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SOME ASPECTS OF K-HYPERIDEALS OF TERNARY
HYPERSEMIRINGS

Md. Salim

ABSTRACT. This paper introduces the concept of k-hyperideals of ternary hyper-
semirings and explores some of its fundamental characteristics. Next, k-hyperideals
are used to characterize prime ternary hypersemirings and ternary hypersemifields.
Moreover, k-hyperideals explain the quotient of ternary hypersemirings. Finally, the
new kind of ternary hypersemirings is formed using regular equivalence relations, and
the set of all k-hyperideals is generated from them.

1. INTRODUCTION

The article “Sur une generalisation de la notion de group” [I1], presented
by French mathematician F. Marty at the 8th Congress of Scandinavian
Mathematicians in 1934, set the pace for the development of the algebraic
hyperstructure. The field of hyperstructure theory has experienced rapid
growth in the past several years and has numerous applications in computer
science, information science, theoretical physics, graphs and hypergraphs,
cryptography, geometry, and coding theory, among other fields. might be
discovered in the books “Hyperring Theory and Applications” by B. Davvaz
and Leoreanu-Fotea [5] and “Applications of Hyperstructures Theory” by P.
Corsini and Leoreanu-Fotea [3]. Krasner’s hyperring, as it is often known, was
first introduced by M. Krasner [7] in 1983. This hypercompositional struc-
ture is called Krasner’s hyperring (R, +,0), where (R,+) is the canonical
hypergroup, (R, o) is a semigroup, and the zero element 0 (i.e., the identity
element of the canonical hypergroup (R, +) is bilaterally absorbing (that is,
ro0=0ox = {0}, Vo € R). The operation o is a two-sided distributive
one over the hypercomposition ‘+’. Rota [12] developed the concept of multi-
plicative hyperring in 1990. In this concept, addition and multiplication are
binary operations. Following then, multiplicative hypersemirings were intro-
duced and examined by Dasgupta et al. [1]. The Krasner ternary hyperring
was first presented by J. R. Castello and J. S. Paradero-Vilela [2] in 2014.
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Binary hyperoperations ‘+’ and ternary multiplications ‘-’ are found in the
Krasner ternary hyperring (R, +,-).

The concept of a ternary ring was initially put out and some important
aspects of it were examined by W. G. Lister [8] in 1971. An initial proposal
for ternary semiring was made in 2003 by Dutta and Kar [6]. Salim et al.
[13] presented the class of multiplicative ternary hyperring in 2015; in this
class, ternary hyperoperations are represented by the symbol ‘o’ and binary
operations by the symbol ‘4. Ternary hypersemiring, an expanded idea of
multiplicative ternary hyperring and ternary semiring, was conceived and
investigated by Tamang and Mandal [18].

M. K. Sen et al. examined the characteristics of the maximum and one-
sided k-ideals of semirings in [17, 19]. As opposed to ternary hypersemiring,
R. Ameri and H. Hedayati investigated the k-hyperideals of semihyperrings
in [I]. While in ternary hypersemiring (R, +,0) ‘4+’ is a binary operation
and ‘o’ is a ternary hyperoperation, in semihyperring (R, +,-), (R,+) is a
semihypergroup, (R,-) is a semigroup, and the operation - is a two-sided
distributive one over the hypercomposition ‘+.

The radical characteristics, prime hyperideals, and primary hyperideals of
ternary hypersemirings were investigated in 2021 by Mandal et al. [10]. Salim
and Sinha [15] explored the relationships between ternary hypersemirings in
2022 and came up with three isomorphism theorems related to them.

The quasi-hyperideals and bihyperideals in ternary hypersemirings were
investigated in 2023 by Kostaq Hilla, Md. Salim, and D. Sinha [16]. The
semiprime hyperideals in ternary hypersemirings were once again examined
by Md. Salim and B. Dutta in [I4]. Different types of hyperideals, such as
primary, prime, semiprime, quasi-hyperideal, and bi-hyperideal, have up to
this point been explored in ternary hypersemirings. Following Sen et al’s
discovery of the k-ideals for semirings in [19], Ameri et al.[l] presented the
notion of k-hyperideals for semihyperrings. The k-hyperideal of ternary hy-
persemirings, an extension of hyperideals, is a particular kind of hyperideals
that was introduced for this reason.

