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ON o-SHORT TYPE MODULES
M. Davoudian

ABSTRACT. We introduce and study the concept of a-short type modules. Using
this concept we extend some of the basic results of a-short modules to a-short type
modules. We observe that if M is an a-short type module, then the Noetherian
dimension of M is less than or equal to w; + a + 1, where w; is the first uncountable
ordinal number.

1. INTRODUCTION

Lemonnier [18] has introduced the concept of deviation (resp., codeviation)
of an arbitrary poset, which in particular, when applied to the lattice of all
submodules of a module Mp give the concept of Krull dimension, see [9],
[10] and [20] (resp., the concept of dual Krull dimension of M. The dual
Krull dimension in [7], [8], [L1], [12], [13], [14], [15], [16] and [17] is called
Noetherian dimension and in [5] is called N-dimension. This dimension is
called Krull dimension in [21]. The name of dual Krull dimension is also
used by some authors, see [1], [2] and [3]). The Noetherian dimension of an
R-module M is denoted by n-dim M and by k-dim M we denote the Krull
dimension of M. We recall that if an R-module M has Noetherian dimension
and « is an ordinal number, then M is called a-atomic if n-dim M = « and
n-dim N < «, for all proper submodule N of M. An R-module M is called
atomic if it is a-atomic for some ordinal a (note, atomic modules are also
called conotable, dual critical and N-critical in some other articles; see for
example [2], [5] and [19]). We introduced and extensively investigated un-
countably generated Krull dimension and uncountably generated Noetherian
dimension of an R-module M, see [6]. The uncountably generated Noetherian
dimension (resp., uncountably generated Krull dimension), which is denoted
by ucn-dim M (resp., uck-dim M) is defined to be the codeviation (resp., de-
viation) of the poset of the uncountably generated submodules of M. We
recall that an R-module M is called a-atomic type, where « is an ordinal, if
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ucn~-dim M = « and uen-dim N < « for any proper uncountably generated
submodule N of M. M is said to be atomic type if it is a-atomic type
for some «. Bilhan and Smith have introduced and extensively investigated

short modules and almost Noetherian modules, see [1]. Later Davoudian,
Karamzadeh and Shirali undertook a systematic study of the concepts of
a-short modules and a-almost Noetherian modules, see [3]. We recall that

an R-module M is called an a- short module, if for each submodule N of
M, either n-dim N < «a or n—dlm < a and « is the least ordinal number
Wlth this property. We shall call an R-module M to be a-short type, if for
each uncountably generated submodule N of M, either ucn-dim N < « or
ucn~-dim % < a and « is the least ordinal number with this property. Using
this concept, we show that each a-short type module M has Noetherian di-
mension and o < n-dim M < w; + o + 1. We also recall that an R-module
M is called a-almost Noetherian, if for each proper submodule N of M,
n-dim N < « and « is the least ordinal number with this property, see [3].
We shall call an R-module M to be a-almost Noetherian type if for each
proper uncountably generated submodule N of M, ucn-dim N < a and « is
the least ordinal number with this property. In section 2, of this paper we
investigate some basic properties of a-almost Noetherian type and a-short
type modules. We show that if M is an a-short type module (resp., a-almost
Noetherian type module), then ucn-dim M = « or uen-dim M = a+1 (resp.,
ucn-dim M < «). Thus we observe that if M is an a-short type module, then
M has Noetherian dimension and a < n-dim M < w; + o« + 1. In the last
section we also investigate some properties of a-almost Noetherian type and
a-short type modules.

2. @-SHORT TYPE MODULES AND a-ALMOST QUASI NOETHRIAN MODULES

First we recall the following definition from [0].

