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VERTEX DECOMPOSABILITY AND WEAKLY POLYMATROIDAL
IDEALS

A. Mafi∗, D. Naderi and H. Saremi

Abstract. Let K be a field and R = K[x1, . . . , xn] be the polynomial ring in n
variables over a field K. Let ∆ be a simplicial complex on n vertices and I = I∆ be
its Stanley-Reisner ideal. In this paper, we show that if I is a matroidal ideal then
the following conditions are equivalent: (i) ∆ is sequentially Cohen-Macaulay; (ii) ∆
is shellable; (iii) ∆ is vertex decomposable. Also, if I is a minimally generated by
u1, . . . , us such that s ≤ 3 or supp(ui) ∪ supp(uj) = {x1, . . . , xn} for all i ̸= j, then
∆ is vertex decomposable. Furthermore, we prove that if I is a monomial ideal of
degree 2 then I is weakly polymatroidal if and only if I has linear quotients if and
only if I is vertex splittable.

1. Introduction
Throughout this paper, we assume that R = K[x1, . . . , xn] is the polynomial

ring in n variables over the field K and I is a monomial ideal of R. We
denote, as usual, by G(I) the unique minimal set of monomial generators
of I. For each monomial u = xa11 · · ·xann , we define the support of u to be
supp(u) = {xi|ai > 0}.

The ideal I has linear quotients if there is an ordering u1, . . . , us of mono-
mials belonging to G(I) such that for each integer 1 < j ≤ s, the colon ideal
(u1, . . . , uj−1) : uj is generated by a subset of {x1, . . . , xn}. Ideals with linear
quotients were introduced by Herzog and Takayama in [14]. Conca and Her-
zog [3] proved that if a monomial ideal I generated in one degree has linear
quotients, then I has a linear resolution. A monomial ideal I is called a poly-
matroidal ideal, if it is generated in a single degree with the exchange property
that for each two elements u, v ∈ G(I) such that degxi

(u) > degxi
(v) for some

i, there exists an integer j such that degxj
(u) < degxj

(v) and xj(u/xi) ∈ G(I).
The polymatroidal ideal I is called matroidal if I is generated by square-free
monomials. Herzog and Takayama [14] proved that polymatroidal ideals have
linear quotients and so they have linear resolution. Herzog, Hibi and Zheng
[13] proved that if I is a monomial ideal generated in degree 2, then I has a
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linear resolution if and only if I has linear quotients if and only if each power
of I has a linear resolution.

Kokubo and Hibi [15] introduced weakly polymatroidal ideals generated
in the same degree as a generalization of polymatroidal ideals. Mohammadi
and Moradi [19] extended the definition of weakly polymatroidal to ideals
which are not necessarily generated in one degree, and they are defined as
follows: A monomial ideal I of R is called weakly polymatroidal if for every
two monomials v = xb11 · · ·xbnn <lex u = xa11 · · ·xann belonging to I such that
a1 = b1, . . . , at−1 = bt−1 and at > bt for some t, there exists j > t such that
xt(v/xj) ∈ I. Kokubo and Hibi demonstrated that every weakly polyma-
troidal ideal generated in a single degree possesses linear quotients [15]. This
result is further supported by Theorem 1.8 in [19]. Note that, in this defini-
tion, we consider the lexicographic monomial order <lex on R induced by the
ordering x1 > x2 > . . . > xn of the variables.

For a square-free monomial ideal I of R, we may consider the simplicial com-
plex ∆ for which I = I∆ is the Stanley-Reisner ideal of ∆ and K[∆] = R/I∆
is the Stanley-Reisner ring. Eagon and Reiner [4] proved that R/I is Cohen-
Macaulay if and only if the Alexander dual I∨ has a linear resolution. Herzog
and Hibi [10] generalized the notion of linear resolution to componentwise lin-
earity and they proved that R/I is sequentially Cohen-Macaulay if and only
if the Alexander dual I∨ is componentwise linear. It is known that if I has
linear quotients, then I is componentwise linear. Herzog, Hibi and Zheng [12]
proved that the simplicial complex ∆ is shellable if and only if I∨ has linear
quotients. Recently Moradi and Khosh-Ahang [20] proved that the simplicial
complex ∆ is vertex decomposable if and only if I∨ is vertex splittable and
also one concludes that every vertex splittable ideal has linear quotients. So
we have the following implications:

vertex decomposable =⇒ shellable =⇒ sequentially Cohen−Macaulay.

