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(WEAKLY) (s,n)-CLOSED HYPERIDEALS IN COMMUTATIVE
MULTIPLICATIVE HYPERRINGS

M. Anbarloei

ABSTRACT. A multiplicative hyperring is a well-known type of algebraic hyperstruc-
tures which extends a ring to a structure in which the addition is an operation but
the multiplication is a hyperoperation. Let G be a commutative multiplicative hy-
perring and s,n € Z*. A proper hyperideal Q of G is called (weakly) (s,n)-closed if
(0¢a®*CQ)a®CQ forae G implies a™ C Q. In this paper, we aim to investigate
(weakly) (s,n)-closed hyperideals and give some results explaining the structures of
these notions.

1. INTRODUCTION

The idea of 2-absorbing ideals, as an extension of prime ideals, was intro-
duced by Badawi in [11]. This concept was generalized to a notion called n-
absorbing ideal by Anderson and Badawi in [3]. More generally, for s,n € Z™,
they defined the concept of (s,n)-closed ideals in [9].

Hyperstructures, which are a generalization of classical algebraic struc-
tures, take an important place in both pure and applied mathematics. These
structures was first introduced by Marty in 1934 [21]. He published some
notes on hypergroups as a generalization of groups. Later on, many au-
thors have worked on this new topic of modern algebra and developed it
[13, 14, 12, 16, 15, 25, 27, 33]. Similar to hypergroups, hyperrings are al-
gebraic structures, subsitutiting both or only one of the binary operations
of addition and multiplication by hyperoperations. An importan type of a
hyperring called the multiplicative hyperring was introduced by Rota in 1982
[29]. In this hyperstructure, the multiplication is a hyperoperation, while the
addition is an operation. Many illustrations and results of the multiplicative
hyperring can be seen in [2, 1, 7, 23, 22, 21, 32]. The notion of primeness of
hyperideal in a multiplicative hyperring was conceptualized by Procesi and
rota in [28]. Dasgupta extended the prime and primary hyperideals in mul-
tiplicative hyperrings in [18]. A generalization of prime hyperideals called
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2-absorbing hyperideals was introduced in [0] and this concept was further
generalized to a notion called n-absorbing hyperideals in [5].

In this paper, we introduce the notions of (s,n)-closed hyperideal and
weakly (s,n)-closed hyperideal of a commutative multiplicative hyperring.
Many specific results are presented to explain the structures of these notions.
Additionally, we study the relationship between the new hyperideals and
classical hyperideals and explore some ways to connect them.

2. SOME BASIC DEFINITIONS

In this section, we give some definitions and results which we need to de-
velop our paper. A hyperoperation “o” on nonempty set A is a mapping
from A x A into P*(A) where P*(A) is the family of all nonempty subsets of
A. If “o” is a hyperoperation on A, then (A, o) is called hypergroupoid. The
hyperoperation on A can be extended to subsets of A. Let A, As be two sub-
sets of A and a € A, then A0 Ay = Uy ea,.0,e4,01 02, and Ajoa = Ajo{a}.
A hypergroupoid (A, o) is called a semihypergroup if Uyepoc@ 0 v = Uyeqoptt © €
for all a,b,c € A which means o is associative. A semihypergroup is said to
be a hypergroup if ac A = A = Aoa for all a € A. A nonempty subset B of a
semihypergroup (A, o) is called a subhypergroup if we have ao B = B = Boa
for all a € B [19].

Definition 2.1. [19] An algebraic structure (G, +, o) is said to be commuta-
tive multiplicative hyperring if

(1) (G,+) is a commutative group;

(2) (G, o) is a semihypergroup;

(3) for all a,b,c € G, we have ao (b+¢) C aob+ aoc and

(b+c)oaCboa+coaq;
(4) for all a,b € G, we have ao (—=b) = (—a) ob= —(aob);
(5) foralla,be G,aob=boa.

If in (3) the equality holds then we say that the multiplicative hyperring is
strongly distributive. Let (Z,+,-) be the ring of integers. Corresponding to
every subset X € P*(Z) with | X| > 2, there exists a multiplicative hyperring
(Zx,+,0) with Zx = Z and for any a,b € Zx, aob={a.x.b|xz € X} [18].

Definition 2.2. [3] An element e in G is an identity element if @ € a o e for
all a € GG. Moreover, an element e in GG is a scalar identity element if a = aoe
for all a € G.

Throughout this paper, G denotes a commutative multiplicative hyperring
with identity 1.
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Definition 2.3. [19] A non-empty subset H of G is a hyperideal if
(i) a—be H forall a,b € H;
(ii) roa C H forallae H and r € G.

Definition 2.4. [18] A proper hyperideal P of G is called a prime hyperideal
if aob C P for a,b € G implies that a € P or b € P.

The intersection of all prime hyperideals of G containing a hyperideal 1
is called the prime radical of I, denoted by rad(I). If the multiplicative
hyperring G does not have any prime hyperideal containing I, we define
rad(I) = G. Let C be the class of all finite products of elements of G
that is C = {rjorpo..or, : 1 € G,n € N} C P*(G). A hyperideal
I of G is said to be a C-hyperideal of G if, for any A € CANI # &
implies A C I. Let I be a hyperideal of G. Then, D C rad(I) where
D={reG]|r CI for some n € N} [18]. The equality holds when I is
a C-hyperideal of G [17, Proposition 3.2]. Recall that a hyperideal I of G is
called a strong C-hyperideal if for any £ € {, ENI # &, then £ C I, where
U={>",A41A4 €CneNtand C={rioro..or, |r € Gn e N}
(for more details see [17]).

