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ON ZAGREB ENERGIES OF SOME GRAPH OPERATIONS

I. J. Gogoi*, S. Borah and A. Bharali

ABSTRACT. Recently, Zagreb energies, a graph invariant based on the eigenvalues
of the Zagreb matrices have been proposed as an analogous to graph energy. In
this communication, the Zagreb energies and Zagreb spectral radius are examined
in relation to a number of graph operations, such as m-splitting graphs, m-shadow
graphs, m-duplicate graphs, and extended bipartite double graphs. Further, we ex-
plore these generalised graphs within the context of specific graph types such as
complete graphs, complete bipartite graphs, cycle graphs, and the complements of
cycle graphs. Furthermore, we report an error present in [20] that contradicts the
claim of hyperenergetic behaviour for the splitting graph of regular graphs, and also
establish the non-hyperenergetic behaviour of the m-shadow graph.

1. INTRODUCTION

Throughout the paper, we consider connected graph with at least two ver-
tices. Let G := (V, FE) be a graph with n vertices and m edges, the vertex
set V(G) ={v1,...,v,} and edge set E(G) = {ey,...,en}. The degree of a
vertex v; is denoted by d;, d; = dg(v;). The adjacency matrix A(G) = (a;;)
of a graph G is defined as

o 1, if v; is adjacent to v;;
“ 1 0, otherwise.

If Aj,...,\, are distinct eigenvalues of A(G), then the spectrum of A(G)

can be written as
spec(A(G)) = ( AL Aoy >

myp Mo - mp

where m; is the respective multiplicity of the eigenvalue \;.
Let A1, ..., A, be the eigenvalues of A(G). Then the energy [0] of G is

n

E@G) =) I\l

=1
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In recent times, graph energy has become an important graph invariant
that has been discovered to have a significant influence on chemical graph
theory. The concept originated from Hiickel molecular orbital theory, where
it established a good correlation with the total m-electron energy of conju-
gated hydrocarbon molecules. One may recall [7] for the origin and chemical
interpretation of graph energy.

In 2005, Rodriguez [18] investigated the spectral properties of graph in-
variants, revealing the interrelationship between the weighted adjacency ma-
trix and topological indices. Since then, researchers have made significant
progress in this area and published many papers on graph energy and its
variants [1, 2, 3, 15, 17]. In this paper, we consider the first Zagreb and the
second Zagreb matrix and their energies.

The first Zagreb matrix [15] ZW(G) = (zl(j1 >) of a graph G is defined as
1) ) di+dj, if v; is adjacent to vy;
i 0, otherwise.

The second Zagreb matrix [15] Z3)(G) = (z.(z)) of a graph G is defined as

]

L@ _ did;, if v; is adjacent to v;;
w0, otherwise.

Based on the eigenvalues of the Zagreb matrices, the Zagreb energies [17]
have been proposed. If ,ugl), e ,,uy(ll) and ,u?), e ,ug) are eigenvalues of
ZW(G) and Z?(G) respectively, then the first Zagreb energy of a graph
G, denoted by ZF1(G), and the second Zagreb energy of a graph G, denoted

by ZE»(G) are respectively defined as
ZE\(G) =" || and  ZEy(G) = |u?
i=1 i=1

A graph G is first Zagreb hyperenergetic if ZFy(G) > ZFE1(K,) and first Za-
greb non-hyperenergetic if ZF,(G) < ZFE1(K,,). Similarly G is second Zagreb
hyperenergetic if ZFy(G) > ZFEy(K,) and second Zagreb non-hyperenergetic

Graph operations indeed offer a powerful toolkit for exploring the prop-
erties and behaviours of graphs. By manipulating the structure of a graph
through operations such as addition, deletion, contraction, or transforma-
tion, researchers can analyze how these changes affect various graph metrics,
including energy. In 2017, Ma and Liu [10] determined the energy of the
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resulting graphs from other unary operations on a graph or other binary op-
erations on two graphs. Chu et al. [1] in 2019 have shown that the different
graph energies of the regular splitting graph are a multiple of the correspond-
ing energy of a given graph. In 2020, Mondal et al. [12] presented some novel
graph energies, and several QSPR models have been utilised to show their
applicability as molecular descriptors. Sheikholeslami et al. [20] determined
certain Zagreb hyperenergetic, borderenergetic, and equienergetic graphs in
2021. For more works in these areas, see [11, 13, 14, 22, 23].

2. SOME PRELIMINARIES

We begin with the definition of the Kronecker product of graphs and a
related lemma that will be needed to obtain our findings.

Definition 2.1. [5] Let A := (a;;) and B = (b;;) be two matrices of order
m x n and p x ¢, respectively. Then, their Kronecker product (or tensor
product), A ® B is obtained from A when every element a;; is replaced by
the block a;;B and is of order mp x ngq. i.e.,

anB cee alnB
AR B = : :
amB - apnB

Lemma 2.2. [5] Let A € M? and B € M. If « is an eigenvalue of the matriz
A with corresponding eigenvector y and 5 is an eigenvalue of the matriz B
with corresponding eigenvector z then, af is an eigenvalue of A ® B with
corresponding eigenvector yz.

Now we define some special graphs that are constructed or derived from
an original undirected graph, such as the m-splitting graph, the m-shadow
graph, the m-duplicate graph, and the extended bipartite double graph.

