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A STUDY OF (aj,a2)-FUZZY SUBRINGS AND (aj,a3)-FUZZY IDEALS
OF A RING

J. A. Khubchandani* and P. A. Khubchandani

ABSTRACT. As an extension to Liu’s definition of fuzzy subring and fuzzy ideal, a
new notion of (ay,as)-fuzzy subring and (aq, ag)-fuzzy ideal of a ring is introduced.
We have provided examples and analyzed their properties. Additionally, we have
defined (o, g)-fuzzy coset of a (aq, as)-fuzzy ideal of a ring and studied some of its
properties.

1. INTRODUCTION

The concept of fuzzy set was introduced by Zadeh [l 1] in 1965. Then in
1971, Rosenfeld [9] used this concept to define a fuzzy subgroupoid and a
fuzzy subgroup. In 1982, Liu [3] studied fuzzy invariant subgroups, fuzzy
ideals and proved some properties. In 2013, Sharma [10] introduced the con-
cept of an a-fuzzy subgroup. Nimbhorkar and Khubchandani in [8] introduce
and studied the concept of fuzzy weakly irreducible ideals of a ring, in [5] gave
characterizations of L-fuzzy hollow modules and L-fuzzy multiplication mod-
ules and in [6] prove some properties of fuzzy semi-essential submodules and
fuzzy semi-closed submodules. These contribute to the significant develop-
ment in fuzzy algebraic theory. Also, Khubchandani and Khubchandani [2]
studied fuzzy a-modularity in fuzzy a-lattices. In this paper, we introduce
the concept of (aq, as)-fuzzy subring and (aq, as)-fuzzy ideal of a ring. This
motivation is from the work done by Nimbhorkar and Khubchandani [7] in
which they have define (a, b)-fuzzy subrings and (a, b)-fuzzy ideals of a ring.

2. PRELIMINARIES

Throughout in this paper R denotes a commutative ring with identity. We
recall some definitions and results.

Definition 2.1. [I 1] Let S be a nonempty set. A mapping £ : S — [0, 1] is
called a fuzzy subset of 5.

Published online: 25 October 2025
MSC(2020): Primary: 08A72; Secondary: 13A15.
Keywords: (a1, az)-Fuzzy subring; (a1, az)-Fuzzy ideal; (au, az)-Fuzzy level subset.
Received: 11 May 2023, Accepted: 26 April 2024.
*Corresponding author.
113



114 KHUBCHANDANI AND KHUBCHANDANI

Remark 2.2. [11] If £ and o are two fuzzy subsets of a non-empty set S, then
(i) ¢ C o ifand only if £(z) < o(x);

(i) (¢ U 0)(z) = max{&(x),o(x)} = &(x) V o(x);

(iii) (¢ N o)(x) = min{é(z),0(x)} = &(x) A o(x); for all z € S.

Remark 2.3. [11] Let u, & and o be fuzzy sets in the universe of discourse U,
then

(i) Associative Property:

WU (EUG) = (1UE) Uo and g (€N 0) = (1N E) Mo

(ii) Distributive Property:

N (RUE) = (0N p) U(0NE) and o U (#NE) = (U ) N (0 UE).
Definition 2.4. [1] Let X and Y be two nonempty sets and g : X — Y be a
mapping. Let £ € [0,1]% and o € [0,1]". Then the image g(¢) € [0, 1]¥ and
the inverse image g (o) € [0, 1]% are defined as follows:

forall y € Y,
V{€(z) |z € X, g(x) =y}, if g (y) # ¢,
2(E)(y) = {&(=) | () =y} )
0, otherwise.
and g~ 1(o)(x) = o(g(x)) for all x € X.
Definition 2.5. [11] Let £ be a fuzzy subset of a set S and let ¢ € [0, 1].

The set & = {x € R | &£(x) > t} is called a level subset of .
Clearly, & C &, whenever t > s.

Definition 2.6. [3] A fuzzy subset € of R is called a fuzzy subring, if for all
x,y € R, the following conditions hold:

(i) &(z — y) = min(¢(z), £(y));
(i) £(zy) = min(&(x), §(y)).

Definition 2.7. [3] A fuzzy subset & of R is called a fuzzy ideal, if for all
x, y € R, the following conditions are satisfied:

(i) &(z —y) = min(§(x), &(y));
(ii) £(zy) = max(§(x), £(y))-

Definition 2.8. [I] Let A be a fuzzy ideal of R. For any x € R define a map
A, R — [0,1] by Ay(r) = A(r — z), for all r € R. A, is called the fuzzy
coset of R determine by z and A.

3. (aq,0)-FUZZY SUBSETS AND THEIR PROPERTIES

In this section, we define (aq, a2)-fuzzy subset with an example and studied
some of its properties.
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Definition 3.1. Let & be a fuzzy subset of a non-empty set S. Let
0 < ay < ap < 1. Then the fuzzy set £;! of S defined by

o () = min{{(z), 1 — as},
for all z € S, is called as the (aq, as)-fuzzy subset of S with respect to the
fuzzy set &.

