AND BALAIAH

for any z,y € R with x < y, the interval [z, y] is a complemented distributive
lattice.

Theorem 2.5. [9] An ADL R with maximal elements is relatively comple-
mented if and only if B(R) = R, where

B(R) = {x € R|there exists y € R such that x Ny =0

and x \V y is mazimal}.

Definition 2.6. [7] For any nonempty subset A of an ADL R, define
A* = {x € RlaNz = 0 for all a € A}. Here A* is called the annihilator
of A in R.

For any a € R, we have {a}* = (a]*, where (a] is the principal ideal
generated by a. An element a of an ADL R is called dense element if

(a]* = {0} and the set D of all dense elements in ADL is a filter if D is
non-empty.

Definition 2.7. [5] An ADL R is said to be quasi-complemented if to each
a € R, there exists an element b € R such that a Ab=0and aVbe D.

Definition 2.8. [3] A filter G of R is said to be a D—filter of R if D C G.
An D—filter @ is said to be proper if Q C R. A proper D—filter @) is said
to be maximal if it is not properly contained in any proper D—filter of R. A
proper D—filter () of an ADL R is said to be a prime D—filter if () is prime
filter of R.

Definition 2.9. [3] A prime D—filter M of an ADL R containing a D—filter
GG is said to be a minimal prime D—filter belonging to G if there exists no
prime D—filter N such that G C N C M.

Note that if we take D = G in the above definition then we say that M is
a minimal prime D—filter.

Definition 2.10. [3] For any nonempty subset S of R, define
(S,D)={a€R|sVaeD, foral seS}.
We call this set as relative annihilator of S with respect to the filter D.

For S = {s}, we denote ({s}, D) by (s, D).

Theorem 2.11. [3] For any x,y € R we have the following:
(1) ([z), D) = (=, D),

(2) 2 <y=(x,D) C (v, D),

(3) (x Ay, D) = (z,D) N (y, D),
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(4) ((zVy,D),D)=((z,D),D)N((y, D), D),
(5) (z,D) = R <z € D.

3. W—FILTERS OF AN ADL

In this section, the concept of w—filters is introduced in an ADL and their
properties are investigated. For every maximal filter in an ADL to become a
w—filter, a set of equivalent conditions must be satisfied. These conditions are
established and help to characterize a quasi-complemented ADL. In addition
to characterizing w-filters, sufficient conditions are derived to identify when
a proper D—filter of an ADL becomes a w—filter. Finally, the w—filters of
an ADL can be characterized using minimal prime D—filters.

Proposition 3.1. For any prime filter M of a quasi-complemented ADL R
with mazximal element m, the following are equivalent:

(1) D C M,

(2) for any a € R, a € M if and only if (a, D) € M,

(3) for any a,b € R with (a, D) = (b, D),a € M implies that b € M,

(4) DN (R\ M) = 0.

Proof. (1) = (2): Suppose a € M. Since R is quasi-complemented, there
exists b € R such that a Ab = 0 and a Vb € D. Then b € (a,D).
Clearly, we have b ¢ M and hence (a,D) ¢ M. Conversely, assume that
(a,D) ¢ M. Then there exists b € R such that b € (a,D) and b ¢ M.
Clearly, a Vb€ D C M. Since M is prime and b ¢ M, we get a € M.

(2) = (3): Let a,b € R with (a,D) = (b, D). Suppose a € M. By our
assumption, we get (a, D) € M and hence (b, D) € M. Therefore b € M.

3) = (4): Letaec R Ifae DN(R\ M). Then (a,D) = R and a ¢ M.
Therefore (a, D) = R = (m, D). Since m € M, by our assumption, we get
a € M, which is a contradiction. Hence DN (R \ P) = 0.

(4) = (1): It is clear. O

Theorem 3.2. Let o’ be the quasi-complement of a in an ADL R. Then every
prime D—filter contain exactly one of a or a'.