Definition 2.3. [¢] For a graph G, the m-splitting graph Spl,,,(G) is obtained

by adding new m vertices say UY), e ,vf?? corresponding to each vertex v; of

G such that each v,(f), 1 < k < m is adjacent to each vertices that is adjacent
to V; in G.

If m = 1, then the m-splitting graph is known as the splitting graph of G.
The m-splitting graph of K3 is shown in Figure 1.
The number of vertices in Spl,,(G) is (m + 1) x |[V(G)].

Definition 2.4. [8] Let G be a simple graph with n vertices. Then the m-
shadow graph D,,(G) of a connected graph G is constructed by taking m
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FIGURE 1. m-splitting graph of K3
copies of G, say G, ...,G,, then join each vertex v; in G; to the neighbours
of the corresponding vertex v; in G, for 1 < j < m.

If m = 2, the m-shadow graph is known as the shadow graph of G. The
4-shadow graph of Pj3 is shown in Figure 2. The number of vertices in the

FIGURE 2. 4-shadow graph of P;

m-shadow graph is m x |V(G)].

Definition 2.5. [3] Let G be a simple graph of order n with vertex set V
and edge set E. Let V' be a set such that |V| = |V'| and VNV’ = ¢ and
f 'V — V' be bijective. A duplicate graph of G is D(G) = (V1, E), where
the vertex set V1 = VUV’ and the edge set E; of D(G) is defined as the edge
ab is in F if and only if both ab’ and a'b are in Ej.

In general, the m-duplicate graph D™((G) is defined as
D™(G) = D" H(D(G)).
The duplicate graph of Pj is shown in Figure 3. The number of vertices in
the m-duplicate graph is 2" x |V (G)].
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FicUrE 3. Duplicate graph of P;

Definition 2.6. [16] Let G be a graph with the vertex set
V(G) =A{vy,..., 0.}

The extended bipartite double graph Ebd(G) of a graph G is the bipartite
graph with its partite sets X = {xy,...,2,} and Y = {y1,...,y,} in which
two vertices x; and y; are adjacent if ¢ = j or v; and v; are adjacent in G.

The extended bipartite double graph of P; is shown in Figure 4.

1 1] ®<--- Tt e 1
2 Qe ey
3 3 @--" T i iii\,\,l\,\,\,\,‘:‘ 3/

F1GURE 4. Extended bipartite double graph of P

These graphs are useful in different areas of network analysis and applied
mathematics. Recently, Kumar and Sinha [9] mentioned that a variation of
the concept of splitting graph has been applied in the analysis of online so-
cial networks, where newly added vertices U](;) are also connected to vy, which
is termed the “clone” of v,. Also, creating classes of equienergetic graphs,
hyperenergetic graphs, non-hyperenergetic graphs, etc. are significant mathe-
matical applications for these graph operations. Shanthakumari and Lokesha
[19] in 2022, computed a pair of equienergetic graph using the m-duplicate
and the m-shadow graph. In the same year, Ramane et al. [10] determined
the class of equienergetic graphs by using extended bipartite double graphs.
In 2024, Vaidya and Popat [21] estimated the energy of an extended shadow
graph and utilised it to create a new family of non-complete borderenergetic
graphs and non-cospectral equienergetic graphs.
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3. ZAGREB ENERGIES OF THE GENERALISED SPLITTING GRAPH

Theorem 3.1. Let G be a reqular graph with n wvertices. Then the first
Zagreb energy of the m-splitting graph of G is

ZE(Spl,(G)) = /(L +m)2+m(2+m)?2 ZE(G),
where ZE1(G) is the first Zagreb energy of the graph G.

Proof. Suppose G be a k-regular graph with vertices vy,...,v,.  Let

vil), e ,UT(,? be the vertices corresponding to each vertex v; of G that are

added in G to create Spl,,(G) such that d(vy)) =... = d(vf(,?). From Defi-
nition 2.3, with appropriate labelling of the vertices, the first Zagreb matrix,
ZW(Sply (@) of Spl,,(G) is

D1y Dy -+ Dy
Doy Doy -+ Doy

D(m+1)1 D(m+1)2 T D(m+1)(m+1)
where Di; = (1+m)ZW(G), Dy = Dy = B2ZW(G) for 1 <k <m+1
and all other blocks are 0. In tensor form, we may write it as
20 (Spln(G)) =X © Z1(G),
where X := (z;;) has entries

(I+m), i=j=1,;

Ty =4 Hr, i=1,j>2&j=1,1>2;

0, otherwise.

Now, rank(X) = 2 and trace(X) = (1 +m). Let the two nonzero eigenvalues
are & and & with

&1+ &= (1+m). (3.1)
Again, trace(X?) = 20tm)"+m@+m)?” - Therefore

7
2(14+m)? +m(2+m)?

G+& = 5 (3.2)
Solving Equations (3.1) and (3.2), we get & = (1+m)+\/(1+27”)2+m(2+m)2 and
o = (1+m)_\/(1+;n)2+m(2+m)2. By Lemma 2.2,

(1) 1) 1) (1)
0 e L, e .
Spec(Z(l)(Splm(G))) N ( n(m — 1) 51/;1 e o 1 52LlL1 e 52/{ ) ’
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where ugl), 1 < i < n are eigenvalues of the matrix Z((G).