Example 3.2. Let £ be the fuzzy subset of the set S = Z; defined as follows:

(o) = {1, if z = {0,5},

0.2, otherwise.
Let a; = 0.8, as = 0.5. Then

) if v =
03 >—{03’ o= 10,5}

8

0.2, otherwise.

Hence, £ is an (0.8, 0.5)-fuzzy subset of Zy with respect to the fuzzy set &.

Lemma 3.3. (i) Let £ and n be two fuzzy subsets of X. Then

(€ Nm)ay = &6 Nl

(7i) Let g : X — Y be an onto mapping and n be a fuzzy subset of Y.
Define nog: X —10,1] by (nog)(x) =n(g(x)). Then ng; og=(nog)g,.
(7ii) Let g : X — Y be a onto mapping and n be two fuzzy subsets of Y.
Then g~ (na2) = (97 (n)as-

Proof. (i): For all z € X we have

(€ Nn)ay(x) = min{( Nn)(x), o — as}
= min{min{{(z),n(z)}, a1 — as}
= min{min{&(z), a1 — o}, min{n(z), vy — as}}
= min{&g) (z), n5) ()}
= oy (@) NG, (2)
= (&, Ny (z).
Hence, (£ N y)2 = €21 N g,

Q2

(ii): For all x € X, we have

(s © 9)(x) = 1a)(9(2))
= min{n(g(r)), a1 — az}
= min{(n o g)(x), 1 — as}
= (10 g)as(®).
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Hence, 753 0 g = (10 g)3;
(iii): Consider
g (may)(@) = ay(g())
= min{y(g(z)), 1 — as}
=min{g " (n(x)), 1 — az}
= (g ' ()ai(z), foralze X.

aq

Hence, g*l(né‘f;) = (971(77))042-

4, (Oél,CYQ)—FUZZY SUBRINGS

In this section, we introduce the concept of (aq,as)-fuzzy subrings and
prove some results.

Definition 4.1. Let ¢ be a fuzzy subset of a non-empty set R. Let
0 < ay < a; < 1. Then § is called an (a1, az)-fuzzy subring of R if £}
is a fuzzy subring of R, that is, if the following conditions hold:

(i) &aa(z — y) = min{G} (x ) a (W)}
(ii) &5 (wy) > min{&y! (), €51 (y) ), for all o,y € R.

Example 4.2. Define a fuzzy subset £ of the ring R = Z as follows:
(1, ifre<11®>

0.9, ifre<11?>~ <113 >

08, ifre<ll>~<11?>

0.7, ife e Z ~<11>.

Now, if we take ay = 0.5, ag = 0.3, vy — ap = 0.2 and so
E(x )>041—042, for all x € Z. Hence

§(x) = 4

£5(2) = min{é(x), a1 — aw} = a; — aw, for all x € R.
Therefore, €43(x — y) > min{€83(x), €33(y)} and
03 (xy) > min{&3 (), &3 (y)}-
Hence, £ is an (0.5, 0.3)-fuzzy subring of Z.

Proposition 4.3. If £ is a fuzzy subring of R, then £ is also (aq, as)-fuzzy
subring of R.
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Proof. For x,y € R we have

aq

o (z —y) = min{{(z — y), 1 — az}
> min{min{¢(z),{(y)}, 1 — s},

(since ¢ is a fuzzy subring of R)

= min{min{&(z), a1 — as}, min{&(y), 1 — as}}

= min{&o3 (), &6, ()} (4.1)
Also,
&o, (wy) = min{&(zy), a1 — as}
> min{min{¢(z),£(y)}, a1 — as},
(since € is a fuzzy subring of R)

= min{min{&(z), a1 — as}, min{&(y), a1 — as}}

= min{&o2 (), &a, ()} (4.2)
It follows from (4.1) and (4.2), that £ is (aq, as)-fuzzy subring of R. O]

The following example shows that the converse of Proposition 4.3 need not
hold.

Example 4.4. Let ¢ be the fuzzy subset of the ring R = Zp, defined as
follows:

§(x

As for z =9, y—3 £(9) =£(3
Thus, &(z —y) # min{&(x),&(y
We note that if a; = 0.3, ag =
for all x € R. Hence

- {0.3, if 2 = {0, 6},

0.9, otherwise.

)=10.9and &{(x —y) =£(9—3) =&(6) =0.3.
)}. Hence, £ is not a fuzzy subring of R.
0.1, thenal—a2—02andso§( ) > a1 —ay

83(2) = min{é(x), a1 — as} = oy — aw, for all 2 € R.
Therefore, &3(x — y) > min{£4i(x), ()} and
01 (zy) > min{&7 (), &7 (y)}-
Hence, ¢ is an (0.3, 0.1)-fuzzy subring of Zis.

