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TRUE-FALSE STRUCTURES AND ITS APPLICATION IN GROUPS
AND BCK/BCI-ALGEBRAS

M. Mohseni Takallo, R. A. Borzooei* and Y. B. Jun

ABSTRACT. By utilizing the concept of interval-valued fuzzy sets, a novel structure
called True-False structures is introduced. Its application in groups and BCK/BCI-
algebras is discussed. The introduction of (limited) T'&F-subgroups and (lim-
ited) T& F-subalgebras is carried out, along with an investigation of various associ-
ated properties. Characterizations of (limited) T& F-subgroups and (limited) T&F-
subalgebras are provided, and it is demonstrated that the intersection of two T& F-
subgroups (respectively, T'& F-subalgebras) also forms a T'& F-subgroup (respectively,
T& F-subalgebra). Additionally, the union and intersection of two T'& F-subgroups
(respectively, T'& F-subalgebras) are explored.

1. INTRODUCTION

In the original fuzzy set introduced by Zadeh [23], the membership degree is
represented by a single function known as the membership function. Zadeh
later extended this concept by introducing interval-valued fuzzy sets [24],
where the membership degree is expressed as an interval rather than a single
value. As a further generalization of fuzzy sets, Atanassove [2] introduced
the concept of intuitionistic fuzzy sets. In this framework, two functions are
used- the membership function and the non-membership function. The mem-
bership function represents the degree of truth, while the non-membership
function represents the degree of falsity or uncertainty. Building upon these
concepts, Jun et al. [14] introduced the concept of cubic sets, which combines
the ideas of fuzzy sets and interval-valued fuzzy sets. Cubic sets provide a
more flexible and expressive way to represent uncertainty and ambiguity in a
set. Overall, these extensions and generalizations of fuzzy sets have expanded
the scope and applicability of fuzzy logic in various fields. BCK /BCI-algebras
are important classes of logical algebras that were introduced by Iseki in
1966 [3, 9, 16]. Since then, there has been a significant amount of research
on the theory of BCK/BCl-algebras [15]. Fuzzy mathematics is the study
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of fuzzy subsets and their applications in mathematical contexts. Fuzzy al-
gebra is a fundamental branch of fuzzy mathematics. In 1971, Rosenfeld
[21] introduced the concept of fuzzy subgroups. In 1991, Xi [22] applied the
idea of fuzzy sets to BCK-algebras and studied their properties. Since then,
fuzzy BCI/BCK-algebras have been extensively investigated by several re-
searchers [3]. Interval-valued fuzzy subgroups, based on Rosenfeld’s nature,
were defined by Biswas [3], who also studied some elementary properties.
Interval-valued fuzzy set theory has been extensively studied in the context
of groups and BCK/BCl-algebras [1, 4, 5, 0, , 19, 17, 20]. Overall,
the combination of fuzzy mathematics and BCK/ BCI algebras, along with
the introduction of interval-valued fuzzy sets, has led to a rich body of re-
search in this area.

This paper introduces True-False structures, a new type of structure con-
structed using (interval-valued) fuzzy sets. The application of these struc-
tures to groups and BCK/BCl-algebras is explored. The definitions of (lim-
ited) T&F-groups and (limited) 7T'& F-subalgebras are provided and their
properties are studied. Characterizations of these structures are investigated
and various associated properties are examined. It is proven that the inter-
section of two T'& F-groups is also a T'& F'-group, and similarly, the inter-
section of two T'& F'-subalgebras is also a T'& F-subalgebra. However, exam-
ples are presented to show that the union of two T'& F-groups (respectively,
T& F-subalgebras) may not necessarily be a T& F-group (respectively, T& F-
subalgebra). By studying True-False structures in the context of groups and
BCK /BCl-algebras, this paper aims to contribute to the understanding and
application of fuzzy set theory in these areas.

2. PRELIMINARIES

A fuzzy setin a set X is defined to be a function A : X — I where I = [0, 1].
Denote by I the collection of all fuzzy sets in a set X [23]. Define a relation
< on I¥ as follows:

(VA peI™)(A<p <= (Vo € X)(A(z) < p(x))).
The join (V) and meet (A) of A and p are defined by
AV p) () = max{A(z), u(x)} , (AA p)(z) = min{A(z), p(2)},

respectively, for all x € X. The complement of A, denoted by A, is defined
by
(Ve € X)(A\(z) =1— A(z)).
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For a family {); | i € A} of fuzzy sets in X, we define the join (V) and meet
(A) operations as follows:

(\/ >\Z-> () = sup{ () | i € A} | (/\ >\> — inf{\(z) | i € A},

i€l i€l

respectively, for all x € X.

By an interval number we mean a closed subinterval @ := [a™, a™] of [0, 1],
where 0 < a~ < a* < 1. Denote by int(]0, 1]) the set of all interval numbers.
Let us define what is known as refined minimum (briefly, rmin) and refined
mazximum (briefly, rmax) of two elements in int([0,1]). We also define the
symbols “=7, “<”, “=" in case of two elements in int(]0, 1]). Consider two
interval numbers a; := [a7, af ] and as := [a;,a3] . Then

rmin {ay, G2} = [min {a;,a; },min {af,aj }], (2.1)
rmax {ai, s} = [max {ay,a; } ,max{af, a3 }], (2.2)
ay = ap if and only if a7 > a; and af > aj, (2.3)

and similarly we may have a1 < as and a; = as. To say a; = as (resp.
a1 < @s) we mean aj = ap and a; # as (resp. a; < Gz and a; # as). Let
a; € int([0,1]) where i € A. We define

rinf a;, = linf a; ,inf a; } and rsupa; = [sup a; ,sup aj] :
i€l i€ = ieA ieA ieA

For any a € int([0,1]), its complement, denoted by a°, is defined to be the
interval number a° = [1 —a™, 1 —a"|.

Let X be a nonempty set. A function A : X — [I] is called an interval-
valued fuzzy set (briefly, an IVFE set) in X [24]. Let [I]* stand for the set of
all IVF sets in X. For every A € [I]*X and z € X, A(z) = [A™(z), AT(2)] is
called the degree of membership of an element x to A, where A= : X — [
and A" : X — I are fuzzy sets in X which are called a lower fuzzy set and an
upper fuzzy set in X, respectively. For simplicity, we denote A = [A~, A™].
For every A, B € [I]*, and for all z € X ,we define

ACB < A(z) X B(x), A=B & A(z) = B(x).