Definition 2.1. Let M be an R-module. The uncountably generated Noe-
therian dimension of M (briefly, uc-Noetherian dimension), denoted by
ucn~-dim M is defined by transfinite recursion as follows: If M does not have
any uncountably generated submodule, then uen-dimM = —1. If « is an
ordinal number and ucn-dim M £ «, then ucn-dim M = « provided that
there is no infinite ascending chain of uncountably generated submodules
of M such as My C M; C My C ... such that for each ¢ > 1 we have
ucn-dim Mz* L £ a. In otherwise ucn-dim M = «, if uen-dim £ « and for each
infinite ascendmg chain of uncountably generated submodules of M such as
My € M; C M, C ... there exists an integer t, such that for each ¢ > t,
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we have ucn-dim % < «. A ring R has uncountably generated Noetherian
dimension, if as an R-module has uncountably generated Noetherian dimen-
sion. It is possible that there is no ordinal o such that ucn-dim M = «, in this

case we say M does not have uncountably generated Noetherian dimension.

We recall that an R-module M is called a-almost Noetherian, if for each
proper submodule N of M, n-dim N < a and « is the least ordinal number
with this property. In the following definition we consider a related concept.

Definition 2.2. An R-module M is called a-almost Noetherian type if for
each proper uncountably generated submodule N of M, ucn-dim N < « and
« is the least ordinal number with this property.

It is manifest that if M is an a-almost Noetherian type, then each sub-
module and each factor module of M is S-almost Noetherian type for some
ordinal number § < «a (note, see [0, Lemmas 3.4, 3.5]).

In view of [0, Lemma 3.7], we have the next three trivial, but useful facts.

Lemma 2.3. If M is an «a-almost Noetherian type module, then M has
uncountably generated Noetherian dimension and ucn-dim M < «. In par-
ticular, uen-dim M = « if and only if M is a-atomic type.

Lemma 2.4. If M is a module with ucn-dim M = «, then either M is a-
atomic type, in which case it is a-almost Noetherian type, or it is a+1-almost
Noetherian type.

Lemma 2.5. If M is an a-almost Noetherian type module, then either M
s a-atomic type or a = uen-dim M + 1. In particular, if M is a-almost
Noetherian type module, where o is a limit ordinal, then M is a-atomic type.

Proposition 2.6. An R-module M has uncountably generated Noetherian
dimension if and only if M is a-almost Noetherian type for some ordinal .

In view of Lemma 2.3 and [0, Theorem 3.11], we have the following result.

Corollary 2.7. Let M be a quotient finite dimensional module. If R-module
M s a-almost Noetherian type, then M has Noetherian dimension and
n-dim M < wy 4+ «a, where wy is the first uncountable ordinal number.

Next we give our definition of a-short type modules.

Definition 2.8. An R-module M is called a-short type, if for each uncount-
ably generated submodule N of M, either ucn-dim N < a or uen-dim % <«
and « is the least ordinal number with this property.
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In view of [6, Corollary 3.6], we have the following results.

Remark 2.9. If M is an R-module with ucn-dim M = «, then M is §-short
type for some ordinal number £ < a.

The following example shows that the concepts of a-short type module and
a-short module are different.

Example 2.10. In view of the last part of [3, Section 1], for each ordinal
number « there exists an a-short module. Let a be a countable ordinal
number and M be an a-short module. In view of [, Proposition 1.12], we
infer that n-dim M = a or n-dim M = a + 1. Hence ucn-dim M = 0, see [0].
This implies that M is —1-short type, but it is a-short.

Remark 2.11. If M is an a-short type module, then each submodule and each
factor module of M is f-short type for some ordinal number £ < a.

We cite the following result from [0, Lemma 3.9].

Lemma 2.12. If M s an R-module and for each uncountably generated
submodule N of M, either N or % has uncountably generated Noetherian
dimension, then so does M.

The previous result and Remark 2.9, immediately yield the next result.

Corollary 2.13. Let M be an a-short type module. Then M has uncountably
generated Noetherian dimension and o < ucn-dim M.

The following is now immediate.

Proposition 2.14. An R-module M has uncountably generated Noetherian
dimension if and only if M is a-short type for some ordinal o.

Proposition 2.15. If M is an «-short type R-module, then either
ucen-dim M = «a or ucn-dim M = a + 1.