Proposition 4.5. The intersection of two (a1, as)-fuzzy subrings of a ring
R is again an (o, as)-fuzzy subring of R.
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Proof. Let € and 1 be two (aq, as)-fuzzy subrings of a ring R. For =,y € R,
we have

(ENn)a,(r —y) = (&, Nna,) (@ —y), by Lemma 3.3
= min{&g) (z — ), naz(w— y)}
> min{min{&g, (), &, (y) }, min{ng} (x),n5, (y) } ;
—mln{mlﬂ{€ (@), 10, ( )} min{ &5, (y), 7a, ()
= min{ (&5, Nn5,) (@), (€6, N16,) (W)}
= mm{(ﬁﬂn) ( ))7(€ﬂ?7) (y))}- (4.3)

Also,

(N mar(zy) = (&4h Nmat)(wy), by Lemma 3.3

min{&,2 (zy), 1as (2y) }

> min{min{&g) (), {52 (y) }, min{ng? (z),m5, (y) }}
==Inn1{nnn{€ H(z),moa (2 )} min{&g! (v), na, (y) }}
= min{ (&, N5 (@), (S M) (v)}

= min{(¢ : 77) ,(2)), (€N ?7) (y))}- (4.4)
It follows from (4.3) and (4.4), that £Nn is an (aq, ag)-fuzzy subring of R. [

The following example shows that the union of two (a1, as)-fuzzy subrings
of a ring R need not be an (aq, as)-fuzzy subring of R.

Example 4.6. Define fuzzy subsets & and 7 of the ring R = Z as follows:

0.75, if x € 87,
§(a) = .
0.20, otherwise.

0.50, ifx € 117Z,
n(z) = .

0.02, otherwise.
Let a1 = 0.9, = 0.1. Then a3 — as = 0.8. We note that £ and 7 are
(0.9,0.1)-fuzzy subrings of Z. We know that, (£ Un)(z) = max{£(z),n(z)}.
Therefore,

0.75, if v € 8Z,

(EUn)(x) =40.50, ifx € 117,
0.02, ifx ¢ 8Z U11Z.
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Let x =22,y =8 and # — y = 14. Then (£ Un)(x) = 0.5, (€ Un)(y) = 0.75
and (£ Un)(x —y) = 0.02. Also,

(€ Un)yl(z) = min{(£ Un)(z),0.8} = min{0.5,0.8} = 0.5.

(€ Un)yi(y) = min{ (¢ Un)(y),0.8} = min{0.75,0.8} = 0.75.
Eun)yi(z —y) = min{ (€ Un)(z —y),0.8} = min{0.02,0.8} = 0.02.
Thus,

(€ Ungi(e —y) Z min{(§ Un)gT(), (€ Ui (v)}-
Hence, £ Un is not a (0.9, 0.1) fuzzy subring of R.

Theorem 4.7. Let g be a homomorphism from a ring R onto a ring R'. If &
is an (o, a)-fuzzy subring of R, then g~ (&) is an (ay, ag)-fuzzy subring of

R.
Proof. Let x,y € R. We have

(97" (E)as(x —y) =g '(&a) (@ —y), by Lemma 3.3
—533((9( ¥)))
= oy (9(x) — 9(y))
> min{&5; (9(x)), &a, (9(y))},
(since & is an (o, a)-fuzzy subring of R)
= min{g~" (£31(2)), 97 (€23 ()}
= min{(g71(€))ai(2), (971 (&)l (¥)}- (4.5)
We have

(g ()al(zy) = g~ (€52) (xy), by Lemma 3.3
= & ((9(zy)))
=& (9(2)g(y))
> min{&;} (9(x)), &1 (9(y) }

(since & is an (o, a)-fuzzy subring of R)
= min{g~"(&5})(2), 97 (&0 (W)}
= min{(g~"(€))a1(2), (97" (€))a(y)}, by Lemma 3.3.  (4.6)

From (4.5) and (4.6), it follows that ¢g=!(¢) is an (o, ag)-fuzzy subring of
R. O
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Definition 4.8. Let € be a fuzzy subset of R. For ¢ € [0, 1], the (a1, ag)-level
subset of £ is denoted by (£!); and is defined as (§5!); = {z € R | £{}(x) > t}.

Example 4.9. Let £ : Z19 — [0, 1] be as follows:
0.9, if = {0,2,4,6,8},
a@={ 02405

0.2, otherwise.
Let a; =0.8,b=0.1 and t = 0.2. We have a; — as = 0.7. Then

. 0.7, if x = {0,2,4,6,8},
ai(x) = &7 (x) = {

0.2, otherwise.
and (§7)o2 = {7 € Zg | {1(x) > 0.2} = Zyo.
Theorem 4.10. Let R be a ring, t € [0,1] and £ be an (a1, as)-fuzzy subring
of R. If the (ay, ay)-level subset is nonempty, then (£5}); is a subring of R.