This paper investigates the properties of k-hyperideals of ternary hyper-
semirings and shows that the set of k-hyperideals is a complete lattice. A
ternary hypersemifield is also introduced, with k-hyperideals serving as its
defining characteristic. By using a regular equivalency relation v on S, we
were able to create a ternary hypersemiring S,. in [15]. A one-to-one cor-
respondence between S and S,. is obtained by illuminating the set of all
k-hyperideals of this ternary hypersemiring.
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2. PRELIMINARIES

A ternary hyperoperation ‘o’ on a nonempty set H, we shall mean a map-
ping o: H x H x H — P*(H) where P*(H) is the set of all nonempty subsets
of H. For z,y,z € H, the image of the element (x,y,2) € H x H x H under
the mapping ‘o’ will be denoted by z o y o z (which is called the ternary
hyperproduct of x,y, z).

Definition 2.1. [15] A ternary hypersemiring (.5, +,0) is an additive com-
mutative semigroup (S, +) endowed with a ternary hyperoperation ‘o’ such
that the following conditions hold :

(i): (aoboc)odoe=ao(bocod)oe=aobo(codoe)

(ii): (a+b)ocodCaocod+bocod;

(iii): ao(b+c)od Caobod+aocod;

(iv): aobo(c+d) Caoboc+aobod,
for all a,b,c,d,e € S, where if the inclusions in (i7) — (iv) are replaced by
equalities, then the ternary hypersemiring is called a strongly distributive
ternary hypersemiring.

Definition 2.2. [18] The additive identity ‘0’ of a ternary hypersemiring

(S, +) is said to be a zero (strong zero) of (.5, +o) if
0€aoboO0=ao0ob=00ao0d

(resp. {0} =ao0ob=00aob=aobo0) forall a,be S.

Definition 2.3. [18] Let (S +,0) be a ternary hypersemiring. A nonempty
finite subset € = {(e;, fi) 1@ =1,2,3--- ;n} of S x § is called a left (resp.

lateral, right) identity set of S if for any a € S,a € Zei o f; oa (resp.
i=1

a € Zel ocao f; and a € Za o e o f;). A nonempty finite subset

€ = {(ez, fi):i=1,2,3--- n} of S X S where S is a ternary hypersemiring
is called an identity set if it is a left and a lateral and a right identity set of
S.

An element e € S is called a hyperidentity or unital element of S if
a€(eceoa)N(ecaoce)N(aoeoce) forallacs.

Definition 2.4. A ternary hypersemiring (5, +, o) is called commutative if
a1 © @y 0 A3 = Gy(1) © Ag(2) © Uy (3), Where o is a permutation of {1,2,3} for all
ai,as,as € 5.
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Definition 2.5. An element a of a ternary hypersemiring S is said to be
invertible in S if there exists an element b in S (called the ternary semiring-
inverse of a) such that t € aocbox =boaoxr =zx0aob==x0boa for all
reS.

Definition 2.6. [18] An additive subsemigroup 7" of a ternary hypersemir-
ing (S,+,0) is called a ternary subhypersemiring if ¢; o t5 o t3 C T for all
t1,12,13 € T.

Definition 2.7. [15] Let (S,+,0) be ternary hypersemiring. An additive
subsemigroup I of S is called

(i): a left hyperideal of S if sy 058902 C I, for all x € [ and for all
81,89 € S

(ii): a right hyperideal of S if x 05108y C I, for all x € I and for all
51,89 € 9]

(iii): a lateral hyperideal of S if sy 0x 059 C I, for all 2z € I and for all
51,89 € S

(iv): a two sided hyperideal of S if I is both a left and a right hyperideal
of S,

(v): a hyperideal of S if I is a left, a right, and a lateral hyperideal of S.