Proof. Clearly in view of Corollary 2.13, we have ucn-dim M > «. If

uen~-dim M # «, then uen-dim M > a4+ 1. Now, let My C M, C ... be
any ascending chain of uncountably generated submodules of M. If there
exists some k such that ucn—dnn - < o, then

M

ML-‘rl PA7 S M/ k
A < uen-dim A = ucn-dim YA

for each i > k, see [0, Lemma 3.6]. Otherwise ucn-dim M; < « (M is a-short
type) for each i, hence ucn-dim Aﬁzj L < wuen-dim M; 1 < « for each 2. Thus in

ucn-dim < ucn—dlm = S

any case there exists an integer k£ such that for each ¢ > k, ucn-dim %“ < a.

?

This shows that ucn-dim M < a+ 1, i.e., ucn-dim M = o + 1. [
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In view of Proposition 2.15 and [0, Corollary 3.10], we have the following
result.

Proposition 2.16. Let M be an a-short type module. If N is a submodule
of M, then G—dim% < ¢, where ¢ is the first uncountable cardinal number,

moreover if G-dim % = ¢, then c is not attained in M.
In view of the previous proposition and [0, Theorem 3.11] we have the

following result.

Corollary 2.17. Let M be a quotient finite dimensioal module. If M 1is an
a-short type R-module, then a < n-dim M < w; +a + 1.

Remark 2.18. An R-module M is —1-short type if and only if it has countable
Noetherian dimension or it is wy; — atomic.

Proposition 2.19. Let M be an R-module, with ucn-dim M = «, where «
1s a limit ordinal. Then M is a-short type.

Proof. We know that M is [-short type for some 8 < a. If § < «, then by
Proposition 2.15, ucn-dim M < g+ 1 < «, which is a contradiction. Thus M
is a-short type. [

Proposition 2.20. Let M be an R-module and ucn-dimM = o = [ + 1.
Then M s either a-short type or it is 3-short type.

Proof. We know that M is y-short type for some v < a. If v < 3, then by
Proposition 2.15, we have ucn-dim M < v+ 1 < 4 1, which is impossible.
Hence we are done. ]

Proposition 2.21. Let M be an a-atomic type R-module, where o = [ + 1.
Then M is a (3-short type module.

Proof. Let N be an uncountably generated submodule of M, therefore
ucn-dim N < «. This shows that for some ' < 8, M is ’-short type.
If 8/ <, then f'+1 < 8 < a. But uen-dimM < ' +1 < 8 < a, by Propo-
sition 2.15, which is a contradiction. Thus 5’ = 8 and we are done. ]

The following remark, which is a trivial consequence of the previous fact,
shows that the converse of Proposition 2.19, is not true in general.

Remark 2.22. Let M be an « + 1-atomic type R-module, where « is a limit
ordinal. Then M is an a-short type module but ucn-dim M # «.
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Proposition 2.23. Let M be an R-module with ucn-dim M = o+ 1. Then
M s either a-short type R-module or there exists an uncountably generated
submodule N of M such that ucn-dim N = ucn-dim % =a+ 1.

Proof. We know that M is a-short type or an a4+ 1-short type R-module, by
Proposition 2.20. Let us assume that M is not a-short type R-module, hence
there exists an uncountably generated submodule N of M such

that uen-dim N > o + 1 and ucn—dim% > « + 1. This shows that
M

ucn-dim N = o + 1 and uen-dim 5 = o + 1 and we are through. [
Proposition 2.24. Let M be a non-zero a-short type R-module. Then either
M is B-almost Noetherian type for some ordinal 5 < a4 1 or there exists an
uncountably generated submodule N of M with ucn-dim % < a.

Proof. Suppose that M is not S-almost Noetherian type for any f < o + 1.
This means that there must exist an uncountably generated submodule N of
M such that Inasmuch as M is a-short type, we infer that ucn—dim% < a

and we are done. ]
Let us cite the next result which is in [I5, Theotem 2.9], see also
[11, Theorem 3.2].

Theorem 2.25. For a commutative ring R the following statements are
equivalent.

(1) Every R-module with finite Noetherian dimension is Noetherian.

(2) Every Artinian R-module is Noetherian.

(3) Every R-module with Noetherian dimension is both Artinian and
Noetherian.

In view [8, Proposition 2.21], Corollary 2.17 and Corollary 2.7, we have the
following result.