Definition 2.5. [3] A proper hyperideal I of G is maximal in G if for any
hyperideal J of G with I C J C G then J = G.

Also, we say that G is a local multiplicative hyperring, if it has just one
maximal hyperideal.

Definition 2.6. [3] Let P and @ be hyperideals of G. We said that P and
Q) are coprime if P+ Q) = G.

3. (s,n)-CLOSED HYPERIDEALS

In this section, we define the concept of (s, n)-closed hyperideal and present
some basic properties of the (s,n)-closed hyperideals.

Definition 3.1. Let s,n € Z". A proper hyperideal ) of a commutative
multiplicative hyperring G is called (s,n)-closed if a® C @ for a € G implies
a" C Q.

It is clear that every (s,n)-closed hyperideal of G is (s',n')-closed for all
s,s'.n,n € ZT with s’ < s and n’ > n.

Example 3.2. Consider the set of all integers Z with ordinary addition
and the hyperoperation o defined as oo = {2a,4af} for all o, € Z.
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Then @ = (105) is an (s, 3)-closed hyperideal of the multiplicative hyperring
(Z,+,0) for all s € Z.

Clearly, every prime hyperideal of G is an (s,n)-closed for all s,n € Z™.
However, the next example shows that the converse is not true, in general.

Example 3.3. Consider the multiplicative hyperring (Z, 4, o) where + is the
ordinary addition and the hyperoperation o is defined as a o b = {2ab, 3ab}

for all a,b € Z. Then @ = (6) is an (3, 2)-closed hyperideal of Z, but it is not
prime.

A proper hyperideal I of G refers to an m-absorbing hyperideal of G if
ry0---0x,4 C I for xy, - , 2,41 € G implies that there exist n of the x)s
whose product is a subset of I [7].

Theorem 3.4. Let ) be an n-absorbing C-hyperideal of G. Then @) is an
(s,n)-closed hyperideal for each s € Z7.

Proof. Assume that () is an n-absorbing hyperideal of G and
a®* = a"oa*" C Q for a € G and s,n € Z' with n < s. Then we have
a"ob C () for every b € a®*~". Since () is an n-absorbing hyperideal of GG, we
get a” € Q or a” ob € Q. In the first case, we are done. In the second case,
we have a*~! C . Consider ¢*~' = a" 0a* " ! C @ and pick ¢ € a*"!. By
continuing the process mentioned, we obtain a” C (. Hence @ is (s, n)-closed
for s > n. If s <n, then Q is (s,n)-closed clearly. Thus @ is an (s, n)-closed
hyperideal for each s € Z™. O]

Theorem 3.5. Let Q1, - - - , Q¢ be prime hyperideals of G. Then Q10---0Q); is
an (s,m)-closed hyperideal of G for all s,n € Z* with 1 <t and min{s,t} < n.

Proof. Assume that a® C QQ10---0Q); for a € G. This means a® C (); for each
ie{l,---,t}. Since Q; is a prime hyperideal of G, we have a € @;. Hence
a' C Q1o---0Q;. This implies that a” C Q10---0Q; for all min{s, ¢t} <n. 0O

Theorem 3.6. Let Q1,---,Q; be hyperideals of G such that for each
i€ {1, t}, Q; is (s;,n;)-closed with s;,;n; € Z". Then

(i) Qro---0Qis (s,n)-closed for s,n € Z* such that s < min{sy,--- , s}
and n > min{s,ny + -+ - + ns}.
(i) Q1N---NQyis (s,n)-closed for s,n € Z* such that s < min{sy,--- , s}
and n > min{s, max{ny,--- ,n:}}.
Proof. (i) Assume that a®* C Q10+ 0@y for s < min{sy,--- ,s:} and a € G.
This means a® C @Q; for all ¢ € {1,--- ,t} and so a* C @Q;. Since @Q; is

(s;,ni)-closed, we get a C @);. Then we conclude that
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This implies that " C Q10 ---0 @y for ny--- + n;, < n. Consequently, we
have " C Q1 0--- 0@y for all n > min{s,ny + -+ + n;}.
(#4) Suppose that a®* C Q1 N ---Qy for s < min{sy,---,s} and

a € G. Hence a® C Q; for all i € {1,---,t} and then a* C @;. Since
Q; is (si, ni)-closed, we obtain a" C @Q;. Thus we have a" C @Q; for every
ie{l,---,t} and n > max{ny,---,n:}. Hence ™ C Q1 N --- N Q; for all
n > min{s, max{ny,--- ,n:}}. O

Example 3.7. Let (Z,+,-) be the ring of integers and A € P*(Z) with
|A| > 2. Consider the multiplicative hyperring (Z 4, +, o) where + is ordinary
addition, Zy =7 and ao b= {axb | x € A} for all a,b € Zy,.

