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ON THE NILPOTENT DOT PRODUCT GRAPH OF A COMMUTATIVE
RING

A. ALI* AND B. AHMAD

ABSTRACT. Let £ be a commutative ring with 1 # 0, 1 < m < oo be an integer and
R=BXBxX--xPB (m times). In this paper, we introduce two types of (undirected)
graphs, total nilpotent dot product graph denoted by 7nD(R) and nilpotent dot
product graph denoted by ZxD(R), in which vertices are from R* = R\ {(0,0,...,0)}
and Zx(R)" respectively, where Zy(R)* = {w € R*|wz € N(R), for some z € R*}.
Two distinct vertices w = (w1, ws, ..., wy,) and z = (z1, 29, ..., 2;,) are said to be
adjacent if and only if w -z € N (%) (where w - z = w121 + - - - + Wy 2m, denotes the
normal dot product and N (48) is the set of nilpotent elements of ). We study about
connectedness, diameter and girth of the graphs TAD(R) and ZxD(R). Finally, we
establish the relationship between Ty D(R), ZyD(R), TD(R) and ZD(R).

1. INTRODUCTION

Let R be a commutative ring with a non-zero identity, and let Z(R) and
N(R) be the sets of zero-divisors and nilpotent elements in R, respectively.
If H is any non-empty subset of a ring R, then H* = H\ {0}. A ring R is said
to be reduced, if it has no non-zero nilpotent elements. In recent times, there
has been a significant effort to explore the structural properties of a ring in
relation to its zero-divisor graph. The concept of the zero-divisor graph for
commutative rings was originally introduced by Anderson and Livingston|(].
The zero-divisor graph, denoted as I'(R) for a ring R, is defined as a simple
undirected graph with a vertex set Z(R)". In this graph, two distinct vertices
are adjacent if their product is zero. Several graph structures have been
defined on rings and studied by various authors, as referenced in the following

works [1, 4, 7,5, 10, 12, 18, 20, 21, 22, 23, 25]. One can refer [3] for the
entire literature on graphs from rings. The concept of a nilpotent graph
was introduced by Chen[l1]. In which, all the elements of a ring R are

considered as vertices. Two distinct vertices w and z are adjacent if and only
if wz € N(R). In the mentioned paper, Chen[! 1] studied vertex colouring of
a graph. Motivated by the concept of Chen in 2010 Ai-Hua and Qi-Sheng][!0)]
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introduced the modified definition of a nilpotent graph denoted by I'y/(R).
In which they considered the collection

Zy(R)" = {w € R*|wz € N(R) for some 2 € R*}

to be a set of vertices of I'y/(R) and two distinct vertices of I'y/(R) are
adjacent if wz € N(R). They observe that I'(R) is a subgraph of I'y/(R) and
studied the basic properties of I'y/(R). Further a lot of work has been done
related to the nilpotent graph in [11, 14, 13, 16, 17, 19, 24].

Let £ be a commutative ring with 1 # 0, 1 < m < oo be an integer,
and let R = & x --- x & (m times). In 2015, Badawi[9] introduced the
total dot product graph TD(R) and zero-divisor dot product graph ZD(R)
of a ring R in which vertices are taken from R* = R\ {(0,0,...,0)} and
ZR)* = Z(R) \ {(0,0,...,0)} respectively. Two distinct vertices w and z
are adjacent if and only if w -z = 0. Motivated by the idea of Badawi
and concept of Ai-Hua and Qi-Sheng][16], we introduce the total nilpotent
dot product graph TyD(R) and nilpotent dot product graph ZyD(R) with
vertices from R* and Zy(R)* = Zn(R) \ {(0,0,...,0)} respectively. Two
distinct vertices w and z are adjacent if and only if w -2z € N(%). It can
be observed that TyD(R) and ZyD(R) are extended graphs of TD(R) and
ZD(R), respectively.