Let S be a ternary hypersemiring. If I, J and K are three nonempty subsets
of S, then

IoJoK:U{Z a;objoci:a; €1,b; € J¢c; € K},
finite
Proposition 2.8. Let (S, +,0) be a ternary hypersemiring and A be a non-
empty subset of S. Then SoSoA, AoSoS and SoSoAoSoS are respectively
a left hyperideal, a right hyperideal and a hyperideal of S. If the ternary
hypersemiring S has a hyperidentity e, then (A); = SoSoA, (A), = AoSoS
and (A)y =So0So0Ao0SoS.

3. K-HYPERIDEALS OF TERNARY HYPERSEMIRNGS

Definition 3.1. [18] A (right, lateral, left) hyperideal I of a ternary hyper-
semiring (S, 4, 0) is called a (right, lateral, left) k-hyperideal if z € S, a € [
anda+zxel=zecl.

A hyperideal I of S is said to be k-hyperideal of S if it is a right, a letaral
and a left hyperideal of S.

The family of all right (lateral, left) k-hyperideals of a ternary hypersemir-
ing S is denoted by Ry(S)( resp. My(S), Li(S)). The family of k-hyperideals
of a ternary hypersemiring S is denoted by I;(S).
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Example 3.2. Let S = Z~ denote the set of all negative integers. Then
(S, +) is a commutative semigroup, where + is the usual addition of integers.
Define a ternary hyperoperation ‘o’ on S by xoyoz = {z-a-y-b-z: a,b € Z™ },
for all z,y,z € S. Then the system (S,+,0) is a ternary hypersemiring.
Consider the subset I = 2Z~ of negative integers. Then [ is a k-hyperideal
of S, because if a € I, x € S and a4+ = € I, then a + z must also be even.
Therefore x € 1.

Remark 3.3. Every k-hyperideal is a hyperideal but the converse is not true.

Example 3.4. Consider the following ternary hypersemirings (S, +, o), where
S = {0,1} and “4” and “o” are defined as follows: a + b = min(a,b) and
aoboc={a,b,c} forall a,b,c € S. Then I = {0} is a hyperideal of S. But
it is not a k-hyperideal of S, since 0+ 1 € I and 0 € I does not imply 1 € I.

Example 3.5. Consider the following ternary hypersemirings (Z~,+,0),
where Z~ is the set of all negative integers and ‘+’ and ‘o’ are defined as
follows: a + b = max(a,b) and aoboc¢ = {a,b,c} for all a,b,c € S. Then
I = 3% is a hyperideal of (Z~,+,0). Since (—3)+ (—4) € [ and —3 € [ but
—4 ¢ 1. Hence it is not a k-hyperideal.

Definition 3.6. Let I be an hyperideal of ternary hypersemirng S. Then the
k-closure of I, denoted by I, defined by I = {a € S : a+b € I for some b € I}.

Remark 3.7. The k-closure of I is the smallest k-hyperideal of S containing
1.

We can show that (i)A C A, (ii)A C B = A C B, (iii)A = A and (iv)
The k-closure of A is a k-hyperideal of S.

Proposition 3.8. Let A be a k-hyperideal of strongly distributive ternary
hypersemirings S, then the k-closure of A is a k-hyperideal of S.

Proof. Proof is similar to the Lemma 2.2[17]. O

Definition 3.9. A mapping f from a ternary hypersemiring (S, +,0) to a
ternary hypersemiring (S’, 4, o) is called a