(i) Let A= {57} Put Q = (858), Q1 = (6), Q» = (11) and Q3 = (13).
Since @1, Q2 and Q3 are (s1,2)-closed, (s9,1)-closed and (ss, 1)-closed
hyperideals of Z 4, respectively, with s; > 3 and s, s3 > 2, we conclude
that @ = @1 0 Q2 0 Q3 is an (s,n)-closed hyperideal of Z, such that
s < min{sy, s9, 53} and n > min{s, 4}.

(i) Let A = {17,19}. Put Q = (2310), @, = (6), Q2 = (35) and
Q3 = (11). Since Q = Q1 N Q2 N Q3 and @1, Q2 and Q3 are (s1,2)-
closed, (s2,2)-closed and (ss3,1)-closed hyperideals of Z 4, respectively,
with s1,s9 > 3 and s3 > 2, @ is an (s,n)-closed hyperideal of Z, such
that s < min{sy, s2, s3} and n > min{s, max{1,2}}.

In view of Theorem 3.6, the following results are obtained.

Corollary 3.8. Let Qi,---,Q: be (s,n)-closed hyperideals of G for
s,m €Z*. Then Q1N ---NQ; is an (s,n)-closed hyperideal of G.

Recall from [3] that two hyperideals P and @ of G are coprime if P+Q = G.

Corollary 3.9. Let Qy,--- ,Q; be (s,n)-closed hyperideals of G for s,n € Z*
such that Qq,--- ,Q are pairwise coprime. Then Q10 ---0 Qy is an (s,n)-
closed hyperideal of G.

Theorem 3.10. Let P and Q) be two hyperideals of G such that () is an
(s,2)-closed strong C-hyperideal for s € Z+. If P* C Q, then P? + P* C Q.

Proof. Assume that a,b € P. Since P* C @, we have a®,0°, (a + b)* C Q.
Since Q is an (s,2)-closed hyperideal of G, we get a?,b%, (a + b)* C Q. Pick
c € (a+0b)? Since (a+b)?Ca?+aob+aob+b? wehave c € a® + d + b?
for some d € aob+aobandsoc—d¢€ a?+b*>C Q. Then we get d € Q as
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c€ (a+b)*>C Q. Sinced €aob+aoband Q is a strong C-hyperideal of G,
we obtain aob+aob C Q. Hence P?> + P2 C Q. N

We define the relation v on a multiplicative hyperring (G, +, o) as follows:

xyy if and only if {z,y} C A where A is a finite sum of finite products of
elements of G.
This means zvyy if and only if there exist z,...,2, € G that
{z,y} € > jes1lies, i and I;,J € {1,...,n}. The transitive closure of
is denoted by ~*. The relation v* is the smallest equivalence relation on a
multiplicative hyperring G such that the quotient G /~*, the set of all equiv-
alence classes, is a fundamental ring. Let A be the set of all finite sums
of products of elements of G. The definition of v* can be rewritten on G,
i.e., xv*y if and only if there exist z1,...,2, € G with 21 = z,2,,1 = y and
Uy, ..., Up € A such that {z;, 2,1} C u; for i € {1,...,n}. Suppose that v*(x)
is the equivalence class containing z € G. Define v*(z) & v*(y) = 7*(2) for
all z € v*(z) +7*(y) and 7*(z) © ¥*(y) = 7" (w) for all w € y*(z) o ¥*(y).
Then (G/~*,+,®) is a ring, which is called a fundamental ring of G [33].

Theorem 3.11. Let Q be a hyperideal of G. Then Q is an (s,n)-closed hyper-
ideal of (G, +,0) if and only if Q/v* is an (s,n)-closed ideal of (G/v*, ®,®).

Proof. (=) Let a®---®a € Q/v* for some a € G/v*. Then there exists

v €Gwitha=7"(z)and g ©---©a=7"(x) ©---© " (x) =7"(z*). Since

N
S

v (x®) € Q/~*, we obtain x* C ). Since @ is an (s,n)-closed hyperideal of
G, we conclude that 2 C (). Thus

which implies Q/v* is an (s, n)-closed ideal of G /~*.
(«<=) Assume that z* C @ for some = € G. Therefore v*(z) € G/v* and
Y (x) ®- - Oy (x) = v"(z%) € Q/~*. Since Q/v* is an (s,n)-closed ideal of

Vv

G/v*, we get v (z) ®--- © v (z) = v*(z") € Q/~" which means z" C Q.

-~

Consequently @ is an (s,n)-closed hyperideal of G. O

Let G be a multiplicative hyperring. Then we call M,,(G) as the set of all
hypermatrices of G. Also, for all

A= (Aij)mxma B = (Bij)mxm S P*(Mm(G))u A - B
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Theorem 3.12. Let ) be a hyperideal of G. If M,,(Q) is an (s,n)-closed
hyperideal of M,,(G), then Q is an (s,n)-closed hyperideal of G.