Proof. Since a' be the quasi-complement of a, we have aAd’ = 0 and aVa' € D.
Let M be a prime D—filter of L. Clearly, aVa' € D C M. Since M is prime,
we get a € M or a’ € M. Suppose a € M and @’ € M. Then 0 =a A d € M,
which is a contradiction. Hence M must contain exactly one of a or a/. [

Proposition 3.3. Let R be a quasi-complemented ADL. Then the following
conditions are equivalent:
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(1) R is a relatively complemented ADL,

(2) every prime filter contains exactly one of a or a', where a’ is the quasi-
complement of a in R,

(3) every prime filter is a D—filter,

(4) every minimal prime filter is a D— filter.

Proof. (1) = (2): Let M be a prime filter of R and a € M. By our assumption,
there exists an element ¢’ € R such that a Aa’ =0 and a V o’ is a maximal
element. Since a V o’ is maximal, we get a V a’ € M. Since M is prime, we
get a € M or a' € M. Since a A a' =0, we get M contain exactly one of a or
a,

(2) = (3): Let M be a prime filter of R. Let a € D. Since R is quasi-
complemented, we get a’ € (a)* = {0}. Hence ¢’ = 0 ¢ M. By the condition
(2), we get a € M. Thus D C M. Therefore M is a D—filter of R.

(3) = (4): Tt is clear.

(4) = (1): Let a € R. Suppose a V d’ is not a maximal element of R. Then
there exists a maximal ideal M of R such that aVa' € M. Clearly, R\ M is
a minimal prime filter such that a V@’ ¢ R\ M. By our assumption, we get
R\ M is D—filter and a V&' € R\ M. It gives R\ M must contains exactly
one of a or @', which is a contradiction. Therefore aV a’ is a maximal element
and hence R is a relatively complemented ADL. [

Theorem 3.4. For any proper filter M of a quasi-complemented ADL R, M
is mazimal if and only if M is a prime D—filter.

Proof. Let M be any proper filter of R. Assume that M is a maximal filter of
R. Clearly, M is prime. Let a € D. Then (a)* = {0}. Suppose a ¢ M. Then
M V [a) = R. There exist s € M and t € [a) such that 0 = s A t. Therefore
s A a = 0, which gives s € (a)*. Since (a)* = {0}, we get s = 0. Therefore
0 € M, which leads M = R, which is a contradiction. Hence a € M. Thus
D C M. Therefore M is a prime D—filter of R. Conversely, assume that M
is a prime D—filter of R. Suppose M is not maximal. Then there exists a
proper filter N of R such that M C N. Choose a € N \ M. Since R is quasi-
complemented, there exists a’ € R such that aAa’ =0and aVad' € D C M.
Since M is prime and a ¢ M, we get ' € M C N. Then 0 = aAd € N,
which is a contradiction. Therefore M is maximal. ]

In a quasi-complemented Almost Distributive Lattice (ADL), the class of
all maximal filters and the class of all prime D-filters of R are equivalent.
Additionally, since every prime D-filter is maximal, we can deduce that every
prime D-filter is minimal in a quasi-complemented ADL. Consequently, the
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sets of maximal filters, prime D-filters, and minimal prime D-filters are all
identical in a quasi-complemented ADL.

Definition 3.5. For any ideal I of an ADL R, define
w(l)={a€ R|aVseD, for some s € I}.

Clearly, w(I) = | (a, D).
acl
Proposition 3.6. Let [ be an ideal of an ADL R. Then w(l) is a D—filter
of R.

Proof. Clearly, D C w(I). Let a,b € w(I). Then there exist s,t € I such that
aVseDandbVte D. Since D is a filter of R, we get sV{iVa € D and
sVtVvbe D. Then (sVtVa)A(sVtVvb) € D and hence (sVt)V(aAb) € D.
Therefore (a Ab) V (s Vt) € D. Since s,t € I, we get sVt € I and hence
aNb e w(l). Let a € w(l). Then there exists s € I such that a Vs € D. Let
r € R. Since D is a filter of R, we get (rVa)Vs € D and hence rVa € w(I).
Therefore w([l) is a D—filter of R. O]

Lemma 3.7. Let I, J be two ideals of an ADL R. Then we have the following:
(1) INnw(l) #0 < w(l) =R,

(2) I CJ=w() Cw(J]),

(3) w(l) Nw(J) =w(I NJ).

