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CAPABILITY OF LOW-DIMENSIONAL NILPOTENT 3-LIE ALGEBRAS
H. Darabi

ABSTRACT. In this paper, we characterize the capability of nilpotent n-Lie algebras
of dimension at most n + 3 over an arbitrary field when n > 2 and the capability of
7-dimensional nilpotent 3-Lie algebras over a field I with charkC # 2.

1. INTRODUCTION

In 1985, Filippov [13] introduced the concept of n-Lie (Filippov) algebra as
an n-ary multilinear and skew-symmetric operation [z1, ..., x,] that satisfies
the following generalized Jacobi identity:

n
(21, zn], Y2, yn] = Z[xl,...,[xi,yg,...,yn],...,xn]].
i=1

Filippov algebras have been intensively studied in recent years since they
naturally correspond to certain models of Quantum Mechanics involving par-
ticles such as bosons and fermions. This, along with a classical reference [24],
shows important relations between Lie Theory and Mathematical Physics
in Quantum Mechanics. Definitively, there are additional and more recent
interactions between Lie algebras and Quantum Mechanics in [1, 2, 3, 20].

The study of n-Lie algebras is important since it has applications in geome-

try and physics. Among other problems about n-lie algebras, the classification
of n-Lie algebras is a central problem in this field. The algebraic classifica-
tion of Filippov algebra is also discussed in the literature (for example, see
[ » + 9 » Uy » Y ])
Let A be an n-Lie algebra over a field A, and let A = F/R for a free n-Lie
algebra. Then, the Schur multiplier M(A) of A is isomorphic to %
The multiplier of an n-Lie algebra is always Abelian, and any two multipliers
of A are isomorphic.

Several bounds are provided for the dimension of the Schur multiplier of
Lie algebras and n-Lie algebras. One of the most important bounds for the
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dimension of the Schur multiplier of Lie algebras and n-Lie algebras is given
in [19] and [9], respectively. Later, these bounds were improved in [21] and
[12] for the Schur multiplier of nilpotent Lie algebras and nilpotent n-Lie
algebras, respectively.

The n-Lie algebra A is called capable when there exists an n-Lie algebra
B such that A = B/Z(B). The capability of nilpotent Lie algebras of small
dimensions is given in [23].

In this paper, by using the multiplier, we characterize the capability of n-
Lie algebras of dimension at most n + 3 over an arbitrary field when n > 2
and the capability of 7-dimensional nilpotent 3-Lie algebras over a field KC
with char/C # 2.

2. PRELIMINARIES

This section contains some definitions, theorems, and results, which we
need in other sections. Assume that Aq,..., A, are subalgebras of an n-Lie
algebra A. Then, the subalgebra of A generated by all vectors [z1, ..., 2,)
(z; € A;) will be represented by [Ay, ..., A,]. The subalgebra A% = [A, ..., A]
is called the derived subalgebra of A. The center of n-Lie algebra A is defined
as follows:

Z(A)={zecA:[z,A, ...,A| =0}.

The notion of nilpotent Filippov algebra is defined by Kasymov [17]. A Fil-
ippov algebra A is nilpotent if A® = 0, where s is a nonnegative integer num-
ber. Note that A’ is defined as inducted by Al = A, ATl =[A" A, ... Al

We call Z* (A), the smallest ideal I of A, whenever A/l is capable. There-
fore, the n-Lie algebra A is capable if and only if Z* (A) = 0. The Abelian
n-Lie algebra F(d) is capable if and only if d > n. Also, the n-Lie algebra
H(n,m) @ F(k) is capable if and only if m = 1, when

H(n,m) = (x,21,..., T : [xn(i—1)+1713n(z'—1)+2, e Ty = T,
i=1,...,m),
(see [11, 12] for more information).

The following lemma plays a key role in the study of the capability of n-Lie
algebras.

Lemma 2.1. The n-Lie algebra A is capable if and only if
dim M(A4) > dim M(4) — dim(A2 N 1)
for each central ideal I of A.