Proposition 2.26. The following statements are equivalent for a commuta-
tive ring R.
(1) Every Artinian R-module is Noetherian.
(2) Every quotient finite dimensional m-short module M s both Artinian
and Noetherian for all integers m > —1.
(3) Every quotient finite dimensional a-short module M is both Artinian
and Noetherian for all ordinal c.
(4) Every quotient finite dimensional m-almost Noetherian module M s
both Artinian and Noetherian for all integers m > —1.
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(5) Every quotient finite dimensional a-almost Noetherian module M is
both Artinian and Noetherian for all integers m > —1.

(6) Every quotient finite dimensional m-short type module M is both Ar-
tinian and Noetherian for all integers m > —1.

(7) Every quotient finite dimensional c-short type module M is both Ar-
tinian and Noetherian for all ordinal o.

(8) Ewery quotient finite dimensional m-almost Noetherian type module M
is both Artinian and Noetherian for all integers m > —1.

(9) Every quotient finite dimensional a-almost Noetherian type module M
is both Artinian and Noetherian for all ordinal o.

(10) No homomorphic image of R can be isomorphic to a dense subring of

a complete local domain of Krull dimension 1.

3. PROPERTIES OF a-SHORT TYPE MODULES AND a-ALMOST
NOETHERIAN TYPE MODULES

In this section some properties of a-short type modules over an arbitrary
ring R are investigated.

Remark 3.1. Let M be a quotient finite dimensional module and N be a
submodule of M such that ucn-dim N = « and ucn—dim% = . If
sup{ucn-dim N, ucn-dim %} = ~, then v < wen-dimM < w; + 7, where
wi 1is the first uncountable ordinal number.

Proof. We know that n-dim N < w; + a and n—dim% < wy + B, see [0,
Theorem 3.11]. Therefore n-dim M = sup{n-dim N, n-dim ¢} < w; +~. But
by [0, Remark 3.2], we get ucn-dim M < n-dim M. In view of [0, Corollary
3.6], we get v < uen-dim M. This implies that v < uen-dim M < w; + 7 and
we are done. ]

In the following two propositions, we investigate the connection between
a-short modules and a-short type modules.

Proposition 3.2. Let M be an a-short R-module. Then M is a 3-short type
module and o < w1 + 0 + 1.

Proof. Let N be any uncountably generated submodule of M, then
ucn-dim N < n-dim N < «a or ucn—dim% < n—dim% < a, see [0, Remark
3.2]. This implies that M is S-short type for some 5 < «. If M is S-short
type, then ucn-dim M = 8 or uen-dim M = 5+ 1. Hence

< ndmM < w + 0+ 1,
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see [0, Theorem 3.11]. In other hand by [8, Proposition 1.12], we get
a < n-dimM < a+ 1. Therefore a < wy + 3 + 1. ]

Proposition 3.3. Let M be a quotient finite dimensional module. If M be a
B-short type R-module, then M is an a-short R-module and o < wy + 3+ 1.

Proof. By Proposition 2.15, ucn-dim M = [ or uen-dim M = $ + 1. This
implies that M has Noetherian dimension and 8 < n-dim M < w;+3+1, see
[0, Theorem 3.11]. Thus M is a-short for some ordinal number o < wy+/5+1,
see [3, Remark 1.2.]. O

We note that the Z-module Z @© Z,~ is —1-short type.

Proposition 3.4. Let R be a ring and M be a nonzero a-short type mod-
ule, which is not a atomic type module. Then M contains an uncountably
generated submodule L such that ucn-dim % < a.

Proof. Since M is not atomic type, we infer that there exists an uncount-
ably generated submodule L C M, such that ucn-dim L = ucn-dim M. We
know that ucn-dim M = « or uen-dim M = « + 1, by Proposition 2.15. If
ucn-dim M = « it is clear that ucn-dim % < a. Hence we may suppose that
uen~-dim L = uen-dim M = a + 1. If uen-dim % = «a+ 1, then M is ~y-short
type module for some v > « + 1, which is a contradiction. Consequently,

ucn-dim % < « and we are done. ]

Theorem 3.5. Let o be an ordinal number and M be an R-module. If every
proper uncountably generated submodule of M is y-short type for some ordinal
number v < «, then ucn-dim M < a+2, in particular, M is p-short for some
ordinal p < a+ 2.