Let G be a simple (undirected) graph with vertex set V(G) and edge set
E(G). We say that a graph G is connected, if there exists a path between any
two distinct vertices of a graph G. The length of the shortest path between
two distinct vertices w, z € V(G) is denoted by d(w, z). If there is no path
between w and z, then d(w, z) = co. The diameter of a graph G denoted by
diam(G)=sup{d(w, z)| where w, z € V(G)}. The girth of a graph G denoted
by gr(G) is defined as the length of the shortest cycle in G ( gr(G) = oo, if G
contains no cycle). A complete graph is defined as the graph in which every
two distinct vertices are adjacent. Recall that G is a complete bipartite graph
if the vertex set of G can be partitioned into two vertex sets say V; and V5
such that for every x € V] is adjacent to every y € V5 and no distinct vertices
in the same set (i.e, either V] or V5) are adjacent. A complete bipartite graph
in which atmost one vertex has degree greater than one is called a star graph.
For more definitions related to the graph one can see [20].

Let £ be a commutative ring with 1 £ 0, 1 < m < oo be an integer, and
let R =% x --- x Z (m times). In this paper, we prove that TyD(R) is a
connected graph with diam(TyD(R)) = 2 for all m > 1, provided that %
is a nonreduced ring. Further, we demonstrate that 7yD(R) is connected
graph and its diam(TyD(R)) < 3, for all m > 3. For the graph ZyD(R), we
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show that ZyD(R) is connected, diam(ZyD(R)) < 3 and gr(ZyD(R)) < 4
for all m > 1. Moreover we prove that for m > 2, if girth exists, then
gr(TvD(R)) = gr(ZxD(R)) = 3. Finally, we establish the relationship
between TD(R), ZD(R), TND(R) and ZyD(R).

2. BAsIC PROPERTIES OF TAyD(R) AND ZyD(R)

The purpose of this section is to study about connectedness, diameter, and
girth of the graph TyD(R) and ZyD(R). The following lemma is trivial.

Lemma 2.1. Let A be a commutative ring with 1 # 0 and

R=BXABX- XA

(m times), where 1 < m < oo. If u,v € R such that uwv € N(R), then
u-v € N(B).

Remark 2.2. Converse of the Lemma 2.1 need not be true in general. Let
R = Zg x Zg. Then for a = (1,3),b = (3,1) € R*, a-b =0 € N(A).
However ab = (3,3) ¢ N(R).

Theorem 2.3. Let B be a commutative ring with 1 # 0 and
R=BXBX---XHB

(m times), where 1 < m < oo. Then ZNyD(R) is connected and
diam(ZyD(R)) < 3. Moreover, if Z\yD(R) contains a cycle, then
gr(ZyvD(R)) < 4.

Proof. By [16, Theorem 2.1], T'zr(R) is connected and diam(I'y»r(R)) < 3.
From Lemma 2.1, we can say that I'y(R) is a subgraph of ZyD(R)
and therefore diam(ZyD(R)) < diam(Ia(R)). Hence ZyD(R) is con-
nected and diam(ZyD(R)) < 3. By assumption, ZyD(R) contains a cycle.
Suppose that m > 3. For each ¢ € {1,2,3,...,m}, let ¢; denote the ele-
ment of R whose i-th coordinate equals 1 and j-th coordinate equals O for
all 7 € {1,2,...,m} \ {i}. Note e — ey — e3 — e7 is a cycle of length 3 in
ZyvD(R). Therefore, gr(ZyD(R)) = 3 if m > 3. Assume that m = 2. If
% is not reduced, then there exists ¢ € %\ {0} such that ¢ = 0. Observe
that (¢,0) — (0,¢) — (1,0) — (¢, 0) is a cycle of length 3 in ZyD(R). Hence
gr(ZyD(R)) = 3. Suppose that Z is reduced. Then either £ is an integral
domain or £ is not an integral domain. If & is an integral domain, then
Zy(R)* = ViU Vy, where Vi = {(a,0)|a € #*} and Vo = {(0,¢)|c € S#*}.
It is easily seen that ZyD(R) = I'yr(R) is a complete bipartite graph with
vertex partition Zy(R)* = V3 U Vs, Since ZyD(R) contains a cycle by as-
sumption, it follows that gr(ZyD(R)) = 4. Assume that & is a reduced
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ring but not an integral domain. Then there exist r,s € £ \ {0} such that
rs = 0. Then r # s and (r,0) — (s,0) — (0,7) — (r,0) is a cycle of length 3 in
ZNyD(R). Hence, gr(ZyD(R)) = 3. Therefore, if Z\'D(R) contains a cycle,
then gr(ZyD(R)) < 4. O