Proof. (1). Assume that I Nw(I) # (). Then choose an element a € I Nw([I).
Then a € I and a € w(I). Since a € w(I), there exists s € I such that
aV s € D. By Theorem 2.11(5), we get (a V s,D) = R. Since a € I and

s €I, wegetaVs el Hence w(l) = |J(a, D) = R. Conversely, assume
acl

that w(I) = R. Then 0 € w(I) and hence 0 € I Nw(I). Thus I Nw(l) # 0.
(2). Assume I C J. Let a € w(I). Then there exists s € I such that
aVs € D. Since I C J, we get s € J and hence a € w(J). Thus w(l) C w(J).
(3). Clearly, w(INJ) Cw(l)Nw(J). Let a € w(I)Nw(J). Then there exist
se€landt e Jsuchthat aVse DandaVtée D. Since s € [ andt € J,
we get s At €INJand hence aV (sAt)=(aVs)A(aVt)€ D. Therefore
a € w(lNJ). Hence w(I) Nw(J) Cw(INJ). O

Proposition 3.8. If I,J are two ideals of an ADL R with w(I) N J = (),
then there exists a prime D—filter M such that w(I) € M and M N0 J = 0.

Proof. Let I and J be two ideals of an ADL R such that w(I) N J = 0.
Then there exists a prime ideal P such that J C P and w(I) N P = (). Since
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w(I)NP =10, weget D Cw(l)C R\ P.Since R\ P is a prime filter of R,
we get R\ P = M is a prime D—filter of R containing w([I). O]

The definition of w—filter in an ADL is now as follows.

Definition 3.9. A D—filter G of an ADL R is said to be a w—filter if
G = w(I), for some ideal I of R such that I N D = ().

From the above definition, it is easy to verify that w({0}) = D. Hence D
is proper and the smallest w—filter of R.

Example 3.10. Let R = {0,1,2,3,4,5,6,7} and define V, A on R as follows:

ANOI1]2/3[4|5]6|7 VIi0I1]2/3[4/5]6|7
0/0(0{0({0]0({0|0/O0O 0/0(1]2(3]4/5]|6|7
11011234567 1y1{1f1{1f1j1/1|1
21011234 (5]6|7 21212222222
310(313(3]0(0|3/|0 313(112(3]1/2|6/|6
410145045 |7|7 41411111114 (4]|1(4
5(0(4/5]0(4|\5|7|7 5[512(2|2[5|5]2|5
6/0/6(6|3|7|7|6]|7 6/6(1/2(6]1/2|6|6
T10\7T| 7|0 7|7 7|7 7T171112/6{4/5]6|7

Then (R,V,A) is an ADL. Clearly, D = {1,2,6} and G = {1,2,3,6} are
filters of R satistying D C G. Therefore G is a D—filter of R. Consider an
ideal I = {0,7}. Then clearly, w(I) = {1,2,3,6} = G. Hence G is a w—filer
of R.

Proposition 3.11. For anya ¢ D in an ADL R. we have (a, D) is a w—filter
of R.

Proof. Let a ¢ D. Clearly, we have (a]ND = (). Let s € (a, D). Then sVa € D.
Since a € (a], we get s € w((a]) and hence (a, D) C w((a]). Let s € w((a]).
Then there exists b € (a] such that s Vb € D and hence sV a € D. It follows
s € (a, D). Therefore w((a]) C (a, D) and hence (a, D) = w((a]). Thus (a, D)
is a w—filter of R. L]

Theorem 3.12. Let M be a prime D—filter of an ADL R with (M, D) # D.
Then M s a w—filter.