Also, in the eigenvalue & we have (1 +m) < /(1 +m)? +m(2 4+ m)?, this

implies (1+m)—\/(1+2m)2+m(2+m)2 _ \/(1+m)2+m(22+m)2—(1+m)' Therefore,

)

(1+m)+ /(1 +m)2+m(2+m)?

2
)

ZE:(Spln(@)) =Y ( ’ e

1

+ ’52#51)

+m) — /(1 +m)2+m(2+ m)?

* 2

(1)

=fj¢u+mﬂ+m@+mv%

i=1
=1 +m2+m@2+m)? ZE(G). O

Corollary 3.2. Let Gy and G5 be two non-cospectral first Zagreb equienergetic
reqular graphs, then Spl,,(G1) and Spl,,(G3) are non-cospectral first Zagreb
equienergetic.

Let pZ(l)(G) be the first Zagreb spectral radius, i.e., the largest absolute
value of the eigenvalues of Z(V(G). Now, we can compute the first Zagreb
spectral radius of the generalised splitting graph of a graph G.

Theorem 3.3. Let G be a reqular graph of order n. Then the first Zagreb
spectral radius, pZ(l)(Splm(G)) of the m-splitting graph of G 1is

(1+m)+ /(1 +m)2+m(2+ m)2p2(1>(G)
2

Proof. From Theorem 3.1, the nonzero eigenvalues of ZW(Spl,,(G)) are

(1+m)+\/(1+2m)2+m(2+m)2'ul(.l) and (1—|—m)—\/(1+m)2+m(2+m)2ul(1) where ,Ul(l),

2
1 <4 < n are the first Zagreb eigenvalues of the graph G. Note that

pZ(”(Splm(G))

(1+m)++/ (1+m)2+m(2+m)> (1+m)—/ (1+m)2+m(2+m)>
| 7 | > | 7 I

which implies

(1+m)+ /A +m?+m2+m)?
9 2%

(1)
7@ — paxn

(1+m)+ /(1 +m)>+m(2+m)? pare
> .
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Let K, and K, , denote the complete graph with n vertices and the com-
plete bipartite graph with each partition having n vertices respectively. In
2021, Sheikholeslami et al. [20] computed the first Zagreb energy of the com-
plete graph and complete bipartite graph as 4(n — 1)? and 4n? respectively.
Combining these with Theorem 3.1 yields the following two propositions.

Proposition 3.4. The first Zagreb energy of the m-splitting graph of K, is
ZE(Spln(K,)) = 4(n — 1)%/(1 +m)2 + m(2 + m)2.
Proposition 3.5. The first Zagreb energy of the m-splitting graph of K, ,, is
Z By (Sply(Kp.y)) = 4n*\/ (1 +m)2 +m(2 +m)2.

In [20], Sheikholeslami et al. makes an interesting observation about the
splitting graph of regular graphs. Specifically, they state that for a reg-
ular graph G, the splitting graph of G is first Zagreb hyperenergetic i.e.,
ZE(Spl(G)) > 4(2n — 1)%. However, it seems that some errors in the evi-
dence presented by Sheikholeslami et al. contradict the claim of hyperener-
getic behaviour for the splitting graph of regular graphs. To illustrate this
inconsistency, we present an example that contradicts the claim.

Example 3.6. Consider the complete graph K3. The computed first Zagreb
energy of its splitting graph Spl(K3) is 57.6888205. If the claim of hyperen-
ergetic behaviour for the splitting graph of regular graphs is true, we would
expect this value to be greater than the first Zagreb energy of the complete
graph with 6 vertices, Kg, which is 100. However, as we can see, Kg has
a higher first Zagreb energy than Spl(K3), which contradicts the claim of
hyperenergetic behaviour.

Lemma 3.7. [5] Let C, and C, be the cycle graph and the complement

: : 2 2cos &k
of the cycle graph with n vertices. Then spec(C,) = ] 1" and

_ -3 -1 2rk
spec(C’n):(nl3 L 21COS n ),k’zl,...,n—l.

Theorem 3.8. Let C,, be the cycle graph with n wvertices. Then the first
Zagreb energy of the m-splitting graph of C,, is

(
16\/(1—|—m)2—§—m(2—|—m)2 cos &

SF , when n =0 mod(4);
ZE1(Splin(Cy)) = < 8\/(1+Tzi);tm(2+m)2, when n =1 mod(4);

16/ (1+m)221m(2+m)2

sin T )
n

when n = 2 mod(4).
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Proof. Since there are precisely two neighbours for every vertex in the cycle,
the first Zagreb matrix of the graph C), is

040 ---4
404 ---0
400 ---0

From Lemma 3.7, the spectrum of ZW(C,) is 8cosZE  where

k € {0,...,n — 1}. Now we shall consider three cases: n = 0 mod(4),
n =1 mod(4) and n = 2 mod(4). First, suppose that n = 0 mod(4). Then
cos % > 0 only if £ < 7 and %T” < k < n. Therefore, the positive eigenvalues
of ZW(C,) are

2 2 2
8 cos (—W ><0> , 8 cos <—7T>< 1),...,8008 <—7T X (2—1)>,
n n n 4

2 3 2
8 cos (—Wx—n>,...,8008 (—Wx (n—l)).
n 4 n

Consider C' be the sum of the positive eigenvalues of ZI(C,). Let us choose
S in such a way that

C 148 =8eUrx0)i 4 ge(rx(i-1)i 1 go ()i 1 4 ge(Frx(n-n)i

Pt n—1
21k .ok
=8 Z e'n +8 el n
k=0 k‘:%
I —e"n 1 —¢éew
1—1
=(8 — 8&i) —
1—e"w
Comparing real & imaginary part, we get C' = gEosE

Similarly, we can obtain the energy for n = 1 moa(él) and n = 2 mod(4).
Therefore,

12;—02%, when n = 0 mod(4);
ZFE(C) = SmSL, when n = 1 mod(4); (3.3)
2n
51116& when n = 2 mod(4).