Proof. By corollary 4.3 of [141], it is obvious. H
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Theorem 2.2 ([9]). Let A and B be two finite-dimensional n-Lie algebras.
Then

dim M(A @ B) = dim M(A) + dim M(B) + (”b) = <a) - <b)

n n n
where a = dim A/A? and b = dim B/B>.

Theorem 2.3 ([10]). Let A be a d-dimensional nilpotent n-Lie algebra with
dim A2 = 1. Then A= H(n,m)® F(d—mn—1) for somem > 1. Moreover,

dim M(A) = {

The nilpotent n-Lie algebras of dimension at most n + 3 over an arbitrary
field are known. These algebras are collected in the following theorem.

("N +n—-1, m=1,
() -1, m > 2.

n

Theorem 2.4. Let A be a d-dimensional nilpotent n-Lie algebra.

(i) If d < n, then A is isomorphic to F(d).

(ii)) Ifd = n+ 1, then A is isomorphic to F(n+ 1) or H(n,1).

(iii) If d = n + 2, then A is isomorphic to F(n +2), H(n,1) ® F(1), or
Ann 2,1-

(iv) If d+: n + 3, then A is isomorphic to F(n + 3), H(n,1) & F(2),
An,n—f—?,l D F(]-); An,n+3,1; An7n+3,2; An,n+3,3; An,n—l—3,4; or An,n+3,5 when
n > 2.

The structure and dimension of the Schur multiplier of d-dimensional nilpo-
tent n-Lie algebras with d < n + 3 are listed in Tables 1 and 2.

TABLE 1. The structure of d-dimensional indecomposable nilpotent n-Lie al-
gebras with d < n + 3 and dim A% > 2 over an arbitrary field.

Name Non-zero multiplication

An,n+2,1 [61, ) €n] = €n41, [62, ,€n+1] = €n42
Apngsi| len,.. . en] = enqi,]e2,. .., en, enia] = €4
Apnniso| e, en] =enr,lea, . enpt] = ler, e, .0 en, e000] = €443
Apniss| len, .. en] = enyr,fea, o eni1] = enpa e e3,. . enq1] = engs
An,n+3,4 [617 ceey € ] — Cnt1, [62; ) €n+1] — €n42, [627 <oy Cn, 6n—|—2] — €nt3
Ayiss [61, .6 ] €n+1, [62, €n+1] = €n42,

T [62; ceey 6y en+2] [617 €3,..., €n+1] — €n43

The classification of (n + 4)-dimensional nilpotent n-Lie algebras does not
done yet for each n, but 7-dimensional nilpotent 3-Lie algebras are classified
in [7], as follows.
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TABLE 2. The dimension of the Schur multiplier of d-dimensional nilpotent
n-Lie algebras with d < n + 3 over an arbitrary field.

Name dim M(A)
F(d) (2)
H(n,1)® F(2) sn(n+5)
H(n, 1), An’n+271 n
H(na 1) D F(l)a An,n—|—2,1 D F(1)7 An,n—|—3,2 2n
Apntsi 4n — 2
Apn+33; Anntss n+1
An,n+3,4 2n—1

Theorem 2.5 ( [7]). The 7-dimensional nilpotent 3-Lie algebras are F(7),
H(3,1)®F(3), H(3,2), A3 1D F(2), As6,DF (1) and Az 7, wherel <i <5
and 1 < 5 < 27.

The structure of 7-dimensional indecomposable nilpotent 3-Lie algebra with
dimZ(A) = 1, dim Z(A) = 2 ,and dim Z(A) = 3 are presented in Tables 3,
4, and 5, respectively.

The following lemma is useful for recognizing the capability of decompos-
able n-Lie algebras.

Lemma 2.6. Let A be a capable n-Lie algebra. Then A @® F(1) is capable.
Proof. Since A is capable,

dim M(A) > dim ./\/l(?) — dim(A*N 1), (2.1)

for each central ideal I, by Lemma 2.1. Let A = (ej,eq,...,€4), and let
B=A® F(1). Then B = (ey,es,...,eq,e4+1) such that e;,; is central. The
central ideals of B are I, (eqy1), and I @ (eq41), when [ is a central ideal of
A. By Theorem 2.2,

o (2.2)

dim M(B) = dim M(A) + (d ~ dim A2> .