Theorem 2.4. Let & be a commutative ring with 1 # 0 and
R=BXBX---xXxAB

(m times), where 2 < m < co. Then ZyD(R) is a star graph if and only if
m =2 and B = 7.

Proof. First, we have to show that m = 2. On contrary suppose that m > 3
and let u = (1,0,0,...,0), v = (0,1,0,...,0) and w = (0,0,1,...,0) in Zy5(R)".
Then ZyD(R) have a cycle, a contradiction. Hence m = 2.
It remains to prove that |Z|= 2. On contrary suppose that || > 2. Then
there exists 0 # a € % such that v = (1,0), v = (a,0), w = (0,a) and
z=(0,1) are in Zy(R)". Clearly u—w —v — 2z —u forms a cycle in ZyD(R),
a contradiction. Hence m = 2 and £ = Zs.

Conversely, if m = 2 and £ = Z,, then a simple calculation leads to the
desired result. O

Lemma 2.5. Let A be a commutative ring with 1 # 0 and
R=BXABX..XAB,

(m times), where 2 < m < co. Then the following hold:

(1) If w — z is a path(edge) of TD(R), then w — z is also a path(edge) of
TNvD(R), where w, z € R*.

(7i) If a — b is a path(edge) of ZD(R), then a — b is also a path(edge) of
ZNvD(R), where a,b € Z(R)*.

Proof. (i) If w — 2z is an edge of TD(R), then w - z = 0. This implies that
w-z=0¢&N(HB). Therefore, w — z is also an edge of TyD(R). Similarly, if
w — z is a path in TD(R), then w — z is also a path in TyD(R).
(¢4) We can prove it in the similar manner.
L]

Remark 2.6. The converse of Lemma 2.5 need not be true in general. Let
R = Zig X Z16. Then for a = (1,3),b = (3,1) € Z(R)* (or R*), we have
a-b=6¢€ N(Z)but a-b=06+#0. Therefore, a — b is an edge in ZyD(R)
(or TAD(R)) but not in ZD(R) (or TD(R)).

Remark 2.7. Let % be a ring with 1 2 0and R = & X --- X & (m times),
where 2 < m < oco. It is shown in Lemma 2.5 that TD(R) (respectively,
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ZD(R)) is a subgraph of TyD(R) (respectively, ZyD(R)). Assume that %A
is a reduced ring. Let w,z € R* be such that w — z is an edge of TyD(R).
Then w - 2 € N(%). Since A a is reduced ring, then N (%) = {0}. Thus,
w — z is an edge of TD(R). Hence, TA*D(R) is a subgraph of TD(R) and
so, TWD(R) = TD(R). Similarly, ZyD(R) is a subgraph of ZD(R) and so,
ZND(R) = ZD(R). Thus if £ is a reduced ring, then TyD(R) = TD(R)
and ZyD(R) = ZD(R).

Remark 2.8. Let % be a nonreduced ring with 1 20 and R=% x --- X £
(m times), 1 < m < oo. Then by definition Z)(R)* = R*. Hence
ZND(R) = TvD(R).

Theorem 2.9. Let # be a nonreduced commutative ring with 1 # 0 and
R=BXBx---xB (mtimes), 1 <m < oo. Then TyD(R) is a connected
graph and diam(TyD(R)) = 2.

Proof. Since % is a non-reduced ring, then there exists
n=(cc,...c)eNR),
where ¢ € N (#)*. Let a = (a1, as, ...,a,) € R*. Then
n-a=na +nag+-- -+ na, € N(A).