Proof. Assume that (M, D) # D. Since D C (M, D), we get (M,D) ¢ D.
Then there exists a € (M, D) such that a ¢ D. Clearly, (a]ND = and a ¢ M.
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Then M C ((M,D),D) C (a,D). Therefore M C (a,D). Let s € (a, D).
Then sVa € D C M. Since a ¢ M, we have s € M. Then (a,D) C M.
Therefore M = (a, D) = w((a]) and hence M is a w—filter of R. O

Theorem 3.13. Every minimal prime D—filter of an ADL R is a w—filter.

Proof. Let M be a minimal prime D—filter of R. Then R\ M is a prime ideal
of R such that DN (R\ M) = (). Now prove that M = w(R\ M). Let a € M.
Since M is minimal, there exists b € R\ M such that a Vb € D. Hence
a € w(R\ M). Therefore M C w(R\ M). Let a € w(R \ M). Then there
exists s € R\ M such that a Vs € D C M. Since M is prime and s ¢ M, we
get a € M. Therefore w(R\ M) C M and hence M = w(R\ M). Thus M is
a w—filter of R. L]

We now turn our intension towards the converse of the above theorem. In
general, every w—filter of an ADL need not be a minimal prime D—filter. In
fact it need not even be a prime D—filter. It can be observed in the following
example:

Example 3.14. Consider a distributive lattice L = {0, a, b, ¢, 1} and discrete
ADL A ={0,d'}.

Clearly,
R=AxL={(0,0),(0,a),(0,b),(0,c),(0,1),(d,0),
(a,a), (a’,b), (d,c), (d', 1)}

is an ADL with zero element (0,0"). Clearly, D = {(d/,¢), (a/,1)} is a dense
set. Consider a D—filter

G ={(d,c),(d,1),(d,b)}
and an ideal I = {(0/,0),(0",a)}. Clearly, we have w(I) = G and hence G
is a w—filter. But G is not prime, because (a’,a) V (0',b) = (d’,¢) € G, but
(a',a) ¢ G and (0',0) ¢ G.

Though every w—filter need not be a prime D—filter, we derive a necessary
and sufficient condition for a w—filter of an ADL to become a prime D—filter.
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Theorem 3.15. A proper w—filter G of an ADL R is a prime D-filter if and
only if G contains a prime D—filter.

Proof. Let G be a proper w—filter of R. Assume that G is a prime D—filter
of R. Clearly, G contains a prime D—filter G. Conversely, assume that G
contains a prime D—filter, say M. Since D C M C G,G is a D—filter of
R. Since G is a w—filter, we get G = w([), for some ideal I of R with
IND = 0. Let s,t € R such that s ¢ G and ¢t ¢ G. Since M C G, we
get s ¢ M and t ¢ M. Since M is prime, we get s Vt ¢ M. Therefore
(sVt,D) C M C G =w(l). Suppose s Vt € G = w(I). Then there exists
x € I such that sVtVvae e D. It follows x € (s Vt,D) C w(/ ) Therefore

r € I Nw(l) and hence I Nw(l) # 0. By Lemma 3.7(1), G = w(l) = R,
which is a contradiction. Hence sVt ¢ G. Thus G is a prime D—filter of
R. ]

It is observed that every minimal prime D—filter is a prime w—filter of R.
Now we established the equivalency between prime w—filters and minimal
prime D—filters of an ADL.

Theorem 3.16. Every prime w—filter of an ADL R is a minimal prime
D—filter.

Proof. Let M be a prime w—filter of R. Then M = w([), for some ideal [
of R with IN'D =1. Let a € M = w([I). Then there exists b € I such that
aVb e D. Suppose b € M. Then b € I Nw(I). That implies I Nw(I) # (. By
Lemma 3.7(1), M = w(I) = R which is a contradiction. Therefore b ¢ M
and hence M is a minimal prime D—filter. [

Theorem 3.17. In an ADL R, the following are equivalent:
(1) R is quasi-complemented,

(2) every prime D—filter is a w—filter,

(3) every prime D—filter is minimal,

(4) every maximal filter is a minimal prime D— filter,

(5) every maximal filter is a w—filter.