The complement A¢ of A € [I]X is defined as follows: A°(z) = A(x)¢ for all

r € X, that is, A°(z) = [1 — AT(z),1 — A~ (z)]. For a family {A4; | i € A}

of IVF sets in X where A is an index set, the union G = |J A; and the
icA
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intersection F' = (| A; are defined as follows:
icA

= A; = rsup Ai( A, = rinf A;(x
for all © € X, respectively. For a point p € X and for a = [a,a™] € [I] with
a™ > 0, the IVF set which takes the value @ at p and 0 elsewhere in X is

called an interval-valued fuzzy point (briefly, an IVF point) and is denoted by
ap. The set of all IVF points in X is denoted by IV FP(X). For any a € [I]
and x € X, the IVF point a, is said to belong to an IVF set A in X, denoted
by a,€A, if A(z) = a. It can be easily shown that A = U{a, | a,€A}.

An intuitionistic fuzzy set (briefly IF'S) A in X (see [2]) is defined by
A = {(x,pa(z),va(x))|xr € X} such that 0 < p(x) + v(z) < 1, where p
and v define the degree of membership and the degree of non-membership of
the element x € X, respectively. Obviously, each ordinary fuzzy set may be
written as A = {(z, pa(x),1 — pa(x))|z € X}.

3. TRUE-FALSE STRUCTURES

Definition 3.1. Let U be a universal set. A True-False structure
(briefly, T&F'-structure) over U is defined to be a pair (U, A) where

A = (p4,pa,04,04) and it is the following function:
A:U — [0,1] x int]0,1] x [0,1] x int[0, 1],
— (pala), Bala), 0aa), Da(a)).

Definition 3.2. A T&F-structure (U, A) with A ::~(g0A,§5A,8A,5A) is said
to be limited if p4(a)+04a(a) < 1and sup pa(a)+supda(a) < 1foralla € U.

(3.1)

Given a (limited) T&F-structure (U, A) with A = (@4, Ba,0u,04),
consider the sets
Ulpaia) = {a € Ul gala) = a} . UFxid) = {a € U | Ga(a) = 1)
L(0a; B) = {a € U | da(a) < B} , L(04;3) == {a € U | dala) < 5},
Lalot,8,5) == Ulpa;a) NU(Fast) 0 L(0a; B) N L(4; 5)

where a, 3 € [0,1] and t=[t",t7],5 = [s7,sT] € int([0,1]). We say that
Lala,t,B,3) is a T&F'-level set of A over U.
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Definition 3.3. If (U,A) and (U,B) are T&F-structures with
A= (pa, 94, 04, 04) and B := (pp, ¢p, O, Op), then the union of (U, A)
and (U, B) is a T& F-structure (U, AU B) with

AU B = (0av5, Paus, Dans, Oanp)
where

pavp(a) = max{pa(a), pp(a)}, paup(a) = rmax{pa(a), pp(a)},

danp(a) = min{da(a),dp(a)} and danp(a) = rmin{da(a), dp(a)}.
Definition 3.4. If (U, A) and (U,B) are T&F-structures with
A = (pa, 94, 04, 04) and B := (¢p, ¢p, Op, Op), then the intersection
of (U,A) and (U,B) is a T&F-structure (U, A m B) with
AM B := (YarB, PanB, Oavp, Oaup) Where

panp(a) = min{pa(a), pp(a)}, ans(a) = rmin{pa(a), pp(a)},

Bavp(a) = max{da(a), dp(a)} and daup(a) = rmax{da(a), dp(a)}.
Proposition 3.5. If (U, A) and (U,B) are limited T&F-structures with
A= (o4, 94, 04, 04) and B := (¢p, ¢p, 0B, 0), then so are the union and
intersection of (U, A) and (U, B).
Proof. 1t is straightforward. ]
Definition 3.6. Let f : X — Y be a mapping from a set X to a set Y.

If (Y,B) is a T& F-structure with B := (¢p, @5, 0, 0p), then the inverse
image of (Y, B) under f is defined to be a T&F-structure (X, f~'(B)) with
fHB) == (fes), f (@), f1(9B), f(0p)) where
f~eB)(a) = @p(f(a)), f71(#B)(a) = $5(f(a)), f(OB)(a) = OB(f(a))

and f~1(0p)(a) = 0p(f(a)).

Definition 3.7. Let f : X — Y be a mapping from a set X to a set
Y. If (X, A) is a T&F-structure with A := (o4, @4, Oa, 5A), then the
image of (X, A) under f is defined to be a T&F-structure (Y, f(A)) with

f(A) = (f(@pA)a f(@A)a f(ﬁA)7 f(aA)) in which

sup pala) if f(B) £ 0,
flpa): Y —[0,1], b acf72(0)
0 otherwise,

rsup Pa(a) if f71(D) # 0,
f(Pa) : Y —int[0,1], b < acf~1(b)
[0, 0] otherwise,
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inf 0 if L
f(aA)ZY—>[O71]’b|_>{aef( aa) if f7H(b) #0,

1 otherwise,

3 rinf 94(a) if £F1(b 0,
S0 Y > int[0.1], bes 4 ot 0ale) S0 7
[1,1] otherwise,

4. APPLICATIONS IN GROUPS

In this section, we define limited T'& F-structure and consider some prop-
erty of (limited) T'& F-structure on group theory. Let G := (G, e) be a group
unless otherwise stated.

Definition 4.1. A T&F-structure (G, A) with A := (@4, @a, 94, O4) is
called a T'& F-subgroup of G if the following assertions are valid.

¢a(ab) > min{pa(a), pa(b)}

Zalab) = tmin{Fa(a), (b))}
(Va:b €GN 5, (ab) < max{da(a). 0aD)} | (4.1)
da(ab) < rmax{da(a), a(b)}
and
pala™) > pala), pa(a™) = Pala)
(Va e &) ( da(a™t) < da(a), dala™?) < Oala) ) ' (4.2)

If a T&F-subgroup is limited, then we say that it is a limited T&F -
subgroup.

Example 4.2. Let G = {e,a,b,ab} be the Klein’s four group where
a> = e = b* and ab = ba. Define a T&F-structure (G,.A) with

A= (o4, P4, O0a, 8A ) given as follows:
ab
078 056 047 0.47
b ab
0.5, 08 0.4 06] 0.1,0.5] [0.1,0.5] )
ab
0.22 033 063 0.63

(
(O 2,0.5] [0.3, O 6] [0.5?0.8] [0.5a:b().8]> '
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It is routine to verify that (G,.A) is a T&F-subgroup of G. But it is not
limited since ¢} (e) + da(e) > 1.

Example 4.3. Let Zs = {0,1,2,3,4,5,6,7} be the cyclic group with the
group operation “4” which is addition modulo eight. Its Cayley table is
given by Table 1.

TABLE 1. Cayley table for the group operation “+”

JUT W O NN O+
JUTW = O OO
= =] OTwWw O O NN
W J U0 OO |
[ NGO SIS - e N Rep
OO RN Ul W
N O O = =] Ol W w
BN O O W ] oLt
RN O UtW =]

Define a T& F-structure (Zg, A) with A := (@4, @4, Oa, 5,4) given by Table
2. Tt is routine to verify that (Zg, A) is a limited T'& F-subgroup of Zs.