On the other hand, ? = % ® (eqy1) and B>N I = AN 1. By Theorem 2.2,
B A d — dim A% + dim(A*N [) — dim [
dim M(=) = dim M(Z) + m A% + dim( JodimIy g g
I I n—1
By using relations (2.1), (2.2), and (2.3), we have
dim M(B) > dim M (%) — dim(B*N I).
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TABLE 3. The structure of 7-dimensional indecomposable nilpotent 3-Lie al-
gebras with dim Z(A) = 1 over a field I with char/C # 2.

Name Non-zero multiplication
A3,7,3 [61, €2, 63] €6, [62, €3, 66] [617 €3, 64] = [61, €2, 65] = €7
A3,7,4 [61, €2, 63] €6, [6 €3, 66] [63, €4, 65] = €7
A3,7,5 %61, €2, 63% €6, F 63766} [61, €4, 65] = €7
A3,7,9 €1, €2, €3 €4, |€2, €3, €4] = Eg, [62763766] = [61763765] = €7
As 10 [61,62,63] €4, [62763,64] = €6,
' [[62763766]] [61,[63, es) ][61,63,64] = ey
€1,€2,€3 €4, |€2, €3, €4| = E¢,
A3’7’11 [62763766] [61, €3, 65] [61,62,64] =e7
A3,7,13 [61, €2, 63] = €4, [62, €3, 65] = €¢, [62, €3, 66] = [61, €3, 64] = é7
As 714 | [€1,€2, €3] = ey, €2, €3, €5] = €g, [e1, €3, 6] = [e3, €4, €5] = €7
A3,7,15 [61, €2, 63] = €4, [62, €3, 65] = €6, [63, €5, 66] — [61, €3, 64] = €7
A3,7,16 {617 €2, 63% = €4, %62, €3, 65} = €¢, [63, €5, 66] = [61, €2, 64] = é7
e1, €, €3] = ey, [e2, €3, €4] = [e1, €3, 5] = e,
Az .z le2, €3, €6] = —es, eq,e5] = €7
Ag o1 [61, €2, 63] €4, [62,63,64] = €5, [61, 63764] = €6,
T [61, €3, 65] [62, 63766] = €7
Aqg - 99 [61,62763] = €4, [62763,64] = €5, [61,63764] = €,
0% er, ea, e4] = [e1, e3,e5] = [ea, €3,€6] = €7
As7os | [e1,e2,e3] = eyq, [e2, €3, e4] = €5, [e2, €3, €5] = €6, [e2, €3, 6] = €7
As o4 [61, €2, 63] €4, [62763764] — €5, [62, 63765] = €g,
07 | [eg, e3, €6] = [e1, €3, e4] = €7
Ag 7 o5 [61762, 63] — €4, [62763764] = €5, [62, €3, 65] — €g,
" es, eq, 5] = [eq, €3, e6) = er
As 7 o6 [61,62763] — €4, [62763,64] — €5, [62763765} — [61763764] = €6,
" es, eq, e5) = [e1, €3, 6] = €7
As 7o [61,62763] — €4, [62763764] — €5, [62,63765} — [61763764] = €6,
0 er, e3, e5] = [e2, €3, 6] = €7

For the ideal (e4.1) of B, we have < = Aand B2N{egq1) = A2N{eqq1) = 0.

Since, for the d-dimensional nilpotent n-Lie algebra A, dim A? < d — n, we
have (d SlmA) > n. Thus, dim M(B) > dlm/\/l( 7) — dim(B? N {eqs1)).

d+1
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TABLE 4. The structure of 7-dimensional indecomposable nilpotent 3-Lie al-
gebras with dim Z(A) = 2 over a field I with char/C # 2.