Proof. (1) = (2): Let M be a prime D—filter of R. Then R\ M is a prime
ideal of R such that (R\ M) N D = (). Now prove that M = w(R\ M). Let
a € M. Since R is quasi-complemented, there exists b € R such that aAb =10
and a Vb € D. Clearly, b ¢ M, which gives that b € R\ M. Since a Vb € D,
we get a € w(R\ M). Therefore M C w(R\ M). Let a € w(R\ M). Then
there exists b € R\ M such that avb e D. Sinceavbe D C M and b ¢ M,
we get a € M. Therefore w(R\ M) C M. Hence M is a w—filter of R.
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(2) = (3): Let M be a prime D—filter of R. By our assumption, P is a
prime w—filter. By Theorem 3.16, we have P is minimal.

(3) = (4): It is clear.

(4) = (5): It is clear.

(5) = (1): Let a € R. Suppose 0 ¢ [a)V(a, D). Then there exists a maximal
filter M such that [a) V (a, D) € M. Therefore a € M and (a, D) C M. By
the assumption, M is a w—filter. Since M is prime, by Theorem 3.16, M
is minimal prime D—filter. Then a ¢ M, which is a contradiction. Hence
0 € [a) V (a, D). There exists s € (a, D) such that a A s = 0. Since s € (a, D),
we get sV a € D. Thus R is quasi-complemented. ]

We conclude this paper with a characterization theorem of w—filters in
terms of minimal prime D —filters. For this, we first need the following results.

Lemma 3.18. Let I be an ideal of an ADL R such that IND = 0. If M is
a minimal prime D— filter containing w(I), then I N M = ().

Proof. Let M be a minimal prime D—filter of R with w(/) C M. Suppose
a € INM. Then a € M and a € I. Since M is minimal and a € M, there
exists b ¢ M such that a Vb € w(I). Then there exists x € I such that
(avb)Vax € D. Hence bV (aVz) € Dand aVx € I. Therefore b € w(l) C M,
which is a contradiction. Thus I N M = (). L]

Lemma 3.19. Every minimal prime D—filter of an ADL R containing a
w—filter is a minimal prime D— filter in R.

Proof. Let G be a w—filter of R. Then G = w(I), for some ideal I of R such
that 7N D = (). Let M be a minimal prime D—filter containing G = w([).
By the above lemma, I N M = (). Let a € M. Then there exists b ¢ M such
that a Vb € w(I). There exists € I such that (a vV b) Vx € D. Therefore
aV(bVz)e DC MandbVaxé¢ M. Thus M is a minimal prime D—filter of
R. O

Now, w—filters are characterized in terms of minimal prime D—filters.

Theorem 3.20. Every w—filter of an ADL R is the intersection of all
minimal prime D—filters containing it.

Proof. Let G be a w—filter of R. Then G = w(I), for some ideal I of R such
that IND = (). Let H = (\{M|M is a minimal prime D—filter containing G'}.
Clearly, G C H. Let ¢ G = w(I). Then x Vs ¢ D, for all s € I. Then there
exists a minimal prime D—filter M such that Vs ¢ M. It follows x ¢ M and
s ¢ M. Since M is prime, (s,D) C M, for all s € I. Then G = w(I) C M.
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Hence M is minimal such that G C M and x ¢ M. Therefore x ¢ H, which
leads H C G. Thus G = H. ]

Theorem 3.21. Let {Gy}aen be a class of w—filters of an ADL R. Then
() G is a w—filter of R.

aeN

Proof. For each a € A, let G, = w(l,) where [, is an ideal of R such
that I, N D = (). Then {I,}scn will be an arbitrary family of ideals in R
such that I, N D = () for each a € A. Hence () I, is an ideal of R such

ae

that ( N Ia) N D = (. By Lemma 3.7(3), we get (| w(l,) = w( N Ia>.
aeA acA aeA

Therefore [ G, is a w—filter of R. O
aceA

Note that the class of all w—filters of an ADL is closed under set-intersection.
In general, w—filters need not be closed under finite joins. However, in the
following, we prove that the class §,(R) of all w—filters of an ADL R forms
a complete lattice.