Both implications are known to be strict. The equivalence between the
sequentially Cohen-Macaulay property, the shellable property and the vertex
decomposable property have been studied for some families of graphs: bipar-
tite graphs [26, 25], chordal graphs [5, 27], and very well-covered graphs [16]
and Cactus graphs [18].

In this paper, we show that the above implications in the following cases
are equivalent: (i) if I is a matroidal ideal (ii) if I is a square-free monomial
ideal minimally generated by u1, . . . , us such that s ≤ 3 or

supp(ui) ∪ supp(uj) = {x1, . . . , xn}
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for all i ̸= j. In the end we prove that if I is a monomial ideal of R with
deg(I) ≤ 2, then I is weakly polymatroidal if and only if I has linear quotients
if and only if I is a vertex splittable, where deg(I) = max{deg(u) | u ∈ G(I)}.

2. Preliminaries
In this section, we recall some definitions and properties that will be used in

this article. Let ∆ be a simplicial complex on the vertex set V = {x1, . . . , xn}.
Members of ∆ are called faces of ∆ and a facet of ∆ is a maximal face of
∆ with respect to inclusion. The dimension of a face F is |F | − 1 and the
dimension of a complex ∆ is the maximum of the dimensions of its facets. If
all facets of ∆ have the same dimension, then ∆ is called pure and also ∆ is
called a simplex when it has a unique facet. If ∆ is a simplicial complex with
facets F1, . . . , Ft, we denote ∆ by ⟨F1, . . . , Ft⟩, and {F1, . . . , Ft} is called the
facet set of ∆.

For a given simplicial complex ∆ on V , we define ∆∨ by
∆∨ = {V \ A | A /∈ ∆}.

The simplicial complex ∆∨ is called the Alexander dual of ∆. For every
subset F ⊆ V , we set xF =

∏
xj∈F xj. The Stanley-Reisner ideal of ∆ over K

is the ideal I∆ of R which is generated by the square-free monomials xF with
F /∈ ∆. Let I be an arbitrary square-free monomial ideal. Then there is a
unique simplicial complex ∆ such that I = I∆. For simplicity, we often write
I∨ to denote the ideal I∆∨, and we call it the Alexander dual of I. If I is a
square-free monomial ideal I = ∩t

i=1pi, where each of the pi is a monomial
prime ideal of I, then the ideal I∨ is minimally generated by monomials
ui =

∏
xj∈pi xj.

For the simplicial complex ∆ and the face F ∈ ∆, we can create two new
simplicial complexes. The deletion of F from ∆ is

del∆(F ) = {A ∈ ∆|F ∩ A = ∅}.
The link of F in ∆ is lk∆(F ) = {A ∈ ∆|F ∩A = ∅, A∪ F ∈ ∆}. If F = {x},
we write del∆x (resp. lk∆x) instead of del∆({x}) (resp. lk∆({x})); see [11]
for more detail informations.

Vertex decompositions were introduced in the pure case by Provan and
Billera [22], and extended to non-pure complexes by Björner and Wachs [2].
A simplicial complex ∆ is recursively defined to be vertex decomposable if it
is either simplex or else has some vertex x such that

(1) both del∆x and lk∆x are vertex decomposable, and
(2) there is no face of lk∆x which is also a facet of del∆x.
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A vertex x which satisfies in condition (2) is called a shedding vertex. An ideal
I is called vertex decomposable if I = I∆ which is ∆ is vertex decomposable.

Moradi and Khosh-Ahang [20] defined the notion of vertex splittable ideal
which is an algebraic analog of the vertex decomposability property of a
simplicial complex and was defined as follows:

Definition 2.1. A monomial ideal I of R is called vertex splittable if it can
be obtained by the following recursive procedure:

(1) if v is a monomial and I = (v), I = (0) or I = R, then I is a vertex
splittable ideal;

(2) if there is a variable x ∈ V and vertex splittable ideals I1 and I2 of
K[V \ {x}] so that I = xI1 + I2, I2 ⊆ I1 and G(I) is the disjoint union
of G(xI1) and G(I2), then I is a vertex splittable ideal.