Name Non-zero multiplication
A3,7,1 [61, €2, 63] = €, [63, €4, 65] — €7
A3,7,6 [61, €2, 63] = €4, [62, €3, 64] = €, [61, €3, 64} = [62, €3, 65] = €7
3,7,7 [61, €2, 63} = €4, [62, €3, 64] = €g, [62, €3, 65] — €7
378 | [€1, €2, €3] = ey, [ea, e3,e4] = €6, [e1, €3, €5] = €7
Az 712 | le1, €2, e3] = e4, €2, €3, 5] = €6, €2, €3, €4] = [e1, €3, €5] = €7
Az 719 [e1, €2, e3] = ey, [ea, €3, e4] = €5, [e1, €3, e4] = €6, €2, €3, €5] = €7
- le1, €2, €3] = ey, [e2, €3, e4] = €5, [e1, €3, e4] = €,
7 e, ea, e4] = [e9, €3, 5] = €7

TABLE 5. The structure of 7-dimensional indecomposable nilpotent 3-Lie al-
gebras with dim Z(A) = 3 over a field I with char/C # 2.

Name Non-zero multiplication
A3,7,2 [61, €2, 63] = €4, [63, €4, 65] = €, [61, €3, 65] = €7
A3,7,18 [61, €2, 63] = €4, [62, €3, 64] = €x, [61, €3, 64] = €6, [61, €2, 64] = €7

Finally, for the ideal I & (eqy1) of B, we have I@<§d+1> = 4 and
B*N (I @ {eqs1)) = A2N 1. Thus,
dim M(B) > dimj\/l(%) —dim(B?>N (I @ {eqi1))).
Therefore B is capable by Lemma 2.1. ]

Theorem 2.7. Let A be a 7-dimensional indecomposable nilpotent 3-Lie al-
gebra with dim Z(A) = 1. Then A is isomorphic to one of the algebras
A3, Asra, Aszs, Asro, Aszio, Aszin, Asgas, Asria, Aszas, Aszie, Aszar,
A3,7,21; A3,7,22; A3,7,23; A3,7,24, A3,7,25; A3,7,26; or A3,7,27-

Proof. By Theorem 2.5, the 7-dimensional indecomposable nilpotent 3-Lie
algebra with dim Z(A) = 1 is estimated.
O]

Theorem 2.8. Let A be a 7-dimensional indecomposable nilpotent 3-Lie al-
gebra with dim Z(A) = 2. Then A is isomorphic to one of the algebras A1,
Asze6, Aszr, Aszs, Aszia, Asrig, or Asrap.

Proof. According to Theorem 2.5, the 7-dimensional indecomposable nilpo-
tent 3-Lie algebra with dim Z(A) = 1 is estimated. O
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Lemma 2.9. Let A be a 7-dimensional indecomposable nilpotent 3-Lie algebra
with dim Z(A) = 3. Then A is isomorphic to Asza or Aszis.

Proof. By Theorem 2.5, it is clear. ]

3. MAIN RESULTS

In this section, we characterize the capability of n-Lie algebras of dimension
at most n + 3 over an arbitrary field when n > 2 and the capability of 7-
dimensional nilpotent 3-Lie algebras over the field IC with char/kC # 2.

First, we investigate the capability of nilpotent n-Lie algebras of dimension
at most n+ 3 over an arbitrary field. By [I 1, Theorem 2.1], all d-dimensional
nilpotent n-Lie algebras are non-capable when d < n.

Theorem 3.1. All nilpotent n-Lie algebras of dimensionn, n+1, n+2, and
n + 3 are capable when n > 3.

Proof. By [11, Theorems 2.1 and 2.2], the algebras F'(n), F(n+1), F(n+2),
F(n+3), H(n,1), H(n,1) ® F(1), and H(n,1) @& F(2) are capable. Since

n,n+3,4
Z(An,n+3,4) .
algebra A, ;431 is capable.