Therefore, n is adjacent to all the vertices of TyD(R). Hence, we obtain that
TvD(R) is connected and diam(TyD(R)) < 2. As ¢ € N(£)*, it follows
that 1 +c€ #* and 1 +c# 1. Let x = (1,0,...,0) and y = (1 + ¢,0, ..., 0).
Then it is clear that z -y =1+ ¢ € N(Z) and so, x and y are not adjacent
in TyD(R). Hence, diam(TyD(R)) > 2 and so, diam(TyD(R)) = 2. O

Theorem 2.10. Let % be a reduced commutative ring with 1 # 0 which is
not an integral domain and R = B x B. Then

(i) TND(R) is connected and diam(TnyD(R)) = 3.

(1) ZND(R) is connected and diam(ZyD(R)) = 3.

(iir) gr(TvD(R)) = gr(ZxD(R)) = 3.

Proof. By hypothesis, 4 is a reduced ring but not an integral domain. We
know from Remark 2.7 that TyD(R)= TD(R) and ZyD(R)= ZD(R).

(¢) This follows from [9, Theorem 2.3(1)].

(#¢) This follows from [9, Theorem 2.3(2)].

(¢4¢) This follows from [9, Theorem 2.3(3)]. [

Theorem 2.11. Let £ be a commutative ring with 1 # 0 and
R=BXBX---XHB
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(m times), where 3 < m < oo. Then TyD(R) is connected and
diam(TyD(R)) = 2.

Proof. By [9, Theorem 2.4], TD(R) is connected and diam(TD(R)) = 2.
From Lemma 2.5, TD(R) is a subgraph of TyD(R). Therefore, TyD(R)
is connected and diam(TyD(R)) < diam(TD(R)) = 2. Now, it remains
to demonstrate that diam(TyD(R)) = 2. For this, let u,v € R* such that
uw=(1,1,1,0,...,0), v = (1,0,0,0,...,0) € R*. Then u-v ¢ N (%) and hence
d(u,v) > 1. Also, we have d(u,v) < 2. We conclude that d(u,v) = 2 and
hence the result. L]

The immidiate consequence of Theorem 2.9, Theorem 2.10(i) and Theorem
2.11 is the following:

Corollary 2.12. Let & be a commutative ring with 1 # 0, which is not an
integral domain and R = BXB X --- X B (m times), where 2 < m < oo.Then
TnD(R) is connected and diam(TyD(R)) =2 or 3.

Theorem 2.13. Let # be a reduced commutative ring with 1 # 0 and
R =B XxAB xAB. Then the following statements hold:

(1) If diam(ZyD(R)) = 3, then A is an integral domain.

(71) If diam(ZxyD(R)) = 2, then A is not an integral domain.

Proof. We know from Theorem 2.3 that diam(ZyD(R)) < 3. Let
w = (1,1,0) and z = (0,1,1). It is clear that w,z € Zy(R)* with w # z.
Observe that w - z ¢ N(%B). Therefore, d(w,z) > 2 in ZyD(R). Hence,
diam(ZNyD(R)) > 2.

() Since £ is an integral domain, then by Remark 2.7, ZyD(R) = ZD(R).
Hence, we obtain from [0, Theorem 2.5(1)] that diam(ZyD(R)) = 3.

(77) By assumption 4 is not an integal domain. Then from [9, Theorem
2.5(2)], diam(ZD(R)) = 2. Also, from Remark 2.7, ZvD(R) = ZD(R).
Therefore, diam(ZyD(R)) = diam(ZD(R)) = 2. Hence the result. ]

Using Remark 2.8 and Theorem 2.9, we can prove the following:

Corollary 2.14. Let % be a nonreduced commutative ring with 1 # 0 and
R=BXBX---xAB (mtimes), where 1 < m < oo. Then ZxyD(R) is
connected and diam(ZyD(R)) = 2.