TABLE 2. Tabular representation of A := (¢4, ©a, 04, 5A)

Zg  palz) pa(r) da(x) Da(x)

0 0.6 04,07 034  [0.1,0.25]
1 0.2 0.1,04] 064 [0.3,0.45]
2 0.4 0.2,05] 054  [0.2,0.35]
3 0.2 0.1,04] 064  [0.3,0.45]
4 0.5 0.3,0.6] 044  [0.1,0.25]
5 0.2 01,04 064  [0.3,0.45]
6 0.4 02,05 054 [0.2,0.35]
7 0.2 01,04 064  [0.3,0.45]

Lemma 4.4. If (G, A) is a T&F-subgroup with A := (¢4, ©a, Oa, 5A),~then

pa(a™!) = pala), ala™) = Pala), da(a™) = da(a) and da(a™") = da(a)
foralla € G.
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Proof. For any a € GG, we have

pala) =pa((@)™h) > pala™) > pa(a),

pa(a) = al(a™) ™) = @ala™) = Pa(a),

0a(a) = 0a((a™)™") < dala™") < 0ala),

Oa(a) = 0a((a™)™") < Oala™) < Da(a).
Therefore, pa(a™') = wala), pala™) = @ala), da(a™') = 0da(a) and
da(a™t) = da(a) for all a € G. O

Proposition 4.5. If (G, A) is a T&F-subgroup with A := (¢, ©a, 04, 5,4),

then pa(e) > pa(a), Fale) = Fala), dale) < dala) and da(e) < Dala) for
all a € G, where e is the identity element of G.

Proof. Using (4.1) and Lemma 4.4 induces

pale) = palaa") > min{pa(a), pa(a™)} = pa(a),
pale) = galaa) = rmin{@a(a), pala™ ")} = @a(a),

8A(e) = da(aa™") < max{da(a), 0a(a™)} = dala),

da(e) = a(aa™") < rmax{d4(a), dala™ ")} = ds(a)
for all a € G. O
Proposition 4.6. Let (G, A) be a T& F-subgroup with A := (@4, 4, 04, 5A).
If palad™) = wpale), @alad™) = @ale), da(ad™') = 0ale) and

Oalab™ ) 8 (e) for all a,~b € G, then pa(a) = @a(b), ala) = ©a(b),
8A(a) ( ) and 8A( ) 8A(b)

Proof. Let a,b € G such that pa(ab™') = pale), Paladb™) = Pale),
da(ab™t) = d4(e) and 4(ab™) = da(e). Using Proposition 4.5, we get
pala) = pa((ab™")b) > min{pa(e), pa(b)} = a(b),

pala) = Pa((ab=)d) = rmin{Ba(e), pa(b)} = Pa(b),

da(a) 8A(( ~1)b) < max{da(e), 0a(b)} = 0a(b),

Oa(a) = Oa((ab™")b) < rmax{da(e), 0a(b)} = Da(b).

Similarly, we have pa(a) < @a(b), @ala) < ©a(b), da(a) > 04(b) and
da(a) = 04(b). This completes the proof. O

We consider a characterization of T'& F-subgroup.
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Theorem 4.7. A T&F-structure (G, A) with A := (pa, @a, 04, O4) is a
T& F-subgroup of G if and only if the following assertions are valid.

pa(ab™) > min{pa(a), oa(b)}
Palab™) = rmin{@a(a), Pa(b)}

WEPEDN 9 (ab1) < max{a(a). 9a(0)) (4:3)
Fa(ab™) < rmax{d,(a), (b))}

Proof. Assume that (G,.A) is a T& F-subgroup with A := (p4, ©4, 04, 5,4).
For any a,b € G, we have

palab™") > min{pa(a), pa(b")} = min{pa(a), pa(b)},
palab™) = rmin{@4(a), a(b™")} = rmin{@a(a), pa(b)},
Oalab™ 1) max{0da(a), A(b_l)} = max{da(a)

(ab™)

,04(D)},
da(ab™") < rmax{d4(a),da(b")} = rmax{da(a), Da(b)}

by Lemma 4.4.
Conversely, suppose that a T'& F-structure (G, .A) with

A= (pa, Ba, 0a, Oa)
satisfies the condition (4.3). If we take b := a in (4.3), then
pale) = paaa™") > min{pa(a), pa(a)} = pa(a),
pale) = Palaa™) = rmin{@a(a), pa(a)} = Pa(a),
aa ') < max{d4(a),04(a)} = 04(a),
aa™) < rmax{d4(a),da(a)} = dala).

da(e) = 9a(
Dale) = Dal

(&

It follows from (4.3) that

pa(™h) = waleb™) = min{pa(e), pa(b)} = pa(b),
Pa(b™) = Paed™) = rmin{@a(e), pa(b)} = Pa(b),
Da(b™') = da(eb™") < max{da(e), Da(b)} = Da(b),

Aa(b™) = da(eb ") < rmax{da(e), Da(b)} = Da(b).
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Al (a(b™)™") = min{pa(a), pa(0™")} = min{pa(a), pa(b)},
Palab) = Pa(a(d™)7") = rmin{Pa(a), (07"} = rmin{Pa(a), Pa(b)},

Oa(ab) = 0a(a(b™") ") < max{0a(a),0a(b™")} < max{9a(a), da(b)},
da(ab) = a(a(b)™") < rmax{d4(a), O4(b)} < rmax{da(a),da(b)}.
Therefore (G, A) is a T& F-subgroup of G. O

Theorem 4.8. If (G, A) is a T&F-subgroup with A := (¢4, $a, Oa, 5/1),
then

= {a € G| pala) = pa(e), Pala) = Fale), a(a) = dale), Ia(a) = dale)},
s a subgroup of G.

Proof. Let a,b € S. Then ¢4(b) = pa(a) =
04(b) = da(a) = da(e) and Ja(b) = da(a)

pale), pa(b) = pala) = ale),
da(e). Tt follows from Theorem

4.7 that
pa(ab™") > min{pa(a), pa(b)} = pale),
palab™") = rmin{@4(a), pa(b)} = ale),
6A(ab 1) aX{aA(a), A(b)} = 8A(e),
Oa(ab™") < rmax{d4(a), a(b)} = Dale),

which implies from Proposition 4.5 that p4(ab™') = wa(e), Palad™") = pa(e),
Oa(ab™t) = 04(e) and 9x(ab™!) = da(e). Hence ab™! € S, and so S is a

subgroup of G. [
Theorem 4.9. Let (G, A) be a T&F-subgroup with A := (QOA, Ba, Oa,04). If
A is a T& F'-subgroup of G, then the T& F -level set EA( a,t, B, ~) of A over G
is a subgroup of G for all o, B € [0,1] andt = [t~,t1],3 [ sT] € int(]0,1]).