Proof. Let N C M be any uncountably generated submodule. Since N is
~v-short type for some ordinal number v < «, we infer that

uen-dim N <~v+1<a+1,

by Proposition 2.15. This immediately implies that ucn-dim M < o + 2, see
[0, Lemma 3.7]. The final part is now evident. L]

The next result is the dual of Theorem 3.5.

Theorem 3.6. Let M be a nonzero R-module and o be an ordinal number.
Let for each proper uncountably generated submodule N of M, % be ~y-short
type for some ordinal number v < a. Then ucn-dim M < a+2, in particular,
M s p-short for some ordinal p < o + 2.
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Proof. Let N be any proper uncountably generated submodule of M. Then

% is y-short type for some ordinal number v < a. In view of Proposition

2.15, we infer that ucn-dim % <~v+ 1< a+ 1. Therefore
uen-dim M
< sup{ucn-dim % : N is uncountably generated submodule of M} + 1
< a+ 2,
see [0, Lemma 3.8]. The final part is now evident. O

The next immediate result is the counterparts of Theorems 3.5, 3.6, for
a-almost Noetherian type modules.

Proposition 3.7. Let M be an R-module and o be an ordinal number. If
each proper uncountably generated submodule N of M (resp., for each proper
uncountably generated submodule N of M, %) s y-almost Noetherian type
with v < a, then ucn-dim M < a+ 1 and M is an p-almost Noetherian type
module with 1 < o + 2 (resp., uen-dimM < a4+ 1 and M is an p-almost
Noetherian type module with p < o+ 2).

The followig result is evident.

Proposition 3.8. If M has finite Goldie dimension, then
ucn-dim M < sup{ucn-dim % +1: E C. Mand E is uncountably generated}

if either side exists.

Proof. Let
a = sup{uen-dim % + 1 : E is essential and uncountably generated},

then it sufficient to show that ucn-dim M exists and ucn-dim M < «. Now,
let Ny C Ny C --- C N; C ... be an infinite ascending chain of uncountably
generated submodule of M, then by our assumption there exists some integer
k such that N; is essential in N;;; for all @ > k (note, M has finite Goldie
dimension). This means that there exists a submodule P of M such that
N; @& P is essential in M for all © > k. It is clear that for each i, N; & P
is an uncountably generated submodule of M (note, if N; @ P is countably
generated, then N; is countably generated which is a contradiction). But

Njigl ~ N](gégjp for all ¢ > k. In view of [0, Lemma 3.5], we infer that

o Nigr o Nip®P : M
uen-dim N = uen-dim NP < uen-dim Nop <

for each 7 > k£ and hence uen-dim M < a. ]
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Proposition 3.9. Let R be a semiprime ring. If the right R-module R is
quotient finite dimensional and it is also a-short type, then ucn-dim R = «
or ucn—dim% < « for each essential uncountably generated right ideal E of

R.

Proof. Suppose that there exists an essential uncountably generated right
ideal £ of R such that ucn—dim% £ «. Since R is a-short type, we infer
that uen-dim £’ < «. In view of Corollary 2.17, R has Noetherian dimension.
Therefore R is a right Goldie ring, see [10, Corollary 3.4]. Hence there exists
a regular element ¢ in E’, which implies that

ucn-dim R = uen-dim cR < uen-dim B, < .

Acknowledgments

The author would like to thank the referees for carefully reading the paper,
detailed report and giving very helpful comments.

REFERENCES

1. T. Albu and S. Rizvi, Chain conditions on Quotient finite dimensional modules, Comm.
Algebra, 29(5) (2001), 1909-1928.

2. T. Albu and P. F. Smith, Dual Krull dimension and duality, Rocky Mountain J. Math.,
29 (1999), 1153-1164.

3. T. Albu and P. Vamos, Global Krull dimension and global dual Krull dimension of val-
uation rings, In: Abelian Groups, Module Theory, and Topology, Marcel Dekker, (1998),
37-54.