The rest of the proof is obtained from Theorem 3.1 and Equation (3.3). O
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Theorem 3.9. Let C,, be the complement of the cycle graph C,, withn vertices.
If Y1 = 4(n —3)y/(1 +m)2+m(2 +m)?, then the first Zagreb energy of the
m-splitting graph of C,, is

T, (2n3,_9 ++3cot T ) when n =0 mod(3);
—_— n— 2sin 1—7 .
ZE (Spln(C)) = { T1 (252 + 2250 )) . whenn =1 mod(3);

bln

Ty (20 4 2505 (H )) , when n =2 mod(3).

3 sm

Proof. In C,, (complement of the cycle graph C,,), each vertex is connected
to all other vertices except its two immediate neighbours in Cy, i.e., C, is
(n — 3)-regular. Therefore, the matrix ZW(C,,) := (z;;) can be described as

o 0, if 1 = 7 or ¢ is adjacent to j in Cy;
Y] 2(n —3), otherwise.

By Lemma 3.7, the spectrum of Z()(C,,) is

spec(20(Gy)) = ((F P 2T mRe B ),

k € {1,...,n — 1}. Now we shall consider three cases: n = 0 mod(3),
n =1 mod(3) and n = 2 mod(3). First, suppose that n = 0 mod(3). Then
2(n—3) ( 1 —2cos 2”]“) > 0 only if cos == 2”’“ < ——. ie, g <k< 2?” Consider
(1, ..., G, are eigenvalues of ZW(C),). Then

ZQ}- =2(n — 3)? + i: —2(n — 3) (—1 — 2cos #)
- k=2

2n

- 2
=2(n — 3)? —2(n—3)n;r3 —4(n—3)Zcost.

- n
kzg

Mmoo
Let C' = § pn COS TF 27Tk , we choose S such that C'+iS = > n et Compar-
3

% — @ cot 2. Which gives

Zj@- _9(n—3) (2”3_9 + f(g)m%) |

ing real & imaginary part, we get C' = —
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Similarly, we can compute the energy for the cases n = 1 mod(3) and n = 2
mod(3). Thus,

An—3) (22 + V/(3) cot %) , when n = 0 mod(3);
ZE\(Cp) =} 4(n—3) (22 + 281215(7}’1’) ., when n=1mod(3); (3.4)
x An—3) (250 + 2Sizi§(§+’ll) ,  when n = 2 mod(3).

Combining Equation (3.4) and Theorem 3.1 we get the required result. [

Theorem 3.10. Let G be a simple graph with n vertices. Then the second
Zagreb energy of the m-splitting graph of G is

ZEy(Spln(G)) = (1 +m)/ (1 4+m)2 4+ 4m ZE(G).
(i) (i)

Proof. Let G be a graph with vertices vy,...,v, and v;’,..., vy be the ver-
tices corresponding to each vertex v; of G that are added in G to create
Spl,(G) such that d(vp) = ... = d(vﬁ,ﬁ)). Accordingly, the second Zagreb

matrix, Z®(Spl,,(G)) is a block matrix, with each block being of order n
with entries

D1y Dy -+ Digyy
Doy Doy -+ Doy
Dyt Dinsvz - Ding)(m+1)

where Dy = (14+m)2Z®)(Q), Dy = Dy = (1+m)Z3(G) for 1 < k <m+1
and all other blocks are 0. In tensor form, we may write it as

Z0(Spln(G)) =Y @ (1+m)Z(G),
where Y = (y;;) has entries

(I1+m), 1=j=1;
Yij = 1, 1=1,7>22&5=1,1>2;
0, otherwise.

Let (1 and (, are nonzero eigenvalues of Y. Now,
rank(Y) = 2, trace(Y) = 1 4+ m,
and trace(Y?) = (14 m)? + 2m. Hence,
G+G=1+m. (3.5)
G4 = (1+m)? +2m. (3.6)
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Solving Equations (3.5) and (3.6), we get (; = (1+m)+ (21+m)2+4m

(o = (1+m)_W, By Lemma 2.2, SpeC(Z(Q)(Splm(G))) is

and

< 0 A+m)cp® o Gm)ap? G +m)ep® (1 m) G >
(m—1) 1 1 1 ’
where u?), 1 < i < n are eigenvalues of Z?)(G).

(I+m)—+/ (1+m)2+4m
2

Also, in the eigenvalue (s, is always negative, it implies
(I+m)—+/ (14+m)2+4m
2

— (1+m)2+24m7(1+m). Therefore,

ZEy(Spln(G)) = (‘Cl (1+m) .2)‘ + ’C2(1+m)ﬂz(‘2)‘>

)

'M: ﬂM:

((1+m)+\/(21+m)2+4m+ \/(1+m)2+24m—(1+m)> a4 |

i=1

3|l

(2)

Z

(1+m)v/(1+m)2+4m |u
1

i
=(1+m)\/(1+m)2+4m ZEy(G). O

Corollary 3.11. Let G and G5 be two non-cospectral second Zagreb equiener-
getic graphs, then Spl,(G1) and Spl,,(G2) are non-cospectral second Zagreb
equienergetic.