Proof. Assume that (G, A) is a T&F-subgroup with A := (¢4, P4, Oa, Da).
Let a,b € La(a,t,3,8) for all o, 5 € [0, 1] and

t=[t",t"],5=[s",sT] € int(]0,1]).
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Then pa(a) > a, pa(b) > a, Pala) = 1, Pa(b) = ¢, da(a) < B, a(b) < B,
O4(a) < 5§ and 04(b) < 8. It follows from Theorem 4.7 that
pa(ab™) = min{pa(a), pa(b)} =
1) 5 rmin{Fa(a), )} >
) < max{da(a),da(0)} < B,
) < max{9a(a), 0a(b)} < 5.
and so L4(a,t,3,3) is a subgroup of G. O]

5),
A) be a T&F-structure with

A= (QOA, LA, 5,4, 3A).
If U(pa;a), U(pa;t), L(04;B) and L(gA;é') are subgroups of G for all
a,B € [0,1] and t = [t7,t7],5 = [s7,sT] € int([0,1]), then (G, A) is a
T&F-group of G.

palab
Oa(ab
Oa(ab
Hence ab™! € L4(a,t, 3,
Theorem 4.10. Let (G,

Proof. The proof is straightforward. ]
Theorem 4.11. The intersection of two T&F-subgroups is also a T&F -

subgroup.
Proof. Let (U, A) and (U,B) are limited 7T&F-subgroups with
A= (pa, Pa, 04, 04) and B := (¢, $p, O, O5). Then
panp(ab™!) = min{pa(ab™"), pp(ab~")}
> min{min{p4(a), pa(b)}, min{pz(a), pa(b)}}
= min{min{p4(a), pp(a)}, min{pa(b), pp(b)}}
= min{parp(a), pan5(b)},

Panp(ab™ ') = rmin{@a(ab™"), Zp(ab™ ")}
7 rmin{rmin{p(a), p4(0)}, rmin{Pp(a), pa(b)}}
= rmin{rmin{pa(a), pp(a)}, rmin{@4(b), o5(b)}}
= rmin{panp(a), pans(b)},

Oavp(ab™) = max{0(ab'),0p(ab 1)}
< max{max{d4(a),d4(b)}, max{dp(a),dp(b)}}
= max{max{0d4(a),dp(a)}, max{d4(b),dp(b)}}
= max{Jdavp(a),0avp (D)},
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and
5Aug(ab_1) = rmax{gA(ab_l), 5B(ab_1)}
< rmax{rmax{d4(a), D4(b)}, rmax{dp(a), dz(b)}}
— rmax{rmax{d4(a), dz(a)}, rmax{d4(b), Ip(b)}}
= rmax{du5(a), daus(b)}.

for all a,b € G. Tt follows from Theorem 4.7 that (U, A m B) is a T&F-
subgroup of G. ]

The following example shows that the union of two T'& F-subgroups may
not be a T'& F-subgroup in general.

Example 4.12. Consider the symmetric group

S3 = {()7 (12)7 (23)7 (13)7 (123)7 (132)}
with Table 3.

TABLE 3. Cayley table for S3

0 (12) (23) (13)  (123)  (132)

() () (12) (23) (13)  (123)  (132)

(12) (12) () (123) (132) (23) (13)

(23) (23) (132) () (123) (13) (12)

(13) (13)  (123)  (132) () (12) (23)
(123)  (123) (13 (12) (23)  (132) ()

(132)  (132) (23 (13) (12) () (123)

Let (Ss3,.A) and (S5, B) be T& F-structures with A := (©4, pa, 04, 5A) and
B = (¢B, B, 0B, 53) given by Tables 4 and 5 respectively.
It is routine to verify that (Ss,.A) and (S, B) are T& F-subgroups of S5. The
union (S3, AU B) of (S3,.A) and (S5, B) is given by Table 6, and it is not a
T& F-subgroup of S3 since
pavp((12)(13)) = 0.4 < 0.5 = min{pay5((12)), vavs((13))}
)

and /or D4n5((23)(12)) = 0.48 > 0.44 = max{9ar5((23)), Dann((12))}.

5. ApPPLICATIONS IN BCK/BCI-ALGEBRAS

In this section, we apply the notion of T&F-structure to a BCK/BCI-
algebra. For the convenience of readers, we first display the basic concept of
BCK /BCl-algebras and its fuzzy version although it is well known.
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TABLE 4. Tabular representation of A := (v, @4, 0a, 5,4)

S wa(r) pa(r) da(w) 0a()

0 0.6 04,07] 034  [0.1,0.25]
(12) 0.5 0.1,04] 054  [0.3,0.45]
(23) 0.4 0.1,04] 044  [0.3,0.45]
(13) 0.4 0.3,06] 054  [0.3,0.45]
(123) 0.4 0.1,04] 054  [0.2,0.35]
(132) 0.4 0.1,04] 054  [0.2,0.35]

TABLE 5. Tabular representation of B := (¢, ¢p, 0, 53)

S pp(x)  ¢p(z)  Op(x) Op(x)

0 0.7 05,07 028  [0.2,0.36]
(12) 0.3 0.3,04] 038  [0.4,0.57]
(23) 0.3 0.3,04] 048  [0.3,0.45]
(13) 0.6 0.3,04] 048  [0.4,0.57]
(123) 0.3 0.4,06] 048  [0.4,0.57]
(132) 0.3 0.4,0.6] 048  [0.4,0.57]

TABLE 6. Tabular representation of the union A U B

X oan(r) @as@) Oap(x)  danplx)

0 0.7 05,07 028  [0.1,0.25]
(12) 0.5 0.3,04] 038  [0.3,0.45]
(23) 0.4 03,04 044  [0.3,0.45]
(13) 0.6 0.3,0.6] 048  [0.3,0.45]
(123) 0.4 0.4,06] 048  [0.2,0.35]
(132) 0.4 0.4,0.6] 048  [0.2,0.35]

By a BCl-algebra, we mean a set X with a special element 0 and a binary
operation x that satisfies the following conditions:

(D) (Vz,y,2 € X) (((z xy) * (xx2)) * (2 xy) = 0),
() (Va,y € X) ((z* (z xy)) *y = 0),
(ITT) (Vz € X) (xxx =0),
(IV) Vz,ye X) (zxy=0,yxx=0 = = =y).
If a BCI-algebra X satisfies the following identity:
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(V) (Vz € X) (0xx =0),

then X is called a BCK-algebra.
Every BCK/BCl-algebra X satisfies the following conditions:

(Vxre X)(x*x0=ux),
Vr,y,z€ X)(x <y = zxz<yxz zxy < zx*xx),
(Vo,y,2 € X) ((x*y) xz = (% 2) xy),

where x < y if and only if x x y = 0.