By the above notations if I = xI1 + I2 is a vertex splittable ideal, then
xI1 + I2 is called a vertex splitting for I and x is called a splitting vertex for
I.

A simplicial complex ∆ is shellable if the facets of ∆ can be ordered, say
F1, . . . , Fs, such that for all 1 ≤ i < j ≤ s, there exists some x ∈ Fj \ Fi

and some l ∈ {1, 2, . . . , j − 1} with Fj \ Fl = {x}. An ideal I is called
shellable if I = I∆ which is ∆ is shellable. Let I be a monomial ideal of
R with G(I) = {u1, . . . , ur}. We say that I has linear quotients if there
is an ordering u1, u2, . . . , ur such that for each 2 ≤ i ≤ r the colon ideal
(u1, . . . , ui−1) : ui is generated by a subset {x1, . . . , xn} (see [14]). Note
that if I = (u1, . . . , ur) is a monomial ideal with linear quotients, then the
Castelnuovo-Mumford regularity reg(I) = max{deg(ui)|i = 1, 2, . . . , r} (see
[3, Lemma 4.1]). Herzog, Hibi and Zheng [12, Theorem 1.4] proved that if ∆
is a simplicial complex for which I = I∆, then I is shellable if and only if I∨
has linear quotients.

Stanley [24] defined a graded R-module M to be sequentially Cohen-
Macaulay if there exists a finite filtration of graded R-modules

0 = M0 ⊂ M1 ⊂ · · · ⊂ Mr = M

such that each Mi/Mi−1 is Cohen-Macaulay, and the Krull dimensions of the
quotients are increasing:

dim(M1/M0) < dim(M2/M1) < · · · < dim(Mr/Mr−1).
In particular, we call the monomial ideal I to be sequentially Cohen-Macaulay
if R/I is sequentially Cohen-Macaulay.
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For a homogeneous ideal I, we write (Ii) to denote the ideal generated by
the degree i elements of I. A monomial ideal I is componentwise linear if
(Ii) has a linear resolution for all i (see [10]).

Herzog and Hibi [10] proved that the square-free monomial ideal I is sequen-
tially Cohen-Macaulay if and only if the Alexander dual I∨ is componentwise
linear. Francisco and Van Tuyl [6, Proposition 2.6] proved that if I is a
homogeneous ideal with linear quotients, then I is a componentwise linear.
Hence for a monomial ideal I we have the following implications:

vertex splittable =⇒ linear quotients =⇒ componentwise linear.

Both implications are known to be strict.
For any unexplained notion or terminology, we refer the reader to [11].

Several explicit examples were performed with help of the computer algebra
system Macaulay2 [8].

3. Main results
We start this section by the following lemma.

Lemma 3.1. Let I be a matroidal ideal in R. Then I is vertex splittable.

Proof. We proceed by induction on n. If n = 1, then I is a principal ideal.
Therefore, in this case, the assertion is trivial. Suppose that n > 1. By the
proof of [1, Theorem 1.1] we may assume I = x1I1 + I2 such that I1 and I2
are matroidal ideals in K[V \ {x1}] and I2 ⊆ I1, where V = {x1, . . . , xn}.

By induction hypothesis the ideals I1 and I2 of K[V \ {x1}] are vertex
splittable. Hence I is vertex splittable ideal, as required. □

By the above lemma and [14, Lemma 1.3] we get that every matroidal ideal
have vertex splittable and so it has linear quotients and linear resolution.

The following example shows that the converse of the above lemma does
not hold.

Example 3.2. Let I = (x1x2, x2x3, x3x4) be a monomial ideal of
R = K[x1, x2, x3, x4]. Since I = x2(x1, x3) + (x3x4), it follows that I is
vertex splittable ideal. To see why I is not matroidal ideal, note that

degx2
(x1x2) > degx2

(x3x4).
However, neither x3(x1x2

x2
) nor x4(x1x2

x2
) belongs to I. Hence I is not a matroidal

ideal.

Hamaali, the first author and the third author [9, Corollary 2.9] proved
that if ∆ is a simplicial complex and I is a matroidal ideal of R such that
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I = I∆, then ∆ is sequentially Cohen-Macaulay if and only if ∆ is shellable.
In the following we show that these conditions are equivalent to vertex de-
composability.
Theorem 3.3. Let ∆ be a simplicial complex and I be a matroidal ideal of
R such that I = I∆. Then the following conditions are equivalent:

(i) ∆ is sequentially Cohen-Macaulay;
(ii) ∆ is shellable;
(iii) ∆ is vertex decomposable.