Proof. Assume that a® C () for some a € G. Then

a0 - 0
00 --- 0
R =S YA o3}
0 0 0
Since
a® 0 - 0 a 0 - 0 a 0 - 0
0 0 - 0 00 - 0 00 - 0
. . . — . . . O o . . .
0 0 0 00 - 0 00 0
and M,,(Q) is an (s,n)-closed hyperideal of M,,(G), we get
a 0 --- 0 a 0 0
00 --- 0 00 0
Do .o R Do .o ng(Q)
00 --- 0 00 --- 0
Therefore
a 0 - 0
0 0 0
00 --- 0
which implies " C Q. Thus @ is an (s, n)-closed hyperideal of G. ]

Recall from [3] that a non-empty subset S of G with scalar identity 1 is said
to be a multiplicative closed subset (MCS), if S contains 1 and S is closed
under the hypermultiplication. Assume that S™'G is the set (G x S/ ~) of
equivalence classes where

(al,tl) ~ (az,tg) <= 3te€ S suchthat totjoay =totsoa.

The equivalence class of (a,t) € G x S is denoted by 4. The set S7'G is a
hyperring with & and ® defined by
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ai as __ tjoas+tisoa; . fx+y
n O = fhoh ={" |rv€tioayy€troar,z €tyoty}

ar oy @ _ wmoay _ fz
®t2 = Yoty —{y|x€aloa2,y€tlot2}

The localization map ¢ : G — S~1@, defined by a 1, is a homomor-

phism of hyperrings. Moreover the localization of a hyperideal is a hyperideal

[20].

Theorem 3.13. Let () be a C-hyperideal of G and S a MCS such that
QNS =a. IfQ is an (s,n)-closed hyperideal of G, then S™1Q is an (s,n)-
closed hyperideal of S7'G.

S

Proof. Let %@---@% = % C S~1Q for some T € S~!G. Then we have
N————

S
€ L forany z € ¢ = go---oqgand y € t°* = {o---ot. Therefore
S S

z = ;i: for some 2’ € @ and y' € S. Then there exists u € S such that

uoxoy =wuox' oy. This means uozxz oy C . Since x € a®, we obtain
uoxoy Cuoa®oy. Since () is a C-hyperideal of G, we get uoa®oy’ C Q
and so uoa’* oy = (uoaoy) C Q. Take any @ € uoaoy'. Since
a® C @ and @ is an (s,n)-closed hyperideal of G, we get " C Q. Since @ is
a C-hyperideal of G and " C (uoaoy')", we have (uoaoy')" C Q. Hence

n T T T a a
T = tmemroym © S~71Q which implies rECEENIOb C S71Q. Consequently,
————

S~1Q is an (s, n)-closed hyperideal of S71G. Il

< |8

Example 3.14. Consider the hyperring of integers (Z,+,0) such that
roy = {xy,bxy} for any x,y € Z. Let S = {5"|n > 0}. Then S is a multi-
plicative closed subset of Z. Since @ = (6) is a (3, 2)-closed C-hyperideal of
Z, S71Q is a (3,2)-closed hyperideal of S™1Z.

Let us define €(Q) = {(s,n) € Z" xZ* | @ is (s,n)-closed } for some proper
hyperideal () of G. Then we have
{(s,n) €ZTxZ" |1 <s<n}C€Q)CZ xZ".
Moreover, rad(Q) = @ if and only if €(Q) = Z* x Z™.

Theorem 3.15. Let Q be a proper hyperideal of G and s,n € Z*. If
(s,n),(s+1,n+1) € €Q) with s # n, then (s + 1,n) € €(Q).

Proof. Let s < n. Clearly, we have (s + 1,n) € €(Q). Now, let us conseder
s > n. Assume that a*™ C Q for some a € G. Since (s + 1,n + 1) € €(Q),
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we get @t C Q. Since n + 1 < s, we obtain a® C ) which implies " C Q
as (s,n) € €(Q). Hence (s+ 1,n) € €(Q). O

Remark 3.16. Let Q be a proper hyperideal of G and s,n € Z*. If
(s,n) € €(Q), then (s,n') € €(Q) for §,;n’ € Z* such that 1 < §' < s
and n < n' by being ) a hyperideal.

Theorem 3.17. Let QQ be a proper C—hyperideal of G. If (s,n) € €(Q) for
s,n € Z* such that n < 3, then (s 4+ 1,n) € &(Q) and then (t,n) € €(Q) for
allt € 7T,

~—

Proof. Assume that a*! C @Q for some a € G. Therefore we have
(a®)* = a®** C Q. Choose x € a®>. So z* C Q. Since (s,n) € €(Q), we
get 2" C ). From = € a? it follows that 2 C a**. Then we have a*" C Q
as () is a C—hyperideal of G. By the hypothesis, we have a®* C (). Since
(s,n) € €(Q), we get a" C @ which implies (s 4+ 1,n) € €(Q). By a similar
argument, we have (t,n) € €(Q) for all t € Z* such that ¢ > n. Now, by
Remark 3.16, we conclude that (t,n) € €(Q) for all t € Z™. O

Assume that () is a proper hyperideal of G. Consider the mappings
wg : ZT +—— Z%, defined by wg(s) = min{n | Q is (s,n)-closed} and
Qg : ZT — Z% U {oo}, defined by Qg(n) = sup{s | @ is (s,n)-closed}.
The rows of €(Q) determine wgy and the columns of €(Q) determine .
Since (n,n) € €(Q) for all n € Z*, we have 1 < wg(s) < s. Moreover, by
Remark 3.16, we conclude that wg(s) < wg(s+ 1) and Qg(n) < Qo(n + 1).