A subset S of a BCK/BCl-algebra X is called a subalgebra of X if zxy € S
for all z,y € S.

We refer the reader to the books [7, 16] for further information regarding
BCK/BCl-algebras.

A fuzzy set p in a BCK/BCl-algebra X is called a fuzzy subalgebra of X
(see [11]) if p(x *y) > min{u(x), u(y)} for all x,y € X.

An intuitionistic fuzzy set (u,rv) in a BCK/BCl-algebra X is called an
intuitionistic fuzzy subalgebra of X (see [13]) if p(x xy) > min{u(x), u(y)}
and v(z *y) < max{v(z),v(y)} for all x,y € X.

An interval-valued fuzzy set i in a BCK/BCl-algebra X is called an interval-
valued fuzzy subalgebra of X (see [10]) if fi(x * y) = rmin{a(x), i(y)} for all
x,y € X.

An interval-valued intuitionistic fuzzy subset (f,7) in a BCK/BCl-algebra
X is called an interval-valued intuitionistic fuzzy subalgebra of X (see [5]) if
f(xxy) = rmin{a(x), i(y)} and o(zxy) < rmax{v(x),v(y)} for all z,y € X.

In what follows, let X be a BCK/BCl-algebra unless otherwise stated.

Definition 5.1. A T&F-structure (X, A) with A := (oA, Ga, Oa, Oa) is
called a T& F-subalgebra of X if the following assertions are valid.

wa(r *y) > min{pa(z), paly)}
oa(z *y) = rmin{pa(z), 9a(y)}

(V2.9 € XV 510+ ) < max{da(x). Oa(y)) (5-4)
Oa(w *y) < tmax{0a(x), 0a(y)}

If a T&F-subalgebra is limited, then we say that it is a limited T&F -
subalgebra.
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Example 5.2. Consider a BCK-algebra X = {0,1,2,3} with the binary
operation x given in the following table:

*10 1 2 3
00000
111 011
212 2 0 2
313 3 30
Let (X, A) be a T&F-structure with A := (o4, 4, 04, 04) given by the next
table:
v pa(x) oalx) Oa(x) Oalx)
0] 0.63 [0.4,0.7] 024 [0.1,0.25]
1] 026 [0.4,0.6] 045 [0.4,0.56]
21 048 [0.3,0.5] 0.34 [0.2,0.33)
31 057 [0.2,04] 037 [0.3,0.37]

It is routine to verify that (X, .A) is a T&F-subalgebra of X. But it is not
limited since sup g 4(1) +sup d4(1) = 0.6 + 0.56 = 1.16 > 1.

Example 5.3. Consider a BCI-algebra (Z, —,0) and let (Z, A) be a T&F-
structure with A := (va, @4, 04, 04) given as follows:

oa:7 — 10,1, v —

0.6 ifx €4z,
04 ifxe2Z\4Z,
0.3 otherwise,

©a:Z —int[0,1], z+—

0.6,0.8]
[0.4,0.5]
[0.2,0.3]

it x € 62,
if x € 37\ 6Z,
otherwise,

Oa:7Z —0,1], x—

0.2 if x € 8Z,
0.4 ifx €47\ 8Z,
0.5 otherwise.

Oa: 7 — int]0,1], = —

It is routine to verify that A := (@4, @4, 04, 5A) is a T& F-subalgebra

(Z,—,0).

0.2,0.3]
(0.4, 0.5]
(0.6, 0.8]

if x € 10Z,
if v € 57\ 10Z,
otherwise,

of
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Proposition 5.4. If (X, A) is a T&F-subalgebra of X with
A= (pa, Ba, Oa, Oa),

then @a(x) < p4(0), @a(x) < ©4(0) da(x) > 04(0), and 5A(x) = 5A(O) for
all v € X.

Proof. 1t is straightforward by taking = = y in (5.4). ]

Proposition 5.5. Given a T&F -subalgebra (X, A) with
A= (pa, Ba, Oa, Oa),

the following are equivalent.

pae) = £4(0), Falx) = Ba(0)
8;1(%) = GA(O), aA(.%') = 8A(O) .

palzxy) = 0a(y)y, ealz*y) = @aly)
2y e ) ( 0A(r*y) < Daly), Bale +1) < Da) ) '

Proof. Assume that (1) is valid. Using (5.4), we obtain

(1) (Vx € X)

y) = min{p4(0), pa(y)} = min{pa(z), pa(y)} < palz*y),

wal

Pa(y) = rmin{p4(0), pa(y)} = rmin{pa(x), pa(y)} < Pa(z xy),
04(y) = max{94(0),04(y)} = max{da(x), da(y)} > da(z * y),
0a(y) = rmax{94(0),0a(y)} = rmax{da(z), 0a(y)} = Oa(z *y)

for all z,y € X.
Suppose that (2) is true. Since x x 0 = 0 for all x € X, it follows that

©a(0) < pa(zx0) = pa(x),
©4(0) < pa(z *0) = pa(z),
5'A(0) > aA(SL’ * 0) = 5’A($)

and 04(0) = O4(x * 0) = J4(x). Combining this and Proposition 5.4 induces
(1). O

Proposition 5.6. Let (X, A) be a T&F-subalgebra of X  with

A = (pa, ©a, Oa, 0a). If there exists a sequence {x,} in X such that

lim py(z,) =1, hm gpA(a:n) [1,1], lim 04(z,) = 0, and lim 04(z,) = [0, 0],
n—od n—od

n—o0

then pA(0) = 1, @Am) = [1,1], 84(0) = 0 and 94(0) = [0, 0].
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Proof. Using Proposition 5.4, we know that ©4(0) > @a(z,), ©4(0) = ©a(x,),
04(0) < 94(xy,) and 04(0) < 04(x,) for every positive integer n. Note that

12 9a(0) 2 lim pa(zn) =1, [1,1] = 9a(0) = lim pa(z,) = [1,1],
n—00 n—00

0 < 94(0) < lim Da(w,) =0, [0,0] < 94(0) =< lim Aalzn) = [0,0].