Theorem 3.22. Let I,J be two ideals of an ADL R such that
IND =JnNnD = 0. Then w(I V J) is the smallest w—filter containing
both w(I) and w(J).

Proof. Let I,J be two ideals of R such that I N D = JN D = (). Clearly,
(I vJ)ynD = (. By Lemma 3.7(2), we get w(l) C w(I V J) and
w(J) C w(l Vv J). Suppose w(l) C w(K) and w(J) C w(K), for some ideal
K of R with KN D =1{. Let a € w(IV J). Then there exist s € [ and t € J
such that aV (sVt) € D. Therefore aVs € w(J) C w(K). There exists v € K
such that aVsVx € D. Since xVy € K, we get a € w(K). Therefore w(IV J)
is the supremum of w(I) and w(J). Consider this supremum by w(I)Uw(J).
Thus (§u(R),N, L) forms a lattice. O

Corollary 3.23. Let {w(l,)}acn be a class of w—filters of an ADL R where

I.ND =0 for eachaw € . Then | | w(ly,) is the smallest w—filter containing
ae

each w(ly,).

It can be easily observed that the class of all w—filters of an ADL forms a
complete lattice with respect to set inclusion C, in which for any {w(l,) }aea

of w—filters, inf{w(l,)}taca = w( [\ I.) and
aeA
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sup{w(l,)}aer = w( \V Ia>.

aEA
Since the class of all ideals of an ADL forms a complete distributive lattice,
the class F,(R) of all w—filters of an ADL R forms a complete distributive
lattice. In general, the class §,(R) of all w—filters of an ADL R is not a
sublattice of the filter lattice F(R). However, in the following, we derive a set
of equivalent conditions for §,(R) to become a sublattice of F(R). For this,
we first need the following result.

Lemma 3.24. Fvery proper w—filter is contained in a minimal prime
D—filter.

Proof. Let G be a proper w—filter of R. Then G = w([) for some ideal I of R
with IND = (). Hence D C w(I) = G. Clearly, GNI = w(I)NI = (). Consider,
the set § = {H | H is an ideal of R such that I C H and GNH = (}. Clearly
I € § and § satisfies the Zorn’s lemma. Let N be a maximal element of §.
Then N is an ideal of R such that I € N and GN N = (). Since D C G, we
get DN N = (). Therefore N is an ideal which is maximal with respect to
the property that DN N = (). Hence R\ N is a minimal prime D—filter such
that G C R\ N. O]

Theorem 3.25. In an ADL R, the following are equivalent:
(1) Suw(R) is a sublattice of F(R),

(2) for z,y € R,xVy € D implies (z,D)V (y, D) = R,

(3) for z,y € R,(z,D) V (y, D) = (z Vy, D),

(4) forI,J € 3(R),IV J = R implies w(I)Vw(J) = R,

(5) forI,J € I3(R),w(l)Vw(J)=w(lVJ).

Proof. (1) = (2): Let x,y € R with x Vy € D. Suppose

(z,D)V (y, D) # R.

Since (x,D) and (y,D) are w—filters of R, by hypothesis, we get
(x, D)V (y, D) is a proper w—filter of R. By Lemma 3.24, there exists a min-
imal prime D—filter M such that (x, D) V (y,D) C M. Hence (z,D) C M
and (y, D) C M. Since M is a minimal prime D—filter, we get « ¢ M and
y & M. Since M is a prime filter, we get x V y ¢ M, which is a contradiction
to that x Vy € D C M. Therefore (z, D) V (y, D) = R.

(2) = (3): Let z,y € R. Clearly (z,D) V (y,D) C (x V y,D). Let
s€ (xVy,D). Then sV (xVy) € D. It follows (s Vz)V (sVy) € D. By our
assumption, we have (sVz, D)V (sVy, D) = R. Then s € (sVx, D)V (sVy, D).
There exist a € (s V z,D) and t € (s V y, D) such that s = a A t. Since
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€ (sva,D), we get aVs € (z, D). Similarly, we have tVs € (y, D). Clearly,
(sVa)A(sVt) € (x, D)V (y, D), which leads sV (aAt) € (z, D)V (y, D). Since
s=aAls, wegetsée (x,D)V (y,D). Therefore (x Vy,D) C (z,D)V (y,D)
and hence (z, D)V (y,D) = (z Vy, D).