We know that only central ideal of A, 132, Anni34, and A, 435 is
Z(A) = (ey+3). By using Theorems 2.3 and 2.4, we get

dim M <M> = 2n,

= A, nt21, the algebra A, 121 is capable. By [15, Lemma 4.6], the

Z(An,n+3,2)
. An n+3.,4 ) . ( An n+3,5 )
dimM|{ —"7"—"""— ) =dimM | —F""—| =n.
(Z (Apniza) Z(Anntss)

So, by lemma 2.1, A, 432, Annisa, and A, 135 are capable.
We know that only central ideals of A, .33 are (e,i2), (en+3), and

Z(A) = (epy2,€nis3).
By using Theorems 2.4 and 2.3, we have dim M (A4,,,,4+33) =n + 1 and

dim M (An,n+3,3> _ dim M (An,n+3,3>

(ént2) (€n+3)
. Anni3s
= dim M (— 2 ) = n.
Z(An7n+3,3)
So, by lemma 2.1, A, ;33 is capable. ]

We now investigate the capability of 7-dimensional nilpotent 3-Lie algebras
over a field K with charkC # 2.
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TABLE 6. The dimension of the Schur multiplier of 7-dimensional nilpotent
3-Lie algebras with dim Z(A) = 1 over a field K with char/C # 2.

algebra A dim M(A) A/l dim M(A/I)
Az 73, Az 74, A3 75 12 H(3,1)® F(2) 12
A377,9 8 A3 ,0,1 S, F(l) 6
As 710, As 711 7 As51 @ F(1) 6
Az 713, Az 715, A3.716 9 A3,6,1 10
A3 714 10 A3z 6.1 10
Az 77 7 A3 6
Az 701 7 As63 4
A3z 7.9 6 3,6,3 4
Az 703, A3.7.4 5 3,6,4 5
A3 795 4 3,6,4 5
A3 7.6 3 3,6,5 4
Az 707 4 As65 1

The dimension of the Schur multiplier of 7-dimensional indecomposable
nilpotent 3-Lie algebras with dim Z(A) = 1 over a field K with char/C # 2 is
presented in Table 6.

The dimension of the Schur multiplier of 7-dimensional indecomposable
nilpotent 3-Lie algebras with dim Z(A) = 2 over a field K with char/C # 2 is
presented in Table 7.

Lemma 3.2. The 3-Lie algebras Az 72 and Asz 713 are capable.

Proof. We know that only central ideals of A3z are (eq), (es), (e7), (€4, €s),

<647 €7>7 <667 67>7 and <647 €6, €7>.
By applying a similar method as in [0, Theorem 3.2], we get

dim ./\/l (A3,772) =15

and
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TABLE 7. The dimension of the Schur multiplier of 7-dimensional nilpotent
3-Lie algebras with dim Z(A) = 2 over a field K with char/C # 2.

algebra A dim M(A) All dim M(A/I) dim(A?N1T)
Az 71 15 W S HB e F?2) 12 1
2 HB )@ F(Q2) 12 1
A= P (5) 10 2
A376 7 % = Azee 6 1
Ty = Ags1 ® F(1) 6 1
e = HG D@ F() 6 :
Az 77, A3 s 10 % = Aze, 10 1
% > Az51 @ F(1) 6 1
<66Ae7> = H(S? 1) D F(l) 6 2
Az 712 10 é = Azp2 6 1
% = Az 10 1
<€6f4€7> >~ H(3,1)® F(1) 6 2

A3,77197 6 <€i6> Y A3,6,5 4

A3.7.20 % ~ Ay 4 1
<€6f167> = A3,5 1 3 2

dim M ( Asrz ) _ dim M (A_) _ dim M ( As12 ) s,
(64, 66) (64, €7> <€67 €7>

and dim M < As.7.2 ) = 4. Thus, by Lemma 2.1, A7 is capable. Simi-

(64,66767>
larly, we conclude that As 715 is capable. ]

Theorem 3.3. The only non-capable 7-dimensional nilpotent 3-Lie algebras
are H(3,2), As 713, Asz1s, Asri6, Asros, and Aszqos.

Proof. By Theorem 2.5, the 7-dimensional nilpotent 3-Lie algebras are F'(7),
H(S, 1)@F(3), H(S, 2), A37571 @F(Z), AS,G,Z@F(]-) and A377’j, where 1 S 1 S 5
and 1 < j < 27.

By [I1, Theorems 2.1 and 2.2], the algebras F(7) and H(3,1) ® F(3) are
capable, and H(3,2) is non-capable.
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According to Theorem 3.1, the algebras Ass51 @ F/(1) and Asg,, 1 <i <5
are capable. Thus, As51 @ F(2) and Asg,; @ F(1), 1 <1i <5 are capable by
Lemma 2.6. The algebras A3 72 and As 715 are capable, by Lemma 3.2.