Proof. We note that if z,y € (£;!)s, then (§5})(x) >t and (§51)(y) > t. We
have (£51)(z —y) > min{&;! (z), &5 (y)} = min{t, ¢} = t. This implies that

v -y e (€, (47

We have, (£3!)(2y) > min{{;!(v), 5 (y)} = min{t,t} = t. This implies that
zy € (§an - (4.8)

From (4.7) and (4.8), we conclude that (£]!); is a subring of R. O

Theorem 4.11. Let R be a ring and & be a fuzzy subset of R. Suppose that
(&51)s is a subring of R, for allt € [0,1]. Then £ is an (ay, az)-fuzzy subring
of R.

Proof. Let x,y € R, (§5})(z) = t; and (£5})(y) = t2 where t1,1, € [0,1]. Then
(€51)s, and (&3!)s, are subrings of R. Since, t; Aty < t; and £ Aty < to,

Qa2

we have (£51)s, € (€52)int, and (€50), € (€51 )tat,- Hence, z € (£5}), and

y € (§3))s, implies z,y € (§51)rnt,- Then 2 —y and 2y € (£5!)in,, since
(£51)¢ is a subring of R, for all ¢ € [0, 1]. This implies

(Ea)( —y) =t Ao = min{(£5}) (z), (€03)(y)}
and (£31)(wy) > t1 Aty = min{(£5!)(x), (§32)(y)}. This proves that £ is an
(a1, ap)-fuzzy subring of R. O]

Definition 4.12. Let £ be an (aq, as)-fuzzy subring of R and ¢ € [0, 1]. Then
the subring (£5!); is said to be an (a1, az)-level subring of §.

Example 4.13. Let R = Zg X Zg. Define a fuzzy subset ¢ as follows:
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1, if z ={(0,0),(0,3),(3,0),(3,3),(3,6),
f(fL‘) - (673>7 (076)7 (670>7 (676)}7
0.7, otherwise.

We note that for oy = 1,9 = 0.2, a7 — as = 0.8, then £ is a (1,0.2)-fuzzy
subring of R. Also,

0.8, if x = {(0,0),(0,3), (3.0), (3,3), (3,6),

g(%2(x) — (6?3)7 (076)7 (670)7 (676)}7
0.7, otherwise.

If t = 0.8, then

(é(%.Q)t — (5(1).2)0.8 - {(07 0)7 (07 3)7 (37 0)7 (37 3)7 (37 6)7 (67 3)7 (07 6)7 (67 0)7 (67 6)}
is a subring of R and (1, 0.2)-level subring of &.

Theorem 4.14. Let £ be an (o, as)-fuzzy subring of a ring R. Then two
(o1, ag)-level subrings (§5) )i, (§51)1, with t1 <ty are equal if and only if there
is no v € R such that t; < 51 (x) < ty.

Proof. Let (§51):, = (§5})s,- If there exists x € R such that t; < §(r) < to,
then x € (£3!),, but = & (£;!), which is a contradiction.

Conversely, suppose there is no # € R such that t; < £J}(x) < tz. As
t; < ty implies (£5!);, € (§5)1)s,- Now, if x € (£5!)s,, then (£51)(z) > 1.

@2
Clearly, £5!(x) £ to. Since £} (x) and t, are real numbers, it follows that
321 (.%') Z t27 i'e'u VIS ( 321)132' Hence, ( ggl)tl - (gggl)h' N

5. (oq,)-FUZZY IDEALS

In this section, we introduce the concept of (aq, as)-fuzzy ideals and prove
some of its properties.

Definition 5.1. Let £ be a fuzzy subset of R and 0 < ay < a1 < 1. Then &
is called an (aq, an)-fuzzy ideal of R if the following conditions hold:

(R1) &0z —y) > min{€52 (x), €51 (y) };
(R2) &6 (zy) = max{g(2), €51 (y)}, for all z,y € R.

Remark 5.2. Let £ be an (aq, ay)-fuzzy subset of a commutative ring R. Then
4L satisfies (Ry) if and only if 51 (zy) > €51 (x), Vo,y € R.

Example 5.3. Let R be the ring of integers and O be the set of all odd
integers. Define a fuzzy subset £ of R as follows:

(o) = {1, ifz €O,

0.5, otherwise.
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For ay = 0.7 and ae = 0.3, £ is an (0.7, 0.3)-fuzzy ideal of Z.

Proposition 5.4. If £ is a fuzzy ideal of R, then £ is also (a1, as)-fuzzy ideal
of R.