3. RELATION BETWEEN TD(R), ZD(R), TwD(R) AND ZyD(R)

The purpose of this section is to establish the relationship between Ty"D(R),
TD(R), ZvD(R) and ZD(R). Additionally, we aim to demonstrate some
corollaries to relate ZyD(R) to I'n(R).
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Theorem 3.1. Let & be a nonreduced commutative ring with 1 # 0 and
R=BXBx---xAB (mtimes), where 2 < m < co. Then the followings
hold:

(1)) TD(R) # TaD(R).

(i) ZD(R) # ZyvD(R).

Proof. (i) Since % is a nonreduced commutative ring, then there exists
0 #ce NHB). Let w= (c0,0,..0), z = (1,0,0,...,0) € R*. Then
w-z=cé€ N(A) but w-z # 0. Therefore, w — z is adjacent in TyyD(R) but
not in 7D(R). Hence TD(R) # TAD(R).

(#4) We can prove similarly. O

Corollary 3.2. Let £ be an integral domain and R = B x HB. Then the
followings hold:

(i) 'ny(R) = ZvD(R).

(7i) TwD(R) is disconnected.

Proof. (i) Using Remark 2.7, we have ZD(R) = ZyD(R). By [9, Theorem
21] I'(R) = ZD(R). Since R is a reduced ring, we have I'(R) = I'y(R).
Therefore, I'yr(R) = ZyD(R).

(#7) By Remark 2.7, we have TD(R) = Ty'D(R) and using [, Theorem 2.1],
we have TD(R) is disconnected. Therefore, TyyD(R) is disconnected. O

Corollary 3.3. Let £ be a reduced ring with 1 #0 and R = BXABX---X B
(m times), where 2 < m < oco. Then ZyD(R) = Tn(R) if and only if
R =7y X Lo X Ly or m =2 and B is an integral domain.

Proof. Since 4 is a reduced ring by hypothesis, ZD(R) = ZyD(R) by Re-
mark 2.7. Since R is a reduced ring, then it is easy to see that ['(R) = 'y (R).
Thus, ZyvD(R) = 'y (R) if and only if ZD(R) = I'(R). Hence, we obtain
from [9, Theorem 2.2], that ZyD(R) = I'xr(R) if and only if R = Zg X Zo X Zo
or m = 2 and & is an integral domain. ]

Corollary 3.4. Let B be a nonreduced commutative ring with 1 # 0 and
R=BXBXx---xAB (mtimes), where 2 < m < co. Then the following
hold:

(i) ZXD(R) = TyD(R)

(1) TND(R) # TD(R).

Proof. (i) It follows from Remark 2.8.
(7) It follows from Theorem 3.1. O
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We end this section by giving an example of a ring by which we can
distinguish the graph TyD(R) with TD(R) and ZyD(R) with ZD(R).

Example 3.5. Let # = Z13 and R = # x #A. For (1,3),(3,1) € R* and
(1,3)-(3,1) =6 # 0 € N(£A), (1,3) — (3,1) is adjacent in TyD(R) but
not in 7D(R). Hence TyD(R) # TD(R). Also (1,0),(6,0) € Zy(R) and
(1,0) - (6,0) = 6 € N(A) but (1,0) - (6,0) # 0. Therefore, (1,0) — (6,0) is
adjacent in ZyD(R) but not in ZD(R). Thus ZyD(R) # ZD(R).

Acknowledgments

The authors express their gratitude to the referee for their meticulous review
and valuable suggestions.

REFERENCES

1. S. Akbari and A. Mohammadian, On the zero-divisor graph of a commutative ring, J.
Algebra, 274(2) (2004), 847-855.

2. S. Akbari and A. Mohammadian, Zero-divisor graph of a non-commutative rings, J. Al-
gebra, 296(2) (2006), 462-479.

3. D. F. Anderson, T. Asir, A. Badawi and T. Tamizh Chelvam, Graphs from rings, First
ed., Springer Nature Switzerland AG, 2021.