Remark 3.18. Let P and () be two proper hyperideals of GG. It can be easily
seen that €(P) C &€(Q) for if and only if wp(s) < wg(s) for all s € Z* if and
only if Qp(n) < Qg(n) for all n € Z*.

Proposition 3.19. Let ) be a proper hyperideal of G and s,n € Z*. If
wo(s) < s, then either wo(s+ 1) = wg(s) orwo(s+1) > wo(s) + 2.

Proof. Let wg(s + 1) = wg(s) + 1 and wg(s) = n. Then n < s and
wo(s+1) =n+ 1. Hence we have (s+1,n+1),(s,n) € €(Q). By Theorem
3.15, we conclude that (s + 1,n) € €(Q) which implies wg(s + 1) < n which
is a contradiction. ]

Proposition 3.20. Let (Q be a proper hyperideal of G and s,n € Z*. If
Qo(n) > n, then either Qo(n + 1) = Qg(n) or Qo(n+1) > Qg(n) + 2.

Proof. By using an argument similar to that in the proof of Proposition 3.19,
one can easily complete the proof. [
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Theorem 3.21. Let P and () be proper hyperideals of G. Then

(i) wpng <wpV wg.
(ii) Qp A QQ < QPQQ.

Proof. Put wp(s) = n' and wg(s) = n” for s € Z* such that n = max{n',n"}.
By Remark 3.16 and Corollary 3.8, we have (s,n) € €(P)N€(Q) C &(PNQ).
Therefore we conclude that wpng(s) < n. Since n = (wp V wg)(s), we have
wpng(s) < (wp Vwg)(s). (ii) This can be proved in a very similar manner to
the way in which (i) was proved. O

Proposition 3.22. Let P and () be proper hyperideals of G.  Then
wpng = wp V wg if and only if €(P)NE(Q) = (PN Q).

Proof. (=>)Let wpng = wp V wg. This means that wp < wpng and
wg < wpng- By Remark 3.18, we get €(PNQ) C €(P)N&(Q). On the other
hand, we have €(P) N &(Q) C &€&(P N Q) by Corollary 3.8. Consequently,
E(P)NEQ) =P NQ).

(<) Let €(P)N€&€(Q) = €(P N Q). This implies that wp < wpng and
wg < wpng by Remark 3.18. Therefore we obtain wp V wg < wpng. On
the other hand, by Theorem 3.21, we get wpng < wp V wg. Consequently,
wpn = wp V wg. ]

Proposition 3.23. Let P and ) be proper hyperideals of G.  Then
Qpng = Qp A Qq if and only if €(P)NE(Q) = (PN Q).

Proof. By an argument similar to that one given in Proposition 3.22, we are
done. ]

In view of Proposition 3.22 and Proposition 3.23, the following result is
obtained.

Corollary 3.24. Let P and () be proper hyperideals of G. Then
wpng = wp V wg in and only if Qpng = Qp A Qg

4. WEAKLY ($,7m)-CLOSED HYPERIDEALS

Definition 4.1. Let Q be a proper hyperideal of G and s,n € Z". () refers
to a weakly (s,n)-closed hyperideal if 0 ¢ z* C @ for x € G implies that
" C Q.

Example 4.2. Consider the multiplicative hyperring (Za,+,0) where
Zp =7, A= {711}, aob = {axb | x € A} for all a,b € Z4 and + is
ordinary addition. Then (390) is a weakly (s, 4)-closed hyperideal of Z for all
sezr.
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Theorem 4.3. Let Q) be an (s,n)-closed hyperideal of G. Then @ is a weakly
(s,n)-closed of G.

Proof. Tt is obvious. [

The following example shows that the converse of Theorem 4.3 is not always
true.

Example 4.4. Consider the ring ({0,1,2,--- ,7} = Zg, ®, ®) such that &7y
and T ® gy are remainder of %y and % where + and - are ordinary addition
and multiplication for all z,y € Zs. Now, we define the hyperoperation
T oy = {7y, 2xy, 3zy, vy, Sry, 62y, Try}. Then the hyperideal Q = {0,4}
of the multiplicative hyperring (Zg, ®, o) is weakly (3, 1)-closed but it is not
(3, 1)-closed.

It can be easily verified that an intersection of weakly (s,n)-closed hyper-
ideals of G is weakly (s,n)-closed. Furthermore, every weakly (s,n)-closed
hyperideal of G is weakly (s,n’)-closed for all n’ € Z* such that n’ > n. Let
Q) be a weakly (s,n)-closed C-hyperideal of G. We define © € G to be an
(s, n)-unbreakable-zero element of @ if 0 € z* and 2™ € Q. Indeed, it means
that @ is not (s,n)-closed if and only if @) has an (s, n)-unbreakable-zero
element.

Theorem 4.5. Let Q) be a weakly (s,n)-closed strong C-hyperideal of G. If
x s an (s,n)-unbreakable-zero element of Q, then 0 € (x + a)® for all a € Q.