Proof. The implications (iii) =⇒ (ii) =⇒ (i) always hold. Hence it suffices
to prove (i) =⇒ (iii). Assume that ∆ is sequentially Cohen-Macaulay. We
may assume that I = x1I1 + I2, where I2 ⊆ I1 are matroidal ideals. By using
the proof of [9, Theorem 2.8], I1 and I2 are sequentially Cohen-Macaulay and
so I∨1 and I∨2 have componentwise linear resolution. Since I = (x1, I2)∩ I1, it
follows that I∨ = x1I

∨
2 + I∨1 and I∨1 ⊆ I∨2 . Now by induction hypothesis on

n, I∨1 and I∨2 are vertex splittable. Hence I∨ is vertex splittable and so ∆ is
vertex decomposable, as required. □
Theorem 3.4. [17, Theorem 2.5] If ∆ is a simplicial complex such that
I = I∆ is weakly polymatroidal with respect to x1 > x2 > · · · > xn, then ∆∨

is vertex decomposable.
From Theorem 3.4 and Definition 2.1 we can conclude that if the square-free

monomial ideal I is weakly polymatroidal, then I is vertex splittable.
Lemma 3.5. Let ∆ be a simplicial complex and let I = I∆ be minimally
generated by square-free monomials u1, u2. Then ∆ is vertex decomposable.
Proof. It is clear that I∨ = p1 ∩ p2 such that G(pi) = supp(ui) for i = 1, 2.
Therefore by [19, Theorem 2.3] I∨ is square-free weakly polymatroidal and
so I∨ is vertex splittable. Hence ∆ is vertex decomposable, as required. □

Francisco and Van Tuyl [6, Corollary 6.6] showed that if ∆ is a simplicial
complex with I = I∆ is a minimally generated by square-free monomials
u1, . . . , us, then ∆ is sequentially Cohen-Macaulay in the following cases (i)
if s ≤ 3; (ii) if supp(ui)∪supp(uj) = {x1, . . . , xn} for all i ̸= j. In the following
we show that the above assertion is true for vertex decomposability.
Theorem 3.6. Let ∆ be a simplicial complex and let I = I∆ be a minimally
generated by square-free monomials u1, . . . , us. Then ∆ is vertex decomposable
in the following cases:

(i) if s ≤ 3;
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(ii) if supp(ui) ∪ supp(uj) = {x1, . . . , xn} for all i ̸= j.

Proof. Consider the case (i). It is enough to show that I∨ is a vertex splittable
ideal. If s = 1, then the result is clear. If s = 2, then by Lemma 3.5 we get
the result. Suppose that s = 3 and I = (u1, u2, u3). Then I∨ = p1 ∩ p2 ∩ p3
such that G(pi) = supp(ui) for i = 1, 2, 3. We consider the following cases:

Case 1: if G(pi) ∩ G(pj) = ∅ for 1 ≤ i ̸= j ≤ 3, then I∨ is a matroidal
ideal. Therefore by Lemma 3.1, I∨ is vertex splittable.

Case 2: if G(pi1) ∩ G(pij) = ∅ for j = 2, 3 and {i1, i2, i3} = {1, 2, 3}, then
by [19, Theorem 2.4] I∨ is weakly polymatroidal and so it is vertex splittable.

Case 3: if G(pi1) ∩G(pi2) ̸= ∅ and G(pi1) ∩G(pi3) = ∅, then

G(pi2) ∩G(pi3) ̸= ∅

on the otherwise we come back to the Case 2. Therefore we may consider
I∨ = xpi3 + qi1 ∩ qi2 ∩ pi3 for some x ∈ G(pi1) ∩ G(pi2), {i1, i2, i3} = {1, 2, 3}
and pij = (x, qij) for j = 1, 2. Hence I∨ is vertex splittable if and only if
qi1 ∩ qi2 ∩ pi3 is vertex splittable. By continuing this fashion on qi1 ∩ qi2 ∩ pi3
and using the Cases 1, 2 we obtain that I∨ is vertex splittable.