4. G. Bilhan and P. F. Smith, Short modules and almost Noetherian modules, Math. Scand.,
98 (2006), 12-18.

5. L. Chambless, N-Dimension and N-critical modules, application to Artinian modules,
Comm. Algebra, 8(16) (1980), 1561-1592.

6. M. Davoudian, Dimension of uncountably generated submodules, Int. Electron. J. Alge-
bra, 35 (2024), 149-159.

7. M. Davoudian and O. A. S. Karamzadeh, Artinian serial modules over commutative (or
left Noetherian) rings are at most one step away from being Noetherian, Comm. Algebra,
44(9) (2016), 3907-3917.

8. M. Davoudian, O. A. S. Karamzadeh and N. Shirali, On a-short modules, Math. Scand.,
114(1) (2014), 26-37.

9. R. Gordon, Gabriel and Krull dimension, In: Ring Theory (Proceeding of the Oklahoma
Conference), Lecture Notes in Pure and Appl. Math., Vol. 7, Dekker, NewYork, (1974),
241-295.

10. R. Gordon and J. C. Robson, Krull dimension, Mem. Amer. Math. Soc., 1973.



11

12.
13.

14.

15.

16.

17.

18.

19.

20.

21.

SHORT TYPE MODULES 155

. J. Hashemi, O. A. S. Karamzadeh and N. Shirali, Rings over which the Krull dimension
and Noetherian dimension of all modules coincide, Comm. Algebra, 37(2) (2009), 650—
662.

0. A. S. Karamzadeh, Noetherian-dimension, Ph.D. Thesis, Exeter, 1974.

O. A. S. Karamzadeh and M. Motamedi, On a-Dicc modules, Comm. Algebra, 22 (1994),
1933-1944.

O. A. S. Karamzadeh and A. R. Sajedinejad, Atomic modules, Comm. Algebra, 29(7)
(2001), 2757-2773.

0. A. S. Karamzadeh and A. R. Sajedinejad, On the Loewy length and the Noetherian
dimension of Artinian modules, Comm. Algebra, 30 (2002), 1077-1084.

O. A. S. Karamzadeh and N. Shirali, On the Countablity of Noetherian Dimension of
Modules, Comm. Algebra, 32 (2004), 4073-4083.

D. Kirby, Dimension and length for Artinian modules, Quart. J. Math. Ozford., 41
(1990), 419-429.

B. Lemonnier, Deviation des ensembless et groupes totalement ordonnes, Bull. Sci.
Math., 96 (1972), 289-303.

B. Lemonnier, Dimension de Krull et codeviation, Application au theorem d’Eakin,
Comm. Algebra, 6 (1978), 1647-1665.

J. C. McConell and J. C. Robson, Noncommutative Noetherian Rings, Wiley-Interscience,
New York, 1987.

R. N. Roberts, Krull dimension for Artinian modules over quasi local commutative rings,
Quart. J. Math. Ozxford., 26 (1975), 269-273.

Maryam Davoudian

Department of Mathematics, Faculty of Mathematical Sciences and Computer, Shahid Chamran University
of Ahvaz, Ahvaz, Iran.

Email: m.davoudian@scu.ac.ir



Journal of Algebraic Systems

ON a-SHORT TYPE MODULES
M. DAVOUDIAN
B S=ar g 5 51 sladsse ol
Obssls -(‘
oLzl Gl Gloal olez sl Bl (550alS 5 ((BL pole aaSltsls (L5 055

1 pbsign GLES s oo st w550 g 5 31 slad e 4 1y 26501 (slofpan ool i |
Sl 0y + a4 ) sl b 5SS M (5558 an ool sl sbS-a g 5 5l Jpaa S M
s ‘JL«.&L; (s dAs U‘:Jj\ Wy

LSL%J}.M cbbjg—(l/ Z{y J‘ 6‘&de (Sr9 T.:‘::’JE: - 6ud5.\.@ ubjf—a 6L§J3M LSJ:.JSCJ\.JS
s LLsl (55 an o558 bk -y 55



	1. Introduction
	2. -short type modules and -almost quasi Noethrian modules
	3. Properties of -short type modules and -almost Noetherian type modules
	References