Proposition 3.12. The second Zagreb energy of the m-splitting graph of K,
18

Z By (Sply(K,)) = 2(n — 1)1 +m)+/(1 +m)? + 4m.

Proof. In K,,, each vertex is of degree n — 1, implying that the second Zagreb
matrix of K, is of the form (n — 1)?[J, — I,,] where J,, is the n x n matrix
with all entries are 1 and I, is the identity matrix of order n. This gives the
cigenvalues of Z?)(K,) and are (n — 1)? and —(n — 1) with multiplicity 1
and n — 1 respectively, and hence

ZEy(K,) =2(n—1)% (3.7)
which gives the required result. ]

Proposition 3.13. The second Zagreb energy of the m-splitting graph of K, ,,
18

ZEy(Spln(Kpn)) = 2031 4+ m)\/(1 +m)? + 4m.
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Proof. The second Zagreb matrix of K, , is a block matrix with the diag-
onal blocks being 0 and the other blocks being n? times of the matrix J,,
where J,, is the matrix with all entries 1. In tensor form, we may write it as

[ (1) (1) ] ® n%J,. By using Lemma 2.2, we have

ZEy(K,,) = 2n°, (3.8)
which gives the required result. ]

Theorem 3.14. Let G be a simple graph of order n. Then the second Zagreb

spectral radius p? ®(Spln (@) of the m-splitting graph s

1+m)—+/(14+m)2+4m
pZ(z)(Splm(G)) = (1+ m)( ) \/<2 ) pz(2)(G)7

where p?*(@) s the spectral radius of Z(Q).

Proof. From Theorem 3.10, the nonzero eigenvalues of Z)(Spl,,(G)) are

(1+m>(1+m)+,/(21+m)2+4mugg) and (1+m>(l+m)f (21+m)2+4mlu§2)7 where /%(‘2)7 1<i<n
(1+m)++/ (14+m)2+4m (14+m)—+/ (1+m)2+4m

@)(G). Also, | 5 | > | 5 B

are eigenvalues of 7
which implies

(1 + m) — \/(1 + m)2 + 4mlu(2)
2 2

pz(l)(Splm(G)) =max;_y |(1 +m)

(1+m)— \/(1 +m)? + 4mpZ(2)(G)
5 :

=(14+m) O

Theorem 3.15. Let C,, be the cycle graph with n vertices. Then the second
Zagreb energy of the m-splitting graph of C,, is

( 2 us
16(14+m) (Sli?;) +4m60857 when n = 0 mod(4);
ZE(Sply(C,)) = 4 8(1+m) sngl;m)?Mm’ when n =1 mod(4);
16(14+m) Siélz+m)2+4m’ when n = 2 mod(/).
\ n

Proof. Proof is similar to the proof of Theorem 3.8 because C,, is 2-regular,
and hence d; + d; = d;d;. From Lemma 3.7, the spectrum of Z(l)(Cn) is
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8 cos == %k , where £ =0,...,n — 1. Which gives

12;0?, when n = 0 mod(4);

ZEy(Cy) = Singl, when n = 1 mod(4); (3.9)
2n
25 when n =2 mod(4).
The rest of the proof is obtained directly from Theorem 3.10. [

Theorem 3.16. Let C,, be the complement of the cycle graph C, with n
vertices. If To = 2(n — 3)%(1 + m)\/(1+m)2 + 4m then the first Zagreb
enerqy of the m-splitting graph of C, is

Ty (222 + /3 cot I ) when n =0 mod(3);

— n— 2sin 1—7 .
Z Ey(Spl,(Cy)) = { T2 sty bm( )) ,  when n =1 mod(3);

T, (2210 4 2ot (}r+’1’)) , when n =2 mod(3).

3 sin 7

Proof. Recall that C,, is (n—3)-regular, and hence the matrix Z(C,,) = (2;;)
can be described as

0, if 1 = j or 7 is adjacent to j in C);
i = (n — 3)%, otherwise.

Therefore, the second Zagreb spectrum of C,, is

SpeC(Z(2)(C_n)) _ ( (n—3)* (n—3)? ( 1 —2cos 27rk) ) |

1 1
k e {1,...,n — 1}. Now we shall consider three cases: n = 0 mod(3),
= 1 mod(3) and n = 2 mod(3). First, suppose that n = 0d(3). Then

(n —3)*(—1 — 2cos 2”) > 0onlyif 3 <k < %" Con31der Cl,.. ,C, are
eigenvalues of Z(?)(C,,). Then

;g: (n— 3)? <2n3_9+\/§cotg>.

Similarly, we can compute the energy for n = 1 mod(3) and n = 2 mod(3).
Thus

2(n—3)* (252 + V3cot I), when n = 0 mod(3);
- ns | 2sn(02) _
ZEs(Spln(C)) = { 200 —3)% (252 + Z23670) | when n = 1 mod(3); (3.10)
2(n — 3)? (2"3 10 4 2smm(l+ )> , when n = 2 mod(3).

The remaining portions of the proof are taken straight from Theorem 3.10.
O]
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4. ZAGREB ENERGIES OF THE GENERALISED SHADOW GRAPH

Theorem 4.1. Let G be a simple graph with n vertices. Then the first Zagreb
enerqy of the m-shadow graph of G s

ZE(Dn(G)) = m*ZE(G).