Therefore ¢ 4(0) = 1, $4(0) = [1,1], 84(0) = 0 and §4(0) = [0,0]. O
Proposition 5.7. Bvery T&F-subalgebra (X, A) of a BCl-algebra X with
A = (o4, pa, 04, 04) satisfies the following assertion:

pa(x = (0xy)) = min{pa(z), ¢aly)}
pa(x =+ (0xy)) = rmin{pa(z), pa(y)
9z (0% ) < max{Da(x). Da(y)}
Oa(x * (0*xy)) < rmax{0a(x),04(y)}

Proof. Using (5.4) and Proposition 5.4, we obtain

(Vx,y € X) J

pa(z* (0%y)) > min{pa(z), pa(0 % y)}
> min{p4(z), min{e(0), p4(y)}}
= min{pa(z), a(y)},

pa(z* (0xy)) = rmin{pa(r), 040 * y)}
7= rmin{@(z), rmin{$4(0), a(y)}}
= rmin{pa(z), pa(y)},

Oa(zx (0xy)) < max{ds(zr),04(0*xy)}
< max{9d4(z), max{94(0),04(y)}}
= max{ds(z),04(y)},

Dz * (0% y)) < rmax{da(z), Ia(0 % y)}
< rmax{@A(a:), rmax{gA(O), gA(y)}}
= rmax{gA(@, 514(9)}
for all x,y € X. This complets the proof. u

Theorem 5.8. Every subalgebra of X can be realized as a T& F'-subalgebra
of X.
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Proof. Let K be a subalgebra of X and let (X,.A) be a T&F-structure with
A = (o4, 94, 04, 04) which is defined by

t ifre K, - , it x € K,
oa(z) = { Balz) = { 1,72

0 otherwise, [0, 0] otherwise, (5.6)
) s ifre K, x o [51,(52] if r e K, .
Oalr) = { 1 otherwise, Oalz) = { [1,1]  otherwise,

where t € (0,1], s € [0,1), 71,7 € (0,1] with 4 < 72 and 91,09 € [0,1) with
0 < 0y . It is clear that U(pa;t) = K, U(pa; [11,72)) = K, L(0a;s) = K
and L(0a;[01,09]) = K. Let z,y € X. If 2,y € K, then x xy € K and so

palzxy) =t =min{pa(r), pa(y)}

Palr *y) = [n, 7] = rmin{[y, 7, [y1,72]} = rmin{@a(z), a(y)},
Oa(z *y) = s = max{da(z), 0a(y)},

Oa(x * y) = [01,05] = rmax{[0y, 8], [61, 8]} = rmax{Da(z), Da(y)}.

If any one of z and y is contained in K, say z € K, then pa(z) = {,
&A(x) = [’71772]7 aA(aj) = 5, aA(SC) - [51752]7 (/DA(y) = 0, SEA(Q) = [070]7

~

04(y) =1 and 9a(y) = [1, 1]. Hence

pa(r+y) > 0=min{t,0} = min{pa(x), pa(y)}
z *y) = [0,0] = rmin{[vy1,72], [0, 0]} = rmin{p4(z), Pa(y)},

~

YA
Oa(rxy) <1=max{s, 1} = max{da(x),d4(y)},
5A($ xy) 2 [1,1] = rmax{[d1, 6o}, [1, 1]} = rmax{pa(z), pa(y)},

If 2.y ¢ K, then gs(z) = 0 = paly), ¢alz) = [0,0] = Pa(y),
Oa(x) =1=04(y) and d4(z) = [1,1] = 0a(y). It follows that

pa(z+y) > 0=min{0,0} = min{pa(z), pa(y)}
QZA €T * y) = [07 0] - rmin{[07 0]7 [07 0]} - rmin{gb’fl(x)? @A(y)}a
Oa(x xy) <1 =max{l,1} = max{0da(x),04(y)},

~

Oa(x xy) = [1,1] = rmax{[1, 1], [1,1]} = rmax{@a(z), a(y)}.
Therefore (X,.A) is a T& F-subalgebra of X. O

Theorem 5.9. For any non-emply subset K of X, let (X, A) be a T&F-
structure with A := (@4, ©a, 04, 04) which is given in (5.6). If (X, A) is a
T& F-subalgebra of X, then K is a subalgebra of X .
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Proof. Let z,y € K. Then pu(z) =t = goA(y) pa(z) = [, = vay),
Oa(x) = s = 0a(y) and da(x) = [01,02] = @a(y). Thus

T * min{pa(r), pa(y)} =1,

(z*y) >
(v *y) = rmin{@a(x), Da(y)} = [n, 7],
a(z xy) < max{0a(x),0a(y)} = s,

(z *y)

*y) S rmax{pa(z), pa(y)} = [d1, 0a].

©

A

ASX

A

Q) S

8

A
and therefore x x y € K. Hence K is a subalgebra of X. [

Theorem 5.10. If (X, A) and (X,B) are (limited) T&F-subalgebras with

A = (o4, Pa, Oy, 5A) and B := (¢p, ¢, Op, Op) respectively, then their
intersection is also a (limited) T& F-subalgebra.

Proof. Let (X, A) and (X,B) are (limited) T&F-subalgebras with

A = (pa, 94, 04, 04) and B := (B, ¢p, OB, 53) respectively. For any
x,y € X, we get

wars(x *y) = min{pa(z xy), op(z xy)}
> min{min{p4(z), pa(y)}, min{ep(z), va(y)}
= min{min{pa(x), pp(x)}, min{ps(y), p5(y)}
min{oans(x), pars(y)},

Panp(x *y) = min{@a(z * y), op(r *y)}
= rmin{rmin{@4(z), pa(y) }, rmin{pp(z), pa(y) }
= rmin{rmin{@4(z), pp(z)}, rmin{oa(y), p(y)}
= rmin{@anp(x), Pans(Y)},

davp(zr *y) = max{da(z * y),Op(z x y)}

< max{max{0d4(x),04(y)}, max{dp(x),d5(y)}
Op(z)}, max{0a(y), 9p(y)}

max{Jdavp(z), 0avs(¥)},

max{max{da(x),



20 MOHSENI TAKALLO, BORZOOEI AND JUN
and
Oaup(+y) = tmax{9a(z * y), Op(x *y)}
< rmax{rmax{9d4(z), Oa(y)}, rmax{dp(z), Op(y)}
rmax{rmax{9a(z), Ip(x)}, rmax{da(y), Ip(y)}
= rmax{04u5(z), aup(y)}.

Therefore (X, Am B) is a T& F-subalgebra of X. It is clear that if (X, .A)
and (X, B) are limited, then so is (X, Am B). O

The following example shows that the union of two T'& F-subalgebras may
not be a T'& F-subalgebra in general.

Example 5.11. Consider a BCK-algebra X = {0,1,2, 3,4} with the binary
operation % given in the following table:

*x10 1 2 3 4
000000
111 0 0 0 0
2121011
313 1101
414 4 4 41

Let (X, A) and (X, B) be T& F-structures with A := (4, 94, 04, 4) and
B := (vB, p5, O, Op) given by Tables 7 and 8, respectively.