(3) = (4): Let I,J be two ideals of R with I V J = R. Let = be a dense
element of R. Then there exist s € I and ¢t € J such that x = sV t. By our
assumption, we get R = (z,D) = (sVt,D) = (s,D)V (t,D) Cw(l)Vw(J).
Hence w(I) Vw(J) = R.

(4) = (5): Let I, J be two ideals of R. Clearly, w(I)Vw(J) C w(IVJ). Let
a € w(IVJ). Then there exists s € [V J such that aVVs € D. Since s € [V J,
there exist x € I and y € J such that s = x V y. Since a Vs € D, we get
aV(zxVy) € D. Hence ((aVz)V(aVy)] = (D], which gives (a\/x]\/(a\/y] R.
Therefore w((aVz])Vw((aVy]) = R and hence (aVz, D)V (aVy, D) = R. Since
a € R, wehavea € (aVx,D)V(aVy,D). Then there exist s € (aVx, D) and
t € (aVy, D) such that a = sAt. Since s € (aVz, D) and t € (aVy, D), we get
aVs € (x,D)and aVt € (y,D). Then (aVs)A(aVt) € (z,D)V(y, D), which
leads aV (s At) € (x, D)V (y, D). Since s A\t = a, we get a € (xz, D)V (y, D).
Since (z, D) V (y,D) C w(I) Vw(J), we get a € w(I) V w(J). Therefore we
get w(I VvV J) Cw(l)Vw(J). Hence w(l VvV J) = w(l) Vw(J).

(5) = (1): It is clear. O

Theorem 3.26. Let §,,(R) be a sublattice of F(R). If {Ga}acn be any class
of w—filters of R, then \/ G, is again a w—filter of R.

aeN

Proof. For each o € A, let G, = w(l,) where I, is an ideal of R such
that I, N D = (). Then {I,}scn will be any class family of ideals of R with
I.ND =, for all & € A. Clearly, (VI,)ND = (). Since G, = w(l,) C w(VI,)
for each o € A | we get VG, C w(VI,). Let a € w(VI,). Then there exists
s € VI, such that aVVs € D. Then there exists a positive integer n such that
s=51VsyV---Vs, where s; € I,.. By condition (4) of Theorem 3.25, we get

aVseD =aV(sVsyV---Vs,) €D
i(a\/sl)\/(a\/sQ)\/°~\/(a\/sn)ED
= (aVs|V(aVsV---V(aVs)|=R
= wl((@ V) V(e s) Vv u((aV )
= (aVs,D)V(aVsy,D)V---V(aV s, D)=
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Since a € R we get a € (aV s1,D)V (aV sy, D)V---V(aVs,,D). Then there
exists t; € (aV s;, D) for i =1,2,---  n such that a = t; Ata A+ At,. Now,

a=aVa
=aV (b Ata A Aty)
=(aVt) AN(aViy)AN---N(aVt,) € (s1,D)V (s2,D)V -V (sy,D)
Cw(l)Vw(ly) V- Vw(l,)
=G VGyV--- VG, CVGE,.
That implies w(VI,) C VG,. Thus VG, is a w—filter of R. O

Theorem 3.27. Let §,(R) be a sublattice of §(R). For any D—filter G, there
exists a unique w— filter contained in G.

Proof. Let G be any D—filter of R. Consider M = {H € §,(L) | H C G}.
Since D is the w—filter and D C G, we get D € 9. Clearly, 0 satisfies the
hypothesis of Zorn’s Lemma. Then 91 has a maximal element let it be N.

It is enough to show that N is unique. Let ) be any maximal element of

M such that N C Q. Clearly, N V@ C G. By Theorem 3.25, N V ) € 9.
Therefore N = N V Q = Q. Thus 91 has a unique maximal element, which
is the required w—filter contained in G. [
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