According to Table 7 and Lemma 2.1, the algebras Agz71, As76, A3z,
A3’7’8, A3’7’12, 14377’197 and A377720 are capable. AISO, by Table 6 and Lemma
2.1, the algebras Asz3, Asra, Aszs, Asre, Asrio, Asri, Asria, Aszir,
As 721, A3792, Ag 723, A3724, and Az 797 are capable and the algebras Az 713,
A377’15, A377,16, A3,7725, and A3’7,26 are non—capable. L]

Due to the fact that the dimension of the multiplier of nilpotent algebras
plays an essential role in this article, we dedicate the last discussion of this
section to the method of calculating the dimension of the multiplier of alge-
bras.

The multiplier for Lie algebras was defined in [19]. It is obvious that the
multiplier of a Lie algebra is Abelian, and therefore, only the dimension of
the multiplier of a Lie algebra is important. The method of calculating the
dimension of the multiplier of a Lie algebra is given in [6]. The method of
calculating the dimension of the multiplier of n-Lie algebras is similar to Lie
algebras and is given in [10]. In what follows, as an example, we calculate
the dimension of the multiplier of As796. The structure of this algebra is

A3,7,26 = (361, cees L7 3[561,%2,333] = T4, [902,%37334] = Ts,
[$2,$3,x5] — [$1,$3,$4] = T¢,
(23, T4, 5] = [21, T3, 6] = 7).

We use the method of [6]. Start with
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[$3,$6,$7] =831, [37473757556] =532, [$4,$5,$7] =533,
[564,5667557] =534, [$5,5€6,$7] =535,
where s1, ..., S35 generate M(A3796). Use of the Jacobi identity on all pos-

sible triples shows that

S7 — 518 :[[332,553,%4]7331,333] - [[1131,$3,334],$2,9€3]
:[37273337 [334,:E1,:U3]] - [[371,333,334],5132,:L‘3]
=0,

ss — 826 =|[T2, T3, T5], ¥1, 3] + [[1, T2, T3], T3, T3]
:[[332,561,1'3],333,375] =+ [[1'1,1'2, 333],1'3,375]
=0,

519 — Sa7 :[[$3,$4,$5]7$2,$3] - [[$2,$3,$5],$3,l‘4]
:[.1:3,334, [1'5,.172,333” - [[$2,x3,$5],$3,$4]
=0,

S19 + So7 =[[1, T3, T6|, T2, 3] — [[21, T2, T3], T3, T¢)
:[[33175527373]73737556] - [[551;5’327373]73737336]
=0,

53 :[[3327563,1'4]73)1,372]
=[[z2, x1, T2], X3, T4] + |22, [X3, 21, T2], 4]

+ (@2, 3, [T4, 1, T2]]

0,

S4q =[[$1,$3,$4],:U1,562]

=[[x1, x1, 2], 3, 4] + |21, [3, T1, T2, T4]

+ [xlaxi))) [$4,$1,$2]]
0,
S5 :[[373,%4,555],561,%2]

:[[1'3,.%'17562],1'4,375] + [.%'3, [374,371,332],375]

+ @3, T4, (25, 21, T2)]
0,
sg =||x3, 24, T5], T1, 3]

=[[@s, x1, 23], T4, 5] + (23, (24, T1, T3], T3]
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+ [x3, x4, [T5, 21, 23]]
:0,
S10 = — [[$1,$2,$3],5€1,$5]
= — [[z1, 21, 5], w2, W3] — [w1, [T2, 71, W5], 3]
— 21, 22, [73, 1, T5]]
:O,
s11 = — [[T1, T2, 3], 21, T¢]
= — [[z1, 21, 6], w2, W3] — |1, [T2, 71, W], 3]
— [z, 29, [x3, 1, T§]]
:07
S12 = — [[$1,$2,$3],9€1,$7]
= — [[z1, 1, 7], 2, 23] — [11, [X2, X1, T7], 3]
— [z1, 29, [13, 1, 27]]
:0’
S13 :[[$2,933,$5]7I1,$5]
=l[[x9, 1, T5], T3, T5] + [T2, [X3, 71, X5], T5]
+ [wo, x3, [T5, 1, T5]]
=0,
s14 =|[x1, 23, 26], 21, 75
=1, x1, T5], T3, T6| + [71, [T3, 71, X5], T§]