TABLE 7. Tabular representation of A := (¢4, ©a, 04, 5A)

X pal@) pa(z) Oa(z) Oa(x)

0 0.7 0.5, 0.7] 0.3 [0.2,0.25]
1 0.5 [0.3,0.5] 0.5 (0.4, 0.56]
2 0.6 [0.3,0.4] 0.4 (0.4, 0.56]
3 0.5 0.2,0.3] 0.5 [0.2,0.25]
4 0.3 [0.1,0.2] 0.7 (0.6, 0.89]

It is routine to verify that (X, .A) and (X, B) are T'& F-subalgebras of X. The
union (X, AU B) of (X,.A) and (X, B) is given by Table 9, and it is not a
T& F-subalgebras of X since

@A\/B(Z * 3) = @AvB(l) =0.5 < 0.6 = min{QOA\/B(Q), QDA\/B(B)}
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TABLE 8. Tabular representation of B := (¢, @5, 05, 53)

X  pp) ¢5(z) Ip(z) Ip(z)

0 08  [06,08 02  [0.14,0.28
1 04 0507 06  [0.35,0.45]
2 0.4 [0.4,0.6] 0.6 0.24,0.38]
3 0.8 05,06 02  [0.35,0.45]
4 0.3 02,03 07 [0.53,0.65]

and/or

Oanp(3 % 2) = O4np(1) = [0.35,0.45]
>~ [0.24,0.38] = rmax{dan5(3), Oanp(2)}.

TABLE 9. Tabular representation of the union A U B

) Oanp(z)  Danp(x)

X ©avp(T) Vau(T

0 0.8 [0.6,0.8] 0.2 [0.14,0.25]
1 0.5 [0.5,0.7] 0.5 [0.35,0.45]
2 0.6 [0.4,0.6] 0.4 [0.24,0.38]
3 0.8 [0.5,0.6] 0.2 [0.20, 0.25]
4 0.3 [0.2,0.3] 0.7 [0.53,0.65]

Theorem 5.12. A T&F-structure (X, A) with A := (pa, ©a, 04, 5,4) is a
T& F-subalgebra of X if and only if the sets U(pa; ), U(Pa; t), L(04;B)
and L(@A, 5) are subalgebras of X for all o, € [0,1] and t = [t~,t*],
§=1[s7,st] €int([0,1]).

Proof. Assume that (X, A) is a T& F-subalgebra of X. Let x1,1; € U(pa; ),
T, Y2 € U(pasa), w3,y3 € L(04; ) and x4, ys € L(4; ) for all o, 8 € [0, 1]
and t = [t7,t7],5 = [s7,s"] € int([0,1]). Then pa(z1) > «, @A(yl) > q,
Pa(w2) = T, Galye) = 1, 0a(ws) < B, Oalys) < B, Oa(ws) < 5 and dalya) < 5.
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It follows from (5.4) that

t
@a(ry*y1) > min{pa(r1), pa(y1)} > a,
Pl * o) = rmin{Pa(x2), Paly2)} = 1,
aA x3 % y3) < max{da(zs),0a(ys)} < B,

( ) <
Oa(wg % ys) < rmax{Oa(z4),04(ys)} < 3.
(

Hence z1 * y1 € Ulpasa), z2 xyo € Ulpasa), w3 x ys € L(04;5) and
x4 % ys € L(04;5). Therefore U(pa;ar), U(@a;t), L(0a;8) and L(d4;3) are
subalgebras of X. N

Conversely, let (X, A) be a T&F-structure with A := (pa, ©a, 04, 04)
such that U(ga; ), U(@a;1), L(4: B) and L(D4; 3) are subalgebras of X for
all a, 8 € [0,1] and £ = [t7,t%],5 = [s7,sT] € int([0,1]). Let 2,y € X be
such that p4(r) = a, and pa(y) = . If we take a := min{ozx,ozy}, then
z,y € U(pa;a), and so xxy € U(pa; ). Hence

pa(z+y) > o= min{a,, a,} = min{pa(), a(y)}.

Let x,y € X be such that ga(x) = #, and Qa(y) = {1,. Taking
t == rmin{t,,?,} implies that z,y € U(pa;?), and so z xy € U(p4;t). Thus
Pa(r+y) = = rmin{t,, ¢,} = rmin{Ga(x), Pa(y)}.

Similarly, we can verify that Oa(z * y) < max{da(z),04(y)} and
Oa(z x y) < rmax{0a(x),04(y)}, for all x,y € X. Therefore (X,.A) is a
T& F-subalgebra of X. ]

Given a T& F-structure (X, A) with A := (¢4, ¥4, 04, 5A), let (X, .A%) be
a T&F-structure in which A* := (%, ¢, 0%, 0%) is given as follows:

. oa(x) if € U(pa;a),
pa: X —=10,1], 2 { m otherwise,

"y pa(x) if x € U(Gast),
Pz X = int([0, 1)), = { D otherwise,
5 a(x) if x € L(0a; B),
Oa: X =01,z { n otherwise,
0 X — int([0,1]), x> Oa(x) if @ € L(033).
! Y q otherwise

where t = [t7,t%],5 = [s7,s],p = p,pT],¢d = [¢7,q7] € int([0,1]) and
a, B,m,n € [0,1] with wa(z) > m, Ga(z) = P, Oa(z) < n and da(z) < §.
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Theorem 5.13. If (X, A) is a T&F-subalgebra of X with

A= (pa, Ba, Oa, 0a),
then so is (X, A*) with A* := (%, ¢4, 04, 52)

Proof. Assume that (X, A) is a T&F-subalgebra of X with
A = (pa, ©a, Oa, 5A). Then the sets U(pa;a), U(pa;t), L(D4;5) and
L(gA;§) are subalgebras of X for all a,3 € [0,1] and ¢ = [t7,t"],
§=[s7,sT] €int([0,1]) by Theorem 5.12. Let z,y € X. If x,y € U(pa; ),

then x *y € U(pa; ), and so
Palrxy) = palz +y) > min{pa(r), pa(y)} = min{py(2), ¥4 (y) ).
If ¢ U(pa;a) or y & U(pa;a), then pa(x) =m or pa(y) = m. Hence
palz*y) =m =min{pj(z), ¥4(y)}.

If 2,y € U(@a;t), then z xy € U(P4;t), and thus

Palrxy) = pa(z xy) = rmin{pa(r), pa(y)} = rmin{@}(z), 94(y)}-

Assume that ¢ U(@a;t) or y & U(pa;t), then Ga(x) = p or pa(y) = p.
Hence ¢ (z * y) = p = rmin{p}(z), ¢ (y)}. Similarly, we can verify that

2h(a+ y) < max{0)(2), ()} and Fy(a + y) < rmax{;(x), Ty(y)}, for all
z,y € X. Therefore (X, A") is a T& F-subalgebra of X. ]

The following example shows that the converse of Theorem 5.13 is not true
in general.