Case 4: if G(p1)∩G(p2)∩G(p3) = ∅, then either G(pi)∩G(pj) ̸= ∅ for all
1 ≤ i ̸= j ≤ 3 or we have one of the Cases 1,2,3. Thus it enough to consider
G(pi) ∩ G(pj) ̸= ∅ for all 1 ≤ i ̸= j ≤ 3. Suppose x ∈ G(p1) ∩ G(p2). Hence
I∨ = xp3+q1∩q2∩p3 and pi = (x, qi) for i = 1, 2. Thus I∨ is vertex splittable
if and only if q1 ∩ q2 ∩ p3 is vertex splittable. Therefore by continuing this
argument we get to one of the above cases and so the result follows.

Case 5: if G(p1) ∩ G(p2) ∩ G(p3) ̸= ∅, then I∨ = xR + q1 ∩ q2 ∩ q3 for
some x ∈ G(p1) ∩ G(p2) ∩ G(p3) and pi = (x, qi) for i = 1, 2, 3. Hence I∨ is
vertex splittable if and only if q1 ∩ q2 ∩ q3 is vertex splittable. By continuing
this fashion on q1∩ q2∩ q3 and using the above cases we get that I∨ is vertex
splittable. This completes the proof of case (i).

Now, we consider the case (ii) and we prove that I∨ is a vertex splittable
ideal. we can assume I∨ = p1 ∩ · · · ∩ ps. If x ∈ ∩s

i=1G(pi), then we have
I∨ = xR + q1 ∩ · · · ∩ qs where qi’s are monomial prime ideals such that
pi = (x, qi) for all i = 1, . . . , s. Therefore I∨ is vertex splittable if and only
if q1 ∩ · · · ∩ qs is vertex splittable. By continuing this arguments we may
assume that ∩s

i=1G(pi) = ∅. If G(pi) ∩ G(pj) = ∅ for all 1 ≤ i ̸= j ≤ s, then
I∨ is a matroidal ideal and so by Lemma 3.1, we get I∨ vertex splittable.
Now, let x /∈ G(pj) for some j. By assumption G(pi) ∪G(pj) = {x1, . . . , xn}
for all i ̸= j, it follows that x ∈ G(pi) for all i ̸= j. Therefore we get
I∨ = xpj + q1∩ · · · ∩ qj−1∩ pj ∩ qj+1∩ · · · ∩ qs, where qi’s are monomial prime
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ideals with pi = (x, qi) for all i ̸= j, G(qr)∪G(qt) = {x1, . . . , xn} \ {x} for all
r ̸= t ∈ {1, . . . , s} \ {j} and G(qi) ∪G(pj) = {x1, . . . , xn} \ {x} for all i ̸= j.
Hence I∨ is vertex splittable if and only if q1 ∩ · · · ∩ qj−1 ∩ pj ∩ qj+1 ∩ · · · ∩ qs
is vertex splittable. Since G(qr) ∪ G(qt) = {x1, . . . , xn} \ {x} for all
r ̸= t ∈ {1, . . . , s} \ {j} and G(qi) ∪ G(pj) = {x1, . . . , xn} \ {x} for all
i ̸= j, by induction hypothesis on n, we get the result, as required. □

The following example shows that Theorem 3.6, in general, does not hold
for a monomial ideal minimally generated by 4 monomial elements.

Example 3.7. Let I = (x1x2, x2x3, x3x4, x1x4) be a monomial ideal of
R = k[x1, x2, x3, x4]. Then I∨ = (x1x3, x2x4) and so reg(I∨) = 3. Thus
I is not sequentially Cohen-Macaulay and so it is not vertex decomposable.

A graph G is called chordal if each cycle of length> 3 has a chord.

Proposition 3.8. Let I be a square-free monomial ideal of R with deg(I) ≤ 2.
Then the following conditions are equivalent:

(i) I is (up to a relabeling of the variables of R if necessarily) weakly
polymatroidal;

(ii) I is vertex splittable;
(iii) I has linear quotients.