Proof. For x,y € R, we have

aq

oy (€ —y) = min{{(z — y), 1 — as}
> min{min{¢(z),{(y)}, a1 — az},
(since € is a fuzzy ideal of R)
= min{min{{(z), vy — as}, min{&(y), a1 — as}}
= min{¢5) (2), &6, (y) 1 (5.1)
Also,
oy (2y) = min{{(zy), a1 — aa}
> min{max{¢(z),{(y)}, 1 — az},
(since € is a fuzzy ideal of R)
= max{min{{(z),{(y)}, o1 — @}
= max{min{{(z), vy — as}, min{&(y), a1 — as}}
= max{&;) (), &a, () }- (5.2)
It follows from (5.1) and (5.2), that £ is a (a1, ag)-fuzzy ideal of ring R. [
The following example shows that the converse of Proposition 5.4 may not
be true.
Example 5.5. Define a fuzzy subset £ of the ring R = Z4 as follows:
0.4, ifz={0,7},
Sl = {O.S,otherwije. }
We note that for x = 12, y = 7, £(z) = 0.8, {(y) = 04, xy = 84 = 0,
£(ay) = 0.4. Thus, &(zy) # max{{(x),&(y)}. Hence ¢ is not a fuzzy ideal of
Zy4. But € is a (0.5,0.2)-fuzzy ideal of Z,.
Proposition 5.6. If £ is an (ay, as)-fuzzy ideal of R, then
ay (0) = &85 (x) = &03(1),
for all x € R.

Proof. For any x € R, we have

£, (0) = &y (& — )



(a1,02)-FUZZY SUBRINGS AND (a1,05)-FUZZY IDEALS OF A RING 123
> min{&;!(r),&52(x)}, since € is an (o, ao)-fuzzy ideal of R.
= &a, (2).
= oy (2.1)
> oy (1).
Hence, £51(0) > &1 (x) > £51(1), for all x € R. O
Proposition 5.7. If & is an (oq,q9)-fuzzy ideal of ring R with
as (@ —y) = &51(0), then 51 (x) = &5, (y), for all z,y € R.
Proof. Since & is an (a1, as)-fuzzy ideal of R,
o (1) =& (T —y +y)
> min{&5) (x —y), &, ()}
= min{¢5;(0), &5, ()}
= &a, (v)-
Ean(y) = &0,y —x + )
> min{&y) (y — 2), &4, (2)}
= min{¢5;(0), &5, () }
= &o, (2).
Hence, £} (z) = £51(y), for all 2,y € R. O
Proposition 5.8. Let & be an (o, ag)-fuzzy ideal of R. If for some t € [0, 1],

the (o, ap)-level subset (&!);, is nonempty, then it is an ideal of R where
(&os)e = {z € R| &5y (x) >t}
Proof. Let x,y € (§});. Then £} (z) >t and £} (y) > t. As {is an (ay, az)-
fuzzy ideal of R,
(&) (@ —y) = min{&) (x), &5 ()} = min{z, ¢} = ¢.
Hence,
z—y € (&)t (5.3)

Let v € R be arbitrary and z € (§;!), then £} (z) > t.
Case(i): If r € (£3)s, then (£51)(r) > t. Then

§as (re) = max{&5) (r), &y (2)} > ¢
Implies 7z € (§51):.
Case(ii): If r ¢ (£51)s, then (£51)(r) < t. Then

&o, (re) = max{&g, (r), &, (2)} = &o,(x) =t as &5, (r) <t < &5 (x).
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Implies 7z € (§51):.

Hence, from case(i) and case(ii),
rr € ( gé)t' (54)
From (5.3) and (5.4), we conclude that (£3!); is an ideal of R. O

Proposition 5.9. Let £ be an (a1, ag)-fuzzy subset of R. Suppose that (§5});
is an ideal for all t € [0,1]. Then & is (ay, ao)-fuzzy ideal of R.

Proof. Let x,y € R and &} (z) = t1, £} (y) = t2, where 1y, € [0,1]. Then

Q2

(€5))s, and (&) ), are ideals of R. Since, t; Aty < t; and t; Aty < tp. This

(%)

iInphes that (5321)731 C (fggl)h/\tz and ( ggl)tQ - (é.ggl)tl/\tg' Hence, S ( 321)751
and y € (£31)¢,, which implies that x,y € (§32)¢,at,
and so x — y € (&3} ),nt,- Thus,
6321 (l’ - y) Z tl N tg = min{tl, tz},
as t1,ty are real numbers belonging to [0, 1]
= min{&, (), €5, (y)}- (5.5)

For z,y € R, if £{!(x) = t1, then x € (£;}),. Therefore, xy € (£51);
ol(zy) > t1. Hence,

, implies

o (zy) > E51 (). (5.6)
Similarly,
Eon(y) = €01 (Y). (5.7)
Hence, from (5.6) and (5.7),
&a, (wy) = max{&y, (x), &5, (y)}- (5.8)
Thus, from (5.5) and (5.8), we conclude that £ is an (a1, ag)-fuzzy ideal of
R. O

Corollary 5.10. If € is an (aq, ag)-fuzzy ideal of R, then
{zeR|&, () =E,(0))
s an ideal of R, where 0 is the additive identity of R.
Proof. Let 0 = {z € R| §{}(v) = £51(0)}. Let z,y € o. Then &} (x) = £51(0)
and €51 (y) = £51(0). As & is an (a1, ap)-fuzzy ideal, we have
Eos (@ —y) = min{&G1 (x), €6 (v) }
= min{&;1(0), &4, (0)}
= £51(0).