+ [x1, T3, [T6, T1, T3]

:0,
S15 = — [[$2,$3,$5],5€1,$7]
= — [[x9, 11, 7], w3, T5) — [29, [X3, 71, 7], T5]
— [z9, x3, [T5, 1, 27]]
:0’
s90 = — [[T1, T2, 3], T2, T3]

- [[$1,x2,:€5],x2,x3] - [xh [332,.%2,375],1'3]
- [ZEl,CUQ, [xg,x2,$5]]
—0,
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91 = — [[T1, T2, 3], T2, T¢]
= — [[x1, o, xg], o, 3] — [71, [X2, T2, 6], T3]
- [371,372, [$3,$2,9€6]]
:O,
S99 = — [[T1, T2, T3], T2, T7]
= — [[z1, 22, 7], 24, 5] — |1, [T2, T2, W7, 3]
— [x1, 29, [x3, T2, 27]]
=0,
s93 = — [[T2, 13, 14), T2, 6]
= — [[m2, 22, 76, 3, 4] — |22, [3, T2, Te], 4]
— [z9, x3, [14, T2, 76]]
=0,
So4 = — [[T2, T3, T4], T2, 7]
= - [[$2,5E2,$7],£B3,$4] - [5132, [963,3327$7],334]
— [z9, x3, [14, T2, 77]]
:O7
so5 = — [[2, 23, T5], 29, 7]
= — [[x9, o, 7], w3, 5] — [w9, [X3, T2, 7|, T5]
— [z9, x3, [T5, T2, 27]]
—0,
sos = — [[21, T2, T3], T3, 7]
= — [[x1, 23, 27|, 9, 3] — [71, [22, T3, 7|, T3]
— 21, 22, [73, 3, 77]]
:O,
S99 = — [[T2, T3, 4], T3, T¢]
= — [[x2, w3, 6], w3, 4] — |2, [3, T3, Te], T4]
= [xz, L3, [$4, L3, 356]]
:O,
s30 = — [[we, T3, 24], 3, 27]

- [['T27x37x7]7x37x4] - [x27 [CC3,CI:3,$7],CU4]

293
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- [IQ, L3, [3747 I3, $7”
=0,
531 = — [[ZUQ, X3, 1:5], X3, 'CU?]
= - [[$2,$3,$7],$3,5€5] - [£U2, [$3,$3,$7],$5]
- [$2,$3, [$5,$3,l‘7“
=0,
532 Z[[$1,$2,5U3], $5,$6]
=|[x1, 5, 6], T2, T3] + [21, [T2, 25, X6], 23]
+ @1, T2, (23, 75, T¢)]
0,
533 :[[$1,9€2,$3],$5,$71

:[[$1,$5,$7],$2,$3] + [3}1, [$2,$5,$7],LE3]

+ [x17x27 [xg,xg),l'?]]
0,
534 :[[«731, x2, 363]7 Zg, 957]

:[[1'1,5136,.%'7],332,1'3] + [5131, [$2,$6,$7],5E3]

+ (21, 2, [3, X6, T7]]
0,
835 =|[T2, T3, T4), T6, T7]
=[x, ¢, T7|, T3, 4] + [T2, [X3, T4, T7], T4]
+ (22, 3, [T4, 26, T7]]
=0.

We set @)y = x4+ $1, &5 = T5 + S16, Tg = T + S¢, and a7 = x7 + sg. A change
of variables allows us s1 = s16 = s = sg = 0. As s19 — S97 = 0, S19 + S97 = 0,
and the characteristic of the field is not equal 2, we have s19 = s97 = 0. Thus
M(A3,7726) = <82, S7, 817> and dim(M(Ag’ZQG)) = 3.
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