Proof. Assume that a € Q. So >.;_, (S)xsfiai C @. On the other hand,

0+>7 (‘:) 7l Cat Y (j) xS*iai.Z Since () is a strong C-hyperideal of
G, we have 2° + 37 | (})2*‘a’ C Q which implies (z+a)* C Q as (z+a)* C
o+ 30, (O)at a1 (z+ )" C Q, then 2" + >, ()" "a’ C @ because
@ is a strong C-hyperideal of G. Since .1 | (M)z""a’ C Q, we get 2" C Q,
a contradiction. Then (x + a)" € Q. Since @ is a weakly (s,n)-closed of G,
we obtain 0 € (z + a)®. O

Recall from [3] that an element = € G is nilpotent if there exists an integer
t such that 0 € z'. The set of all nilpotent elements of G is denoted by Y.

Theorem 4.6. If Q is a weakly (s,n)-closed strong C-hyperideal of G such
that is not (s,n)-closed, then QQ C Y.

Proof. Suppose that @ is a weakly (s,n)-closed strong C-hyperideal of G.
If @ is not (s,t)-closed, then there exists x € G such that z is an (s,n)-
unbreakable-zero element of (). Assume that a € (). We have 0 € x® which
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implies 0 € (z + a)® by Theorem 4.5. This means that z,z +a € 7T.
Since by Theorem 3.5 in [3] T is a hyperideal of G , we conclude that
a=(x+a)—x €Y. This means that Q C Y. O

A non-empty finite subset £ = {ey,--- ,e,} of a multiplicative hyperring G
is said to be i-set if e; # 0 for at least one 1 < ¢ < n and for every z € G,

ve YL, xoe [30]

Theorem 4.7. Let G be a strongly distributive multiplicative hyperring with
scalar identity e such that has an i-set and s,n € Z with s > n. Then every
hyperideal of G contained in Y is weakly (s,n)-closed if and only if 0 € x*
forallx € Y.

Proof. (=) Let 0 ¢ z® for some x € T. Put Q = (z°). So (z°) C Y.
Since every hyperideal of G contained in T is weakly (s,n)-closed, @ is a
weakly (s,n)-closed hyperideal of GG. Therefore 0 ¢ z* C () which implies
2" C @ and 0 ¢ 2". Then for every a € 2" there exist ay,--- ,a; € G and
1, 2 € 2° such that a € S_1_, a; 0 ;. Hence

OEZ;Zl.ﬂﬁl‘oai—agZgzlxsoai_xn:xno<23:1xs—noai_e).

This means that 0 € 2" o ¢ — e for some ¢ € 2221 x* " oa; Since x € T, we
have ! 2" oa; € T. Hence ¢ — e is invertible by Theorem 3.20 in [4].
Thus we have 0 € 2™ which is a contradiction.

(<) Let 0 € z® for all x € T. Suppose that @) is a hyperideal of G such
that @ C YT and 0 ¢ a® C Q for some a € G but ¢" € Q. Then there
exist ¢ € a" such that ¢ ¢ Q. If c € T, then 0 € ¢ C a¢*" and so a € T.
Hence 0 € a*, a contradiction. If ¢ ¢ T, then 0 ¢ ¢°. Since ¢* C o™ C Q,
we have ¢ C Y. Let d € ¢*. Then 0 € d* C ¢ which means ¢ € T, a
contradiction. [

Let s,n € Z". An element a € G is (s,n)-regular if a" C a® o b for some
b€ G. An element a € G is (s,n)-Regular if " C a® o B for some subset
B # a"* of G. Recall from [1] that an element a € G is called weak zero
divisor if for 0 # b € G we have 0 € aob. Denote the set of weak zero divisor
by Z,(G). Also, recall from [3] that an element € G is said to be invertible
if there exists y € GG, such that e € x oy. The set of all invertible elements
in G is denoted by U(G).

Theorem 4.8. Assume that G is a strongly distributive multiplicative hyper-
ring with scalar identity e, a € G\(Z,(G) UU(G)) and s,n € Z*. Then a is
(s,n)-reqular if and only if s < n.
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Proof. Let a be (s,n)-regular and s > n. From a" C a® o b for some b € G,
it follows that 0 € a®*ob —a" = a" o (a* " o b — ¢). By the hypothesis, we
have 0 € a* " o b — e which implies e € a* " o b. This means e € a o d for
some d € a* "1 ob. Then a € U(G) which is a contradiction. The converse
is clear. L]

Theorem 4.9. Let s,n € Z* with s > n. If a is (s,n)-reqular, then a is
(s + 1,n)-Regular.

Proof. Assume that a is (s,t)-regular such that s > n. From a" C a® o b for
some b € G, it follows that

a g asob=a"o (as—n o b) g (CLS o b) o (as—n o b) — CLS—H o (as—n—l o b2)

Put B = a* " ! o b2 Thus we have a" C a*t! o B which means a is
(s + 1,n)-Regular. O]

Theorem 4.10. If a € U(G), then a is (s,n)-Regular for all s,n € Z*.

Proof. Let a € U(G). Then there exists b € G such that e € aob. So we have
e € a®* " ob*". Therefore a"oe Ca’ob’ ™. If x € a",thenx € roe Ca"oe
which implies a" C a" o e. Hence we get a” C a® o b*". Put B =5b""". Then
a" C a® o B which means a is (s,n)-Regular. O

Theorem 4.11. Let G be a strongly distributive multiplicative hyperring that
has an i-set and s,n € Z" with s > n. Then every proper hyperideal of
G is weakly (s,n)-closed if and only if every non-nilpotent element of G is
(s,n)-Regular and 0 € a® for alla € Y.