Q2
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By Proposition 5.6, we have £51(0) > &1 (z —y). Thus, ! (z —y) = £51(0),

which implies that  —y € po. Let r € R and z € o. Then ! (z) = 53‘3(0)
Also,

§o, (rz) = max{£o)(r), &, ()}
= max{&(r), £ (0)}
= £21(0), by Proposition 5.6.

Again by Proposition 5.6, £51(0) > £5!(rxz) Thus £;!(0) = &£51(rz) and so
rx € o. Hence p is an ideal of R. [
Proposition 5.11. If £ is an (a1, as)-fuzzy ideal of R, then

{z e R|&i(z) >t}
is an ideal of R for all t € ]0,1].

Proof. Let us write (31); = {z € R | {§}(x) > t}. Let o,y € (§5!);. Then
1 (w) >t and &l (y) > t. As £ is an (o, ap)-fuzzy ideal of R, we have

§on (r = y) > min{&e) (x), €6, (y) ) > min{t, ¢} =t.

Hence, z —y € (£51):. Now let x € ;! (z) and r € R.
Case(i): If r € (£31)s, then (£51)(r) > t. Then

Eaz (1) 2 max{&o) (1), &gy ()} > .

Implies rz € (£5});.
Case(ii): If r & (£51)¢, then (£51)(r) <t. Then

o (1) = max{€g) (r), £, (2)} = &5, () > toas £(r) <1< & ().

Implies 7z € (£51);
Hence, from case(i) and case(ii), rz € (£3}):-

Thus, {z € R| & (x) > t} is an ideal of R for all ¢ € [0,1]. O

Definition 5.12. Let £ be an (a1, ay)-fuzzy ideal of R. Then the ideals
(£51)s, for t € [0, 1] are called (o, ag)-level ideals of R.

Remark 5.13. Let € be an (a1, as)-fuzzy ideal of R and tq,t5 € [0, 1] be such
that ¢ < t;. We note that if x € (£5!)s,, then (§51)(x) > to > t;. Hence,

r € (£51)r,. Thus (§51)s, C (§50)1,-

Proposition 5.14. Let £ be a (a1, as)-fuzzy ideal of R. Two level ideals
(€51 )e,s (E81)e, with ty < to are equal if and only if there is no v € R such that

(&%)

t < §g21(x) < t9.
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Proof. Assume that (£31), = (&!)s,- If there exists + € R such that

(%)

tp <& () < tg, then x € (§5))s, but o & (£5})s,, a contradiction.
Conversely, suppose that there is no € R such that t; < {{1(z) < to.
Since, t; < t; we have (£3!)s, € (§5))s,. Now if 7 € (fo‘l)tl, then t; < 51 ().

Qg

Hence, by the given condition it follows that £;!(x ﬁ ty. Since £;!(z) and
ty are real numbers belonging to [0, 1], this implies that ! (x) > t,. Hence
r € (&))s,- Therefore, (£51):, = (§51)1,- O

Proposition 5.15. The intersection of two (a1, as)-fuzzy ideals of R is again
an (aq, ao)-fuzzy ideal.

Proof. Let £ and 1 be two (aq, as)-fuzzy ideals of R. For x,y € R, we have

ENnai(z—y) = (& Nnet)(z —y), by Lemma 3.3
= min{&;! (z — y), 77@2 (z—y)}
> min{min{&;! (x), {5 (y) }, min{nS! (z),
— min{min{€% (2), 7% (2)}, min{€21 (y),
= min{&;} () N gl (z), 6L (y) Nngt(y)}
= min{(£ N7n)2 (z), (€N n)az(y)}- (5.9)

o)}

M
Nos () }}

Also, we have

(& Nn)at(zy) = (&6 Nnat)(zy), by Lemma 3.3
= mln{£a2 (zy), €, (xy) }
> min{max{{7} (), &, (y) }, max{nG; (x), 74, ()} },
as all the quantities involved belong to [0, 1]
— max{min{e? (z), £ (4)}, min{r (2), 723}
— mascmin{€2: (), n2 (2)}, ming€2 (5), 12 ()}
— max{(£3 N ) (@), (€3 M) ()}
= max{ (£ N 0)2 (), (€N )% (1)} (5.10)
It follows from (5.9) and (5.10), £ N7 is an (a1, ae)-fuzzy ideal of R. [

The following example shows that the union of two (a1, as)-fuzzy ideals
may not be an («y, ay)-fuzzy ideal.