Proof. Suppose G be a graph with vertices vy, ..., v, having degree dy, ..., d,.
Accordingly, to construct the m-shadow graph, we consider m coples of G

with vertices vy), . Jfor 1 < i < m, so that each vertex vk in G;

is adjacent to the nelghbours of the corresponding vertex vl in G, for

1 <5 < m. Note that the degree of each vertex is d(v](c) ) = mdj.. Finally, we
obtain the first Zagreb matrix, Z!(D,,(G)) of the m-shadow graph which is
a block matrix, with each block being m times of the original matrix Z1(G)
of the graph G.

Now using the properties of tensor product, ZM(D,,(G)) = J,,@mZM(G),

where J,, is the m x m matrix with all entries 1 and has eigenvalues m
(1) (1)

and 0 with multiplicity 1 and m — 1, respectively. Let py”’, ...,  are the
eigenvalues of Z(G). By Lemma 2.2
2, (1) 2, (1)
Z0(D, (Q))) = 0 Moy s My
spec(Z0(Du(@) = (0 T ),

which follows that

ZE,(D }:tnull— m?ZEy(G). O

Corollary 4.2. Let G and G5 be two non-cospectral first Zagreb equienergetic
graphs, then D,,(G1) and D,,(G2) are non-cospectral first Zagreb equiener-
getic.

Since ZFE1(K,) = 4(n — 1)* and ZE)(K,,,,) = 4n* we have the following
two propositions from Theorem 4.1.

Proposition 4.3. The first Zagreb energy of the m-shadow graph of K, is
ZE\(Dy(Ky)) = 4(n — 1)*m?

Proposition 4.4. The first Zagreb energy of the m-shadow graph of K, s
ZE\(Dp(Kpp)) = 4n*m?.
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Theorem 4.5. Let G be a graph of order n. Then the first Zagreb spectral
radius pZ(l)(Dm(G)) of the m-shadow graph of G 1is

VDG 2,20 (6),

where p?"(@ s the spectral radius of ZW(D,,(G)).
(1)

1

Proof. The nonzero eigenvalues of ZW(D,,(G)) are m?u;’ where ,ul(l),
1 <4 < n are eigenvalues of Z((G). This implies

P PO —maxity mPp| = m?p” . O

Using the fact that a graph of order n is first Zagreb non-hyperenergetic if
ZFE1(G) < 4(n — 1), we have the following result from Theorem 4.1.

Theorem 4.6. Let G be a first Zagreb non-hyperenergetic graph then the
m-shadow graph of G is first Zagreb non-hyperenergetic.

Proof. If the original graph has n vertices, the corresponding m-shadow graph
will have mn vertices. Which gives that the m-shadow graph is first Zagreb
non-hyperenergetic if ZE1(D,,(G)) < 4(mn — 1)%. Now,

ZE((Dn(Q)) = m*ZE(G) < m?4(n —1)? = 4(mn —m)* < 4(mn — 1),
L]

Theorem 4.7. Let C,, be the cycle graph with n vertices. Then the first
Zagreb energy of the m-shadow graph of C,, is

16m?cos T .
2 when n =0 mod(4);

ZE((Dp(C) =4 25 when n =1 mod(4);
ig’”‘f, when n = 2 mod(4).

Proof. The proof is based on Theorem 4.1 that can be obtained using Equa-
tion (3.3). O

Theorem 4.8. Let C,, be the complement of the cycle graph C,, withn vertices.
Then the first Zagreb energy of the m-shadow graph of C,, is

4(n — 3)ym?* (2 + ﬁcﬂot %‘) ,  when n =0 mod(3);
ZEN(Dp(Cy)) = { 4(n—3)m? (#5575 + Zsmsif’;l(}f")> . whenn =1 mod(3);

4(n — 3)m? (220 4 2Sing(l+’1l)) , when n =2 mod(3).

3 sin T
n

Proof. Theorem 4.1 and Equation (3.4) provide concrete evidence for the
proof of the theorem. Il
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Theorem 4.9. Let G be a simple graph with n vertices. Then the second
Zagreb energy of the m-shadow graph of G is ZEy(D,,(G)) = m3Z Es(G).

Proof. The second Zagreb matrix of the m-shadow graph, which is a block
matrix, with each block being m? times of the original matrix Z®(G). By
using this matrix, the second Zagreb energy of the m-shadow graph can be
determined. We avoid the proof to prevent repetitions. [

Corollary 4.10. Let GG; and G4 be two non-cospectral second Zagreb equiener-
getic graphs, then D,,(G1) and D,,(G3) are non-cospectral second Zagreb
equienergetic.

Equations (3.7) and (3.8) can be used to get the next two propositions from
Theorem 4.9.

Proposition 4.11. The second Zagreb energy of the m-shadow graph of K,
is Z Ey(Dy(K,)) = 2m?(n — 1)3.

Proposition 4.12. The second Zagreb energy of the m-shadow graph of K, ,,
is Z Ey(Dyy(Kpp)) = 2n3m3.

Theorem 4.13. Let G be a graph of order n. Then the second Zagreb spectral
radius pZ(Z)(Dm(G» of the m-shadow graph is pZ(Q)(Dm(G» = m3pZ(2)(G), where
p??(@) is the spectral radius of the Z@(D,,(G)).