Proof. (i) =⇒ (ii) Let I = (xi1, . . . , xir , u1, . . . , ut), where xi1, . . . , xir are
variables and u1, . . . , ut are square-free monomial elements of degree 2. Since
I is weakly polymatroidal, by [19, Theorem 1.3] we deduce that I has a
linear quotients. Also, it is clear that I has a linear quotients if and only if
J = (u1, . . . , ut) has a linear quotients and as well as I is vertex splittable if
and only if J = (u1, . . . , ut) is vertex splittable. Since J has a linear quotients,
by applying [23, Corollary 3.6] we conclude that J is weakly polymatroidal.
Now, by using Theorem 3.4 we deduce that J is vertex splittable and so is I.
(ii) =⇒ (iii) is known as before.
Now, we prove (iii) =⇒ (i) After relabeling the variables of R, we may

assume I = (x1, . . . , xt, J) such that J is a square-free monomial ideal of
single degree 2 and supp(J) ∩ {x1, . . . , xt} = ∅. Since I has linear quotients,
it immediately follows that J has linear quotients. Hence by [13, Theorem
3.2] J has a linear resolution. If, we consider J as the edge ideal of a graph G,
then by [7, Theorem 6] G is chordal and so by [17, Theorem 2.2] J is weakly
polymatroidal. By definition, I is weakly polymatroidal, as required. □
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Lemma 3.9. [21, Lemma 2.4] Let I be a weakly polymatroidal ideal of R
which is generated in a single degree. Then (I : x1) satisfies in the same
property.

The above lemma was ordering by x1 > x2 > · · · > xn. In the following
example we show that if we use x2 instead of x1, then the result of Lemma
3.9 doest not hold.

Example 3.10. Let I = (x1x3, x1x4, x1x6, x2x3, x2x4, x3x5, x4x5, x4x6, x5x6)
be an ideal of R = K[x1, . . . , x6]. Then reg(I) = 2 and so I has a linear
resolution and so has linear quotients. In particular, by Proposition 3.8 it is
weakly polymatroidal. But (I : x2) = (x3, x4, x1x6, x5x6) does not have linear
quotients, and so it is not weakly polymatroidal.

Theorem 3.11. Let I be a monomial ideal of single degree 2. Then the
following conditions are equivalent:

(i) I is (up to a relabeling of the variables of R if necessarily) weakly
polymatroidal;

(ii) I is vertex splittable;
(iii) I has linear quotients;
(iv) I has a linear resolution.

Proof. The implications (i) =⇒ (iii) =⇒ (iv) and (ii) =⇒ (iii) are known
by [15, Theorem 1.4], [13, Theorem 3.2] and [20, Theorem 2.4]. Consider
(i) =⇒ (ii) by Lemma 3.9, I1 = (I : x1) is weakly polymatroidal of degree 1
and so I1 is vertex splittable. Now, we may consider I = x1I1 + I2 such that
I2 ⊆ I1 and by definition I2 is weakly polymatroidal. Therefore by induction
on the number of variables I2 is vertex splittable. Thus I is vertex splittable.

It remains to prove (iv) =⇒ (i). We may assume I = (x21, . . . , x
2
t , J) such

that J is a square-free monomial ideal of single degree 2. Polarizing the ideal I
yields the ideal L = (x1y1, . . . , xtyt, J) in R = K[x1, . . . , xn, y1, . . . , yt]. Since
I has a linear resolution, it implies that L has a linear resolution and so it
has linear quotients by [13, Theorem 3.2]. Hence by Proposition 3.8, L is
weakly polymatroidal and hence xixj ∈ J for all 1 ≤ i < j ≤ t. So I is
weakly polymatroidal. □

From the definition of weakly polymatroidal ideals, it is enough to exists
an ordering such that the monomial ideal satisfy in the condition of defi-
nition. The following example is not weakly polymatroidal with ordering
x1 > x2 > x3 > x4 but by a new rebeling x3 > x1 > x2 > x4, we obtain
that I is weakly polymatroidal. Hence the monomial ideal is not weakly
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polymatroidal when it does not satisfy the condition of definition by any
ordering.

Example 3.12. Let I = (x1x2, x2x3, x3x4) be an ideal of R = K[x1, x2, x3, x4].
By Macaulay2, reg(I) = 2 and so I has a linear resolution. Hence by Propo-
sition 3.11, I is weakly polymatroidal up to new relabeling of the variables of
R if necessarily. If we consider the ordering x1 > x2 > x3 > x4 and the two
elements x1x2, x3x4, then neither x1(

x3x4

x3
) nor x1(

x3x4

x4
) belongs to I. Hence

by this ordering I is not weakly polymatroidal. However by this argument
we can not conclude that I is not weakly polymatroidal.