Example 5.16. Let R = Z;5. Define fuzzy subsets £ and n as follows:
£(x) 0.8, ifz ={0,2,4,6,8,10,12,14,16},
€Tr) =
0.3, otherwise.
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0.5, if z ={0,3,6,9,12,15},
n(x) = .
0.1, otherwise.

Let a3 = 1 and o = 0.1. Then £ and 7 are (1,0.1)-fuzzy ideals of Z5. We
have

0.8, ifz ={0,2,4,6,8,10,12,14,16},
(EUn)(x) =405, ifz={39,15},
0.3, otherwise.

For a; = 1 and as = 0.1, we have a1 —as = 0.9. If we take x = 9,y = 4, then
r—y=>5. Also, ((Un)(x) =0.5, (Un)(y) =0.8 and (£ Un)(x —y) = 0.3.
Now,

Thus, £ Un is not a (1,0.1)-fuzzy ideal of Zis.

Proposition 5.17. Let g : R — R’ be an onto homomorphism of a ring R to
a ring R'. If € is an (ay, as)-fuzzy ideal of R, then g1(€) is an (ay, as)-fuzzy
tdeal of R which is constant on kerg.

Proof. For x,y € R. we have
(97 (€))as(x —y)
=g (&) (z —y), by Lemma 3.3
= &, (9(x — b))
= &y (9(2) — 9(y))
> min{&a3(9(2)), &, (9(y))}
(as € is (a1, ag)-fuzzy ideal of R')
= min{g~"(£)(2), g7 (€2 (W)}
— min{(g71()21(2), (1))}, by Lemma 33 (5.11)

Also, we have

(g71(€)a (xy) = g (€5 (zy)
=& (g(zy))
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as(9(7)g(y))

> max{&g, (9(x)), &a, (9(y))},
(as € is (aq, ag)-fuzzy ideal of R')

= max{g~ ' (£31)(x), 97 (€3 ()}
= max{(g(¢))2(x), (g7 "(€))2:(y)}, by Lemma 3.3. (5.12)

It follows from (5.11) and (5.12) that g~1(£) is an (a1, a)-fuzzy ideal of R.
Next if p € kerg, then g(p) = 0/, where 0 is the additive identity of R’
Therefore, (¢7'(€))at(p) = &1(9(p)) = €1(0") and so g~'(§) is constant on
kerg. [

6. (oq,)-FUZZY QUOTIENT RINGS

The motivation to define (aq, as)-fuzzy coset of a (aq, as)-fuzzy ideal of a
ring was from Abou-Zaid [1] where he define the fuzzy coset in definition 2.8.
In this section we have define two operations of addition and multiplication
on (ai,ag)-fuzzy cosets of a (aq,as)-fuzzy ideal of a ring and proved the
collection of all (a, as)-fuzzy ideals forms a ring under these operations.

Definition 6.1. Let £ be an (aq, as)-fuzzy ideal of R. For any x € R, define
a fuzzy set x +£5) : R — [0,1] by, (z +£5!)(y) = min{{(y — 7), a1 — as}, for
all y € R. Then the fuzzy set x + ;! is called an (a1, ag)-fuzzy coset of the
(o1, ao)-fuzzy ideal € of R.

Proposition 6 2. If € is an (o, ao)-fuzzy ideal of R, then

(i) 0+ & =
(7i) For any t E [0 1, (x+&0) =2+ (§5)):
(iii) €51 () = §51(0) & o + &5 = &5

Proof. (i): We have
(0 + &a,)(x) = min{&(z — 0), a1 — as}
= min{¢(z), o1 — az}
= &, (7).
Hence, 0+ &) = &4
(ii): Let y € R. We have

ye @+ e (@ +6,)y) =1t
& min{é(y — ), a1 —as} > 1

And {mln{g(y),g(x)}, a1 — 042} Z t
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& {min{&(y), a1 — ao}, min{&(z), a1 — ag}} > ¢
& min{g) (y), &6y (@) = ¢

&y —x) >t

Sy—zx€
SYyYeT+

Hence, (z +£2); = 2 + (€2);.
(iii): Assume that

(€a3)t
(€a2)r-

Eas (@) = &3 (0). (6.1)
Then for y € R, we have
(z +&6,)(y) = min{(y — ), on — a2}
> min{min{{(y),{(x)}, o1 — az}
= min{min{{(y), a1 — o}, min{&(x), a1 — as}}
= min{&g) (y), &4, (2)}
= min{&;!(y), 02 (0)}, from (6.1)

—

= &,1(y), by Proposition 5.6
(-t o)

> min{&5] (y — 2), &4, (2)}

= min{;) (v — 2),&,(0)}, from (6.1)
= &3 (y — x), by Proposition 5.6

=min{{(y — z), 1 — az}

= (z+&1)(y).
Thus, v + &5} = ).
Conversely, assume that z + £31 = £5]