Proof. The nonzero eigenvalues of Z®)(D,,(G)) are m3u§2), where ,LLZ(Q),
1 < i < n are eigenvalues of Z?) (@), which implies
@) n 2 @)
p? @) — max., |m3Hz( )| = m?p”).
[

Again, using the fact that a graph of order n is second Zagreb non-hyperener-
getic if ZE5(G) < 2(n — 1)3, we get the following result from Theorem 4.9.

Theorem 4.14. Let G be a second Zagreb non-hyperenergetic graph, then the
m-shadow graph of G is second Zagreb non-hyperenergetic.

Proof. The m-shadow graph is second Zagreb non-hyperenergetic if
Z Ey(D,(@)) < 2(mn — 1)3. Which gives

ZEy(Di(Q)) = m*ZEy(G) < m32(n —1)3 = 2(mn —m)3 < 2(mn — 1)3,
O
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Theorem 4.15. Let C,, be the cycle graph with n vertices. Then the second
Zagreb energy of the m-shadow graph of C,, is

16”;?;8%, when n =0 mod(4);

ZEy(Dy(Cy)) = si?i’ when n =1 mod(4);
2

éﬁ?ﬁ, when n = 2 mod(4).

Proof. The proof is straightforward from Theorem 4.9 and Equation (3.9). O

Theorem 4.16. Let C,, be the complement of the cycle graph_C,, with n
vertices. Then the first Zagreb energy of the m-shadow graph of C,, is

2(n —3)?m3 (242 + V3cot ), when n =0 mod(3);
sin T(1-1
ZEy(D(Cy)) ={ 2(n— 3)2m? (2”3_8 +2 Sf’n(% ")> ,  whenn =1 mod(3);

2sin %(1—&—%)
sin -

2(n — 3)2m® (2ng10 X

) , when n =2 mod(3).

Proof. The proof is straightforward from Theorem 4.9 and Equation (3.10).
O

5. ZAGREB ENERGIES OF THE GENERALISED DUPLICATE GRAPH

Theorem 5.1. Let G be a simple graph with n vertices. Then the first Zagreb
enerqy of the m-duplicate graph of G s

ZE|(D"™(G)) = 2"ZE(G).

Proof. Suppose GG be a graph with vertices vy, ..., v, having degree dy, .. ., d,,.
From Definition 2.5, the first Zagreb matrix of D" (G) is a block matrix with
anti-diagonal blocks Z(!)(G) and all other blocks are 0. In tensor form, we
may write it as

m 1, i1+j5=n+1;
Z(l)(D (&) :{ 0 othgrwise. } 3 Z(l)(G)

=W @ ZW(G).
The eigenvalues of W are 1 and —1 with multiplicities of 2"~ 1. By Lemma
2.2,
(1) (1) (1) (1)
spec(Z(D™(G))) = ( n(m—1) i o1 11 1 > ’

(1)

7

, 1 <i < n are eigenvalues of Z((G). Therefore,

ZE(D"(G) = Y 2" (

where p

]+ |-V|) = 2mzE0(G).
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]

Corollary 5.2. Let Gy and G5 be two non-cospectral first Zagreb equienergetic
graphs, then D™(Gy) and D™(G3) are non-cospectral first Zagreb equiener-
getic.

Proposition 5.3. The first Zagreb energy of the m-duplicate graph of K,, is
ZE(D™(K,)) =2""(n— 1)

Proposition 5.4. The first Zagreb energy of the m-duplicate graph of K, ,
is ZE1(D™(K,,,)) = 2™ 2n?2.

Theorem 5.5. Let G be a graph of order n. Then the first Zagreb spectral
radius pZ(l)(Dm(G)) of the m-duplicate graph is pZ(l)(Dm(G» = pZ(l)(G
p?"(C) s the spectral radius of the ZW(G).

), where

Proof. The nonzero eigenvalues of ZW(D™(G)) are ﬂ:,ugl), where ,ul(l),
1 < i < n are eigenvalues of Z()(G), implies

(1)

W (pm n
prPE) — max;_, | £ p; | =p

Z(l)(G).
]

Theorem 5.6. Let C, be the cycle graph with n vertices. Then the first
Zagreb energy of the m-duplicate graph of C,, is

162;1025%, when n =0 mod(4);
ZE(D™(Cy)) = ¢ 22, when n =1 mod(/});
et when n = 2 mod(4).
Proof. The proof is based on Theorem 5.1 and Equation (3.3). []

Theorem 5.7. Let C,, be the complement of the cycle graph Cy, with n vertices.
Then the first Zagreb energy of the m-Duplicate graph of C,, is
4(n—3)2™ (222 + /3ot I) when n =0 mod(3);
ZE{(D™(Cy)) = { 4(n—3)2™ (2"58 + QSinSi(%iiv ,  whenn =1 mod(3);
4(n — 3)2™ (%glo + ) , when n =2 mod(3).

2sin T(1+2)
sin =
n

Proof. The proof is straightforward from Theorem 5.1 and Equation (3.4). [

Theorem 5.8. Let G be a simple graph with n vertices. Then the second
Zagreb energy of the m-duplicate graph of G is

ZEy(D™(G)) = 2" Z Eo(G).
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Proof. The second Zagreb matrix of the m-duplicate graph is a block matrix,
with anti-diagonal blocks Z?)(G) and all other blocks being 0. We avoid the
proof to prevent repetitions. ]

Corollary 5.9. Let G1 and Gs be two non-cospectral second Zagreb equiener-
getic graphs, then D™(G1) and D™(Gs) are non-cospectral second Zagreb
equienergetic.