4. D. F. Anderson and A. Badawi, The total graph of a commutative ring, J. Algebra, 320(7)
(2008), 2706-2719.

5. D. F. Anderson, R. Levy and J. Shapirob, Zero-divisor graphs, von Neumann regular rings
and Boolean algebras, J. Pure Appl. Algebra, 180(3) (2003), 221-241.

6. D. F. Anderson and P. S. Livingston, The zero-divisor graph of a commutative ring, J.
Algebra, 217 (1999), 434-447.

7. D. D. Anderson and M. Naseer, Beck’s coloring of a commutative ring, J. Algebra, 159(2)
(1993), 500-514.

8. M. F. Atiyah and I. G. Macdonald, Introduction to Commutative Algebra, Addison-Wesley
Publishing Company, Massachusetts, London, Ontario, 1969.

9. A. Badawi, On the dot product graph of a commutative ring, Comm. Algebra, 43(1)
(2015), 43-50.

10. I. Beck, Coloring of commutative rings, J. Algebra, 116(1) (1988), 208-226.

11. P. W. Chen, A kind of graph structure of rings, Algebra Collog., 10 (2003), 229-238.

12. F. DeMeyer, T. McKenzia and K. Schneider, The zero-divisor graph of a commutative
semigroup, Semigroup Fourm, 65 (2002), 206-214.

13. R. Kala and S. Kavitha, A typical graph structure of a ring, Transactions on Combina-
torics, 4(2) (2015), 37-44.

14. R. Kala and S. Kavitha, Nilpotent graph of genus one, Discrete Math. Algorithms Appl.,
6 (2014), Article ID: 1450037.

15. J. D. LaGrange, Complemented zero divisor graphs and Boolean rings, J. Algebra, 315(2)
(2007), 600-611.



NILPOTENT DOT PRODUCT GRAPH 9

16. A. Li and Q. Li, A Kind of Graph Structure on Non-reduced rings, Algebra Collog., 10
(2010), 173-180.

17. A. Li and Q. Li, A kind of graph of structure on von-Neumann regular rings, Int. J.
Algebra, 4 (2010), 291-302.

18. T. G. Lucas, The diameter of a zero-divisor graph, J. Algebra, 12(4) (2006), 174-193.

19. M. J. Nikmehr and A. Azadi, Perfect nilpotent graphs, Kragujevac J. Math., 45(4)
(2021), 521-529.

20. A. Patil and B. N. Waphare, The zero-divisor graph of a ring with involution, J. Algebra
Appl., 16(11) (2018), 1-17.

21. T. Tamizh Chelvam and T. Asir, Domination in the total graph on Z,, Discrete Math.
Algorithms Appl., 3(4) (2011), 413-421.

22. T. Tamizh Chelvam and T. Asir, The intersection graph of gamma sets in the total graph
of a commutative ring I, J. Algebra Appl., 12(4) (2013), Article ID: 1250198.

23. T. Tamizh Chelvam and T. Asir, The intersection graph of gamma sets in the total graph
of a commutative ring I, J. Algebra Appl., 12(4) (2013), Article ID: 1250199.

24. T. Tamizh Chelvam, K. Selvakumar and P. Subbulakshmi, On the nil-graph ideals of
commutative Artinian ring, Discrete Math. Algorithms Appl., 10(5) (2018), Article ID:
1850062.

25. H. J. Wang, Zero-divisor graphs of genus one, J. Algebra, 304(2) (2006), 666—678.

26. D. B. West, Introduction to Graph Theory, Prentice-Hall, Upper Saddle River, NJ, 1996.

Asma Ali
Department of Mathematics, Aligarh Muslim University, Aligarh-202002, India.
Email: asma_ali2@rediffmail.com

Bakhtiyar Ahmad
Department of Mathematics, Aligarh Muslim University, Aligarh-202002, India.
Email: bakhtiyarahmad2686Qgmail.com



	1. Introduction
	2. Basic properties of TND(R) and ZND(R)
	3. Relation between TD(R), ZD(R), TND(R) and ZND(R)
	References