Example 5.14. Let Zg := {0,1,2,3,4,5} in which a binary operation x* is
defined by

(Vm,n € Zg)(m * 1 =6 +m —n). (5.7)

Then (Zg,*,0) is a BCl-algebra. Let (Zg, A) be a T&F-structure with
A= (pa, 94, 04, 0a) given as follows:

0.9 if =0,
| 0.7 if z € {2,4}
QOA-ZG_> [071]7 Z = 0.6 if xe{i,g}

0.3 if z =
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([0.4,0.9] if z =0,
0.1,0.4] if z =1,
_ | 0.3,0.7] if =2,
oA : Le — int([0,1]), = — < 0.1,04] if 2 = 3.
0.2,0.5] if = =4,
0.1,0.4] if z =5,
\
0.2 if x =0,
. 0.4 if z € {2,1}
Oa:Zs = 0.1, 229 6 3¢ 2 € {1.5)
0.8 if x =3
([0.25,0.47] if =0,
R 0.33,053] if € {1,2}
04 : Zg — int([0,1]), x — < [0.27,0.53] if z =3
[0.35,0.56] if = =4
| 0.38,0.62] if z=>5.
Then U(pa;a) = {0,2,4} for a € (0.6,0.7], U($4;[0.2,0.5] {0,2,4},
[ 3}. Let

L(04;8) = {0,2,4} for 8 € [0.4,0.6) and L(pp;[0.27,0.53]) = {0,
(Zg, A*) be a T& F-structure with A* := (%, ¢%, 0%, 0%) given by

. pa(x) if € Ulpa;a),
pu Lg —[0,1], z— { 0 otherwise,

. . oa(z) if x € U(pa;[0.2,0.5)),
Qo Lg — int([0,1]), v { [0,0] otherwise,

Oa(x) if € L(0a;P),

Oy Zg — [0,1], x> { 1 otherwise,

~ _ Oa(x) if = € L(Fp;[0.27,0.53)),
94 Ze — int([0,1]), z { [1,1] otherwise,

that is,
09 if z =0,

oa:Zg—[0,1], z— ¢ 0.7 if z€{2,4}
0  otherwise,
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[0.4,0.9] if = =0,
o 0.3,07) if = =2,
@A : Le — int([0,1]), x — [0.2,0.5] if » =4,
[0,

0] otherwise,

0.2 if 2 =0,
Oa:Z¢—10,1], z— < 04 if x € {2,4}
1 otherwise,

0.25,0.47] if = = 0,
Oa : Zg — int([0,1]), = — { [0.27,0.53] if 2 =3
1 [1,1] otherwise.

Then (Zg, A*) is a T&F-subalgebra of Zg. But (Zg, A) is not a T&F-
subalgebra of Zg since

pa(5) = 0.3 < 0.6 =min{pa(3), pa(4)},

5
) = 04(4) =[0.2,0.5] < [0.3,0.7] = rmin{p4(0), p4(2)},
Da(1x4) =04(3) =0.8 > 0.6 =max{d4(1),04(4)},

and/or 04(2 % 3) = 94(5) = [0.38,0.62] = [0.33,0.53] = rmax{d4(2), 94(3)}.
Theorem 5.15. Given a T&F-subalgebra (X, A) of a BCl-algebra X

with A = (pa, Pa, 04, Oa), let (X, A") be a T&F-structure with

A* = (s Ps 04y 04) defined by @i(x) = 0a(0* x), @4(x) = @a(0 * ),
O (x) = 04(0 % x) and J4(x) = 04(0 xx) for all x € X. Then (X, A") is a
T& F-subalgebra of X.

Proof. Note that 0 (zxy) = (0*z) % (0% y) for all z,y € X. We have

Pa(r*y) =a(0x (z*y)) = pa((0*1)* (0*y))
> min{p4(0 %), 04(0xy)}
= min{p}(v), 4 (y)},

Fa(xxy) = Ga(0% (z*y)) = Fal(0 ) x (0 y))
= rmin{@a (0 * x), §a(0 % y)}
= rmin{4(z), Fi ()}
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Oy(x xy) = 0a(0 (zxy)) = 0a((0 % z) * (0 y))
< max{04(0 x x),04(0 xy)}
= max{0J(z), 04 (y)}
and
Oi(w xy) = 00 ( xy)) = 0a((0% 2) * (0 %))
< rmax{04(0 * z), 94(0 x y)}
= rmax{J}(v), 03 (y)}
for all z,y € X. Therefore (X, .A*) is a T& F-subalgebra of X. O
Theorem 5.16. Let f : X — Y be a homomorphism ofBCK/BC'];algebms.
If (Y,B) is a T&F-subalgebra of Y with B := (¢p, ¢, Op, Op), then
(X, f71(B)) is a T&F'-subalgebra of X with fYUB) == (fYeg), f~HPB),
f7108), f1(0B))

Proof. Let x,y € X. Then

SN ep)(@xy) =pp(f(zxy)) = es(f(z)* f(y))
min{pp(f(z)), e(f(y))}

min{f ™ (¢5)(@), f " (¢5) (W)}

FH@B) (@ xy) = o(f(rxy) = Gp(f(2) * f(y))
= rmin{pp(f(2)), #(f(y))}
= min{f " (Zp)(x), f () ()},

1 0B)(x *xy) = Op(f(z xy)) = Ip(f
< max{Jp(f(r)),dp(f

= max{f ' (0p)(x), /"~

| AV

() * f(y))
(¥))}
'(98)(y)}-

and
1 O8)(x +y) = Ip(f(x + y)) = Ip(f(x) * (1))
= mmax{9p(f(x)), p(f (1))}
= mmax{f ' (9p)(z), () (v)},
Hence (X, f71(B)) is a T& F-subalgebra of X. O
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6. CONCLUSION

This paper proposes the introduction of True-False structures, a new type
of structure constructed using (interval-valued) fuzzy sets. The application of
these structures to groups and BCK/BCl-algebras is explored. The notions of
(limited) T'& F-groups and (limited) T'& F-subalgebras are introduced, which
are groups and subalgebras equipped with True-False structures. Various
properties and characterizations of these structures are investigated. One of
the main results is proof that the intersection of two T'&F-groups is also
a T& F-group. Similarly, the intersection of two T& F'-subalgebras is also a
T& F-subalgebra, demonstrating the closure properties of these structures un-
der intersection. However, examples are provided to illustrate that the union
of two T& F-groups (respectively, T'& F-subalgebras) may not necessarily be
a T&F-group (respectively, T& F-subalgebra), highlighting the non-closure
properties of these structures under union. The study of True-False struc-
tures in the context of groups and BCK/BCl-algebras aims to enhance the
understanding and application of fuzzy set theory in these areas. The findings
contribute to the development of new mathematical structures and provide
insights into the behavior of fuzzy sets in group theory and algebra.
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