Proof. (=) Since every hyperideal of G contained in Y is weakly (s,n)-
closed, we have 0 € a® for all @ € T by Theorem 4.7. Let a € G\T. Assume
that a € U(G). Therefore a is (s,n)-Regular by Theorem 4.10. Now, assume
that a ¢ U(R). Put @Q = (a®). By the hypothesis, @ is a weakly (s,n)-
closed hyperideal of GG. Therefore 0 ¢ a®* C @ which implies a” C (. Then
for every x € a" there exist by,,---,0;, € a® and ¢, -+, ¢, € G such that
x et bioc, CYI afoc, =a*od._ ¢, Putc, =3 ¢ . Then we
obtain a" = Uzegn{x} C Uzeana® 0 ¢ = a® 0 UpegnCy. Now, put B = UzegnCy.
Thus, a" C a® o B which means a is (s,n)-Regular.

(<=) Assume that @ is a proper hyperideal of G and 0 ¢ a®* C @ for
some a € G. So a ¢ T. By the hypothesis, a is (s,n)-Regular. This means
a” C a® o B for some subset B of G. Since a®* o B C (), we have a" C Q.
Consequently, @ is weakly (s, n)-closed. H
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Assume that (G1, +1,01) and (Ge, +9, 09) are two multiplicative hyperrings.
Recall from [19] that a mapping ¢ from G; into G5 is said to be a hyperring
good homomorphism if for all z,y € Gy, ¥(z +1y) = ¥(x) +2 ¥(y) and

Y(zo1y) = P(x) o2 Y(y).

Theorem 4.12. Let G and Go be two multiplicative hyperrins, 1 : G1 — Gy
a hyperring good homomorphism and s,n € 7.
(1) If Q2 is a weakly (s,n)-closed hyperideal of Gy and 1 is injective, then
Y 1(Q2) is a weakly (s,n)-closed hyperideal of Gy.
(2) If is surjective and Q1 is a weakly (s,n)-closed hyperideal of G1 with
Ker(vy) C Q1 , then ¥(Q1) is a weakly (s,n)-closed hyperideal of Gs.

Proof. (1) Let 0 ¢ a® C ¢ Q) for some a € G;. Then we get
0 ¢ ¥(a®) = ¥(a)® C Q2 as 9 is injective. Since Qs is a weakly (s, n)-closed
hyperideal of Gs, we obtain (¢(a))" C (2 which implies ¥ (a") C Q2 which
means a” C ¥~ 1(Qs2). Thus ¥~1(Qs) is a weakly (s,n)-closed hyperideal of
G1.

(2) Let 0 ¢ b® C 9(Qq) for some b € Gy. Then ¥(a) = b for some
a € Gy as v is surjective. Therefore (a®) = ¥(a)® C ¥(Q1). Now, pick
any x € a®. Then ¥ (x) € ¥(a®) C ¥(Q1) and so there exists y € ()1 such that
Y(x) = 1Y (y). Then we have ¢(z —y) = 0 which means z —y € Ker(y) C Q1
and so x € Q1. So a® C 1. Since Q) is weakly (s,n)-closed and 0 ¢ a*, we
get a” C (1. This means that ¢(a") = 0" C ¥(Q1). Consequently, ¥(Q1) is
a weakly (s,n)-closed hyperideal of Gj. O]

Now, the following result obtained by the previous theorem directly.

Corollary 4.13. Let P and Q) be two hyperideals of G with P C @ and
s,m € Z*T. If Q is a weakly (s,n)-closed hyperideal of G, then Q/P is a
weakly (s,n)-closed hyperideal of G/P.

Let (Gy,+1,01) and (Ga, +2, 02) be two multiplicative hyperrings with non
zero identity. The set G; x G5 with the operation + and the hyperoperation
o defined as

(21, 22) + (y1,92) = (21 +1 Y1, T2 +2 Y2)

(z1,22) o (y1,42) ={(x,y) € Ry X Ry | x € x1 01 Y1,y € T2 03 Yo}
is a multiplicative hyperring [32]. Now, we give some characterizations of
weakly (s,n)-closed hyperideals on cartesian product of commutative multi-
plicative hyperring.
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Theorem 4.14. Let (G1,+1,01) and (G, +2,02) be two multiplicative hyper-
rings with scalar identities e; and ey respectively, Q1 a C-hyperideal of G
and s,n € Z* . Then the followings are equivalent.
(i) Q1 x Gy is a weakly (s,n)-closed hyperideal of G1 X Gs.
(il) @1 is an (s,n)-closed hyperideal of G1.
(iii) @1 x Gy is an (s,n)-closed hyperideal of G1 x Gs.