= (z+£,)(0) = £,(0)

= min{£(0 — x),a; — az} = £21(0)
= min{{(—z), ; — az} = £;1(0)
= min{{(z), a1 — s} = £51(0)

S €(0) = €2(0)

]

Theorem 6.3. Let & be a (aq, a2)-fuzzy ideal of R and o be the collection of
all (o, a)-fuzzy cosets of £. Then o is a ring under the operations,
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(z+&a) + (W +&5) = (x +y) + &,
and

(z+&5,) - (¥ + &) = (- y) + &5,
forall x,y € R.
Proof. First we shall show that these two operations are well-defined.
Let = + &) = T+ £l and y + £ = y + §5L. Then for .,y € R,
(z + &) = (¢ + &) and (y + D) = (y + &), Then
by definition 6.1, min{¢(z" — z),a; — as} = min{é(z’ — z),a; — oy} and
min{é(y —y),a; — ax} = min{é(y — y'), 1 — as}. Therefore,

min{é(z' — ), 01 — ap} = min{&(0), a; — ay}

and

min{&(y — ), a1 — as} = min{£(0), a; — as}.

Therefore, £71 (' — ) = £51(0) and 5321(y/ —y) = £51(0), by Definition 3.1.
Hence,

!/

Eox(a —x) = €11(0) and €11(y —y) = £1(0). (6.2)
For z € R, we have
((z+y) +&,)(2)
= min{{(z — (z +y)), a1 — as}
=min{(z —r —y), 1 — as}
—min{é(z—a —y +2 —z+y —y), 0 —as}

>min{{{(z — 2 —y).&(r —2).6(y —y)} ar —as},
since £ is a fuzzy ideal of R.

/

—y), a1 —agt, min{é(x — z), a1 — as},
min{é(y —y), a1 — az}}

= min{&;! (z — Tt —y), $on (z' — ), é“a“;(y’ —y)}

— min{€21(z — 7' — ),€21(0), £7(0)}, from (6.2).

=& (2 — 2 —1y), by Proposition 5.6

= min{min{{(z — z

/

=min{{(z —x — y/), a; — as}

= (' +y) +&)(z).
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Thus ((z +y) +£2)(2) > (2" +y) + £2)(2). Similarly, we can show that
(2" +y) +E&)(2) = (& +y) + &) (2). Hence,
(2 +y) +E)(=) = ((x +y) +€a)(2)- (6.3)
We have
(zy + &a,)(2)
= min{¢(z — zy), o1 — az}
—min{é(z —zy + 2y —2Y),01 — s}
> min{min{¢(z — 2y ), £(z'y — ay)}, 01 — as},
since £ is a fuzzy ideal of R
= min{min{&(z — 2y ), a1 — as}, min{&(z'y — zy), a1 — as}}
= min{&(z - 2'y), &7y — ay)}. (6.4)
We have
En(ry —y)
=&y —ay+ay—ay)
=&y —y) + (@ —2)y)
> min{&;! (v (y —y)), & ((x —x)y)}, by Proposition 5.4
> min{max {3 (2), €31 (y — y)}, max{€! (z' — ), €54 (y)}}
— min{max{£5} (), £2(0)}, max{€2: (0), £24(s)}. from (6.2).
= min{&;1(0),£51(0)}, by Proposition 5.6
= £21(0). (6.5)

Q2

Now, (6.4) becomes
(zy + €5,)(2) = min{o] (Z —2'y), €10}

=&z — T Y ), by Proposition 5.6
= min{¢(z — xly/); a1 — as}
= (z'y +&0)(2).

Similarly, we can show that (z'y + £2)(z) > (vy + £21)(2).

Hence, (zy + £51)(2) = (z'y + £51)(2). Thus, the operations + and - are
well defined.
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Further we have, (z +&£31) + ((—2) + &) = (0 + &) = &1

(z+&0) - (L&) = (1 +&8) - (2 +&0)) = 2+ &4,

(T+&1) - (y+&1) = (y+ &) - (z+ &) =2y + &)

(x+&0) - (w+&6) - (4 &) = (@ +&5)) - (w+&03)) - (2 + &)

(x4 &) (W+ &)+ (z+&5)) = (@ +&03) - (y+&5,) + (2 +£3)) - (2 +&53)
((@+ &)+ (W+&a) - (2 +&50) = (@+ &) - (2 + &) + (y +&81) - (2 +&51)-
Hence, p is a commutative ring with unity. [

7. CONCLUSION

In this paper, we have introduced and studied (a1, ag)-fuzzy subrings and
(o1, ao)-fuzzy ideals of a ring. In future this concept can be extended to
(o1, ao)-intuitionistic fuzzy subrings and (aq, aw)-intuitionistic fuzzy ideals of
a ring.
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