By the following example we conclude, in general, that Theorem 3.11 does
not hold for monomial ideals of single degree bigger than 2 and also we show
that the converse of Theorem 3.4 is not true, in general.

Example 3.13. Let R = K[x1, . . . , x6] and
I = (x1x2x3, x1x2x4, x1x2x5, x1x2x6, x1x4x5, x1x5x6, x2x3x4, x3x4x5,

x3x4x6, x3x5x6, x4x5x6)

be an ideal of R. Then
I∨ = (x1x3x4, x1x3x5, x1x3x6, x1x4x5, x1x4x6, x2x3x5, x2x4x5, x2x4x6,

x2x5x6, x3x4x5x6).

Set I∨ = x4I1 + I2, where I1 = (x1x3, x1x5, x1x6, x2x5, x2x6, x3x5x6) and
I2 = (x1x3x5, x1x3x6, x2x3x5, x2x5x6). Therefore, it easily conclude that
I2 ⊆ I1 and I1, I2 are vertex splittable and so is I∨ Now, we show that
I∨ is not weakly polymatroidal. To do this, we may consider the following
cases:

(1) if x1 > xi for all i ̸= 1 or x2 > xi for all i ̸= 2, then we compare the two
elements u = x1x3x4 and v = x2x5x6;
(2) if x3 > xi for all i ̸= 3, then we compare the two elements u = x2x3x5

and v = x2x4x6;
(3) if x5 > xi for all i ̸= 5, then we compare the two elements u = x2x5x6

and v = x1x3x6;
(4) if x6 > xi for all i ̸= 6, then we compare the two elements u = x2x5x6

and v = x1x4x5;
(5) if x4 > x1 > xi for all i ̸= 1, 4, then we compare the two elements

u = x1x3x6 and v = x2x5x6;
(6) if x4 > x2 > xi for all i ̸= 2, 4, then we compare the two elements

u = x2x4x5 and v = x1x3x4;
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(7) if x4 > x3 > xi for all i ̸= 3, 4, then we compare the two elements
u = x1x3x4 and v = x2x4x6;
(8) if x4 > x5 > xi for all i ̸= 4, 5, then we compare the two elements

u = x3x4x5x6 and v = x2x3x5;
(9) if x4 > x6 > xi for all i ̸= 4, 6, then we compare the two elements

u = x3x4x5x6 and v = x2x3x5.
Hence by using the above arguments, we immediately obtain that I∨ is not

weakly polymatroidal.
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متروایدال ضعیف ایده آل های و رأسی تجزیه پذیری

صارمی٣ هیرو و نادری٢ دلیر مافی١، امیر

ایران سنندج، کردستان، دانشگاه ریاضی، ١,٢گروه

ایران سنندج، سنندج، واحد اسلامی آزاد دانشگاه ریاضی، ٣گروه

K میدان روی متغیره n چندجمله ای یک R = K[x١, . . . , xn] و میدان یک K کنید فرض
در باشد. استنلی-رایزنر ایده آل I = I∆ و راس n روی سادکی همبافت یک ∆ کنید فرض باشد.
کوهن-مکالی ∆ (i) ارزند: هم زیر شرایط آن گاه باشد، مترویدال ایده آل I اگر می دهیم نشان مقاله این
مولد دارای I اگر همچنین، است. رأسی تجزیه ∆ (iii) است؛ پوسته دار ∆ (ii) است؛ زنجیروار
هر برای supp(ui)∪ supp(uj) = {x١, . . . , xn} یا s ≤ ٣ بطوری که باشد u١, . . . , us مینیمال
درجه از مونومیال ایده آل I اگر که می کنیم ثابت این، بر علاوه است. رأسی تجزیه یک ∆ آن گاه ،i ̸= j

اگر تنها و اگر باشد خطی قسمت خارج اگر تنها و اگر است ضعیف چندگانه مترویدال I آن گاه باشد، ٢
باشد. رأسی تقسیم قابل

خطی. قسمت های خارج ضعیف، چندگانه مترویدال رأسی، تجزیه کلیدی: کلمات
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