Proposition 5.10. The second Zagreb enerqy of the m-duplicate graph of K,
is ZFEy(D™(K,)) = 2™ (n — 1)3.

Proposition 5.11. The second Zagreb energy of the m-duplicate graph of
Ky is ZEy(D"™(K,,)) = 2" nd.

Theorem 5.12. Let G be a graph of order n. Then the second Zagreb
spectral radius pZ(Q)(Dm(G)) of the m-duplicate graph is pZ(Q)(Dm(G)) = pZ(Z)(G),
where p??() is the spectral radius of Z?(G).

Proof. The nonzero eigenvalues of Z®2)(D™(G)) are :|:,LLZ(2) where /LZ(-Q),
1 < i < n are eigenvalues of Z*)(@), implies
@ (pm n 2 @
p? ) = maxil | + Mz(' )| = p?19.
L]

Theorem 5.13. Let C,, be the cycle graph with n vertices. Then the second
Zagreb energy of the m-duplicate graph of C,, is

162;628%, when n =0 mod(4);
ZEy(D™(Cy)) = %, when n =1 mod(4);
2 when n =2 mod(4).

Proof. The proof is straightforward from Theorem 5.8 and Equation (3.9). O

Theorem 5.14. Let C,, be the complement of the cycle graph Cyn with n
vertices. Then the first Zagreb energy of the m-duplicate graph of C,, is

2(n —3)22™ (222 4+ \/3cot Z) , when n =0 mod(3);
inT(1—1
ZEo(D™(Cy)) ={ 2(n— 3)22m <2"§8 + QSmSii”n(% ”)> ,  whenn =1 mod(3);
_ o\2om (2n—10 , 2sin 1+ _
2(n — 3)%2 R , when n =2 mod(3).

Proof. The proof is straightforward from Theorem 5.8 and Equation (3.10).
O]
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6. ZAGREB ENERGIES OF THE EXTENDED BIPARTITE DOUBLE GRAPHS

Recently, Ramane et al. [10] established the energy of Ebd(G) in terms
of other graph parameters. Here we extend the energy of Fbd(G) in case of
Zagreb matrices.

Theorem 6.1. Let G be a simple k-reqular graph with n vertices. Then the
first Zagreb energy of the Ebd(G) is

ZE\(Ebd(G)) =4(k+1) [ E(G)+n—2n" =2 ) (Ix|=1) |,
Ai€(—1,0)

where A\i,..., \, are eigenvalues of the graph G and n~ is the number of
negative eigenvalues.

Proof. The Ebd(G) of a k-regular graph is (k + 1)-regular, which follows the
first Zagreb matrix of Ebd(G) as

(1) _ 0 A(G) + I(G)
ZVY(EW(G)) =2(k+1) | AG) +1(G) 0 N
—2(k+1) | | o |@A@) + 1)
If A\q,...,\, are eigenvalues of (G, then by Lemma 2.2, the eigenvalues of

Ebd(G) are £2(k + 1)(A; + 1). Therefore,

n

ZE1(Eb(G)) = |[£2(k + 1)(Ai + 1)

=4(k+1)> X +1]

=1

=4(k +1) ( S xn-n+ Y (Ai+1))

Ai<—1 Ai>—1

4k+1(z>\21+ SN +EY N+ > 1+Z)

<1 ~1,0) 2i>0 NE(—1,0) Ai>0
Now, l=n"—= > 1, > 1=mn—n" and also using the fact that

> == > |\, we have
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ZE\(Ebd(G))
=4k+ D) ( [BE@G = DY N =n"+ D 1= D> N+ D l+n—n
)\iE(—l,O) )\Z'E(—I,O) )\iE(—l,O) )\iE(—l,O)
=4(k+1) | B@)+n-2n" =2 > (N[-1)]. O
)\iE(_lvo)

Similarly, we can compute the second Zagreb energy of Ebd(G).

Theorem 6.2. Let G be a simple k-reqular graph with n vertices. Then the
second Zagreb energy of the Ebd(G) is

ZEy(Ebd(G)) =2(k+1)* | E(G)+n—2n" =2 Y  (|x|-1)],
\i€(—1,0)

where A\, ..., \, are eigenvalues of the graph G and n~ is the number of
negative eigenvalues.

7. CONCLUSION

The study of graph energies and transformations is inherently interdisci-
plinary because it combines mathematical graph theory with a wide range of
application domains. These findings contribute to the understanding of graph
energies and their behaviour under graph transformations. They have impli-
cations for various applications where graph theory and structural analysis
are relevant, such as network analysis and machine learning, etc. Further-
more, these studies often provide theoretical insights into graph structural
properties and how these properties relate to graph energies. Here, the first
and second Zagreb energies and spectral radii of the m-splitting, m-shadow,
m~duplicate, and extended bipartite double graphs are obtained in terms to
the energy and spectral radii of the original graph. Additionally, we observe
some graphs that are Zagreb equienergetic. Also, we report an error present
in [20] that contradicts the claim of hyperenergetic behaviour for the split-
ting graph of regular graphs. Further, we establish the non-hyperenergetic
behaviour of the m-shadow graph.
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