Proof. (i) = (ii) Assume that @1 X G5 is a weakly (s,n)-closed hyperideal
of G1 X G3. By Theorem 4.12 (2), we conclude that @, is a weakly (s,n)-
closed hyperideal of G;. Suppose that () is not an (s,n)-closed hyperideal
of G1. This implies that ()1 has an (s, n)-unbreakable-zero element x. Hence
0 € 2% and 2" € Q. This implies that (0,0) ¢ (z,e2)® C Q1 X Go and
(z,e9)" € Q1 X Go which is a contradiction since Q1 X Gy is a weakly (s,n)-
closed hyperideal of G; x G5. Thus @ is an (s, n)-closed hyperideal of Gj.
(ii) = (iii) The claim follows by Theorem 2.12 in [9] and Theorem 3.11.
(iii) = (i) This follows directly from the denitions. O

Lemma 4.15. Let 11 and Iy be hyperideals of the multiplicative hyperrings
(G1,+1,01) and (G, +2,02), respectively. Then Iy and Iy are C-hyperideals
if and only if I x Iy is C-hyperideal of G1 X G.

Proof. (=) Let I and I be C-hyperideals of G; and G, respectively and
(ay,by)o- - -0o(ay, by,)NIyx Iy # @ forsome ay, - -+ ,a, € Gyand by, -+ , b, € Gb.
This means (a, b) € (a1,b1) 0 --- o (ay,by,) for some (a,b) € I1 x I5. Therefore
we have a € a1 01---01a, and b € by o9 ---09b,. Since [; and [, are C-
hyperideals, we get a; o1 --- 01 a, C I; and by o9 --- 09 b, C I,. This implies
that (a1,b1) 0 --- 0o (an,b,) C I X I, as needed.

(<) Let ay o1 -+ 0oy a, N [} # @ for some ay,--- ,a, € Gy and

bioy---00b, NIy # QO

for some by, ,b, € Gy. This means (ai,by) o -+ 0 (a,,b,) NI} X I # .
Since 7 X Iy is C-hyperideal of G X G, we have (ay, by)o---o(ay,b,) C I1 XI5
which means a; o1 ---01a, C I; and by oy --- 09 b, C I, as claimed. ]

Theorem 4.16. Let (G, +1,01) and (Ga, +2, 09) be two multiplicative hyper-
rings with scalar identities e; and ey, repectively, and s,n € Z*. Then the
followings are equivalent.
(i) Q is a weakly (s,n)-closed C-hyperideal of G1 x Gy that is not (s,n)-
closed.
(i) @ = Q1 X Qo for some C-hyperideals Q1 and Q2 of G1 and G,
respectively, such that one of the following is hold.
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(1) Q1 is a weakly (s,n)-closed hyperideal of Gy that is not (s,n)-
closed, 0 € b® whenever b* C Qo for b € Gy. If 0 ¢ a® C Qy for
a € Gy, then Q2 is an (s,n)-closed hyperideal of Go,

(2) Q2 is a weakly (s,n)-closed hyperideal of Gy that is not (s,n)-
closed, 0 € b° whenever b° C Q1 for b € Gy. If 0 & a® C Qo for
a € Gy, then Q1 is an (s,n)-closed hyperideal of G1.

Proof. (i) = (ii) Assume that @) is a weakly (s,n)-closed C-hyperideal of
G1 X G that is not (s,n)-closed. Then @ = @1 X @2 for some hyperideals
(1 and Q)9 of G7 and G, respectively, such that one of them is weakly
(s,m)-closed but is not (s,n)-closed by Theorem 4.14. We may assume that
()1 is a weakly (s,n)-closed hyperideal of G; but is not (s,n)-closed. Then
we conclude that () has an (s, n)-unbreakable-zero element a; which means
0 € af and af € Q. Let b° C Qs for some b € Gy. Since (a,b)* C Q, we get
(0,0) € (a1,b)* which means 0 € b°. Suppose that 0 ¢ a®* C @ for a € Gj.
Let b € Gy with b° C @Qs. Therefore (0,0) ¢ (a,b)* C (. This means that
b" C @2 which implies @)y is an (s,n)-closed hyperideal of G. Similiar for
the other case.

(ii) = (i) Assume that @) is a weakly (s, n)-closed hyperideal of G; that is
not (s, n)-closed. Suppose that x is an (s, n)-unbreakable-zero element of Q).
This means that (x,0) is an (s,n)-unbreakable-zero element of (). Hence Q)
is not an (s,n)-closed. Let (0,0) ¢ (a,b)® C @ for a € G; and b € G5. Since
0€b’, weget 0¢ a®C (. Then (a,b)” C @ as @ is a weakly (s, n)-closed
hyperideal of G and Q)7 is an (s, n)-closed hyperideal of G3. Consequently, Q)
is a weakly (s, n)-closed C-hyperideal of G; x G5 that is not (s, n)-closed. [

5. CONCLUSION

In this paper, we transfered the idea of (s, n)-closed ideals in multiplicative
hyperrings and named it as (s, n)-closed hyperideals. Some main results were
given to explain the structure of this concept. Moreover, we extended this
notion to weakly (s,n)-closed hyperideals. Some properties of this concept
were presented. We explored the behaviour of these hyperideals under ho-
momorphism of hyperrings. We also gave some characterizations of weakly
(s,n)-closed hyperideals on cartesian product of commutative multiplicative
hyperrings.

6. FUTURE WORK

Definition 6.1. Let HZ(G) be the set of hyperideals of
G, ¢: HI(G) — HI(G)U{o}
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a function and s,n € Z*. A proper hyperideal @) of G is called a ¢ — (s,n)-
closed hyperideal if a®* C Q — ¢(Q) for a € G implies a” C Q.
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