(i): homomorphism if f(a +b) = f(a) + f(b) and
flaoboc) C f(a)o f(b)o f(c).
(ii): good homomorphism if f(a + b) = f(a) + f(b) and
flaoboc)= f(a)o f(b)o f(c)).
Remark 3.10. Every good homomorphism is a homomorphism but converse
1s not true.
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Example 3.11. Let S = {0, 1} be a two points set. Let us define addition ‘+’
and ternary hyperoperation ‘o’, by a+b = min {a,b} and aoboc = {a,b, c}
for all a,b,c € S. Then (S, +,0) is a ternary hypersemiring. Let
X =7 u{0}

where Z~ denotes the set of all negative integers. Let A € P(X)* with
|A] > 2 and 0 ¢ A. Then under the usual addition of integers and mul-
tiplication of integers, X forms a commutative ternary semiring. Clearly,
the mapping f from the ternary hypersemiring X 4 over the ternary semiring

X induced by A to the ternary hypersemiring S defined by f(a) = 0, for all
a € Z~ and f(a) = 1is a homomorphism but not a good homomorphism since

f(=1o=100) = f(0) €{0,1} = f(1) o f(1) o f(0).

Proposition 3.12. The homomorphic image of hyperideal of a ternary hy-
persemiring is again a hyperideal.

Proposition 3.13. (i) Every hyperideal of a multiplicative ternary hyper-
ring[13] (R, +,0) is a k-hyperideal of R.

(7i) Let S be a ternary hypersemiring with zero, then the k-hyperideal K of
S contains 0.

Proof. (i) Let I be a hyperideal of a multiplicative ternary hyperring R. Then
I is an additive commutative subgroup of (R,+). Let + € R, a € I and
r+a€l= (xr+a)—aéeclimplies that x € I. Hence I is a k-hyperideal of
R.

(ii) It follows from 0 € S,z € Kandz+0€ K = 0 € K. O

Proposition 3.14. Arbitrary intersection of a family of k-hyperideals of
ternary hypersemiring is again a k-hyperideal of S.

Proof. Let {I;};e; be a family of k-hyperideals of S and J be the nonempty

index set. Let s € S, a € ﬂ]j and s +a € ﬂlj. Then s +a € I; for all
jedJ jedJ
j € J. Therefore s € I; for all j € J, since [; is a k-hyperideal of S. This

shows that s € ﬂ I;. ]
jeJ

Proposition 3.15. The family of k-hyperideals I(S) of a ternary hyper-
semiring (S,+,0) with zero forms a partial order set with respect to set
inclusion. If we define for any two k-hyperideals I,J € I;(S) such that
IvVJ=InJand INJ =1+ J then (I;(S),C, A, V) is a complete latice.
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Proof. Let {K}, : k € Q} C I;;(S). Then K = ZK’“ = U ZKk (where
keQ ACQ keQ
(2 is an index set and A is finite) is in [i(S). It is obvious that lL.u.b

{Kr : k€ Qf =) Kyand glb {K, : k € Q} = (| K. Thus
ke ke

(11(S), S, A, V) is a complete lattice. O

Proposition 3.16. Let (S,+,0) be a ternary hypersemiring with zero. If

every hyperideal of S is k-hyperideal then the family of hyperideals forms a
modular lattice.

Proposition 3.17. Let S and S be two ternary hypersemiring.  Let
®:S — S be an epimorphism. Then the statements hold true:

(i) If K is a k-hyperideal of S, then ®(K) is a k-hyperideal of S'.

(ii) If K is a k-hyperideal of S', then ® Y(K') is a k-hyperideal of S.

Proof. (i) By Proposition 3.12, we can say that ®(K) is a hyperideal of S'.
Let s € S’ and k' € ®(K) and s’ + k' € ®(K). Then there exists s,k € S

such that &' = ®(s) and &' = ®(k) since ® is an epimorphism. Now
s+ K =0(s)+P(k)=P(s+ k) = P(2)

for some t = s + k € K. This implies that s € K, since K is a k-hyperideal
of S. Thus s’ = ®(s) € ®(K). Hence ®(K) is a k-hyperideal of S’

(it) For ki, ko € ®7HK") we have ®(k1), ®(ky) € K'. Therefore

O(ky + ko) = O(ky) + P(ko) € K/ = k) + k) € 1K),
Again let 51,80 € S and k € P1(K') = ®(k) € K'. Now
(I)(Sl 0S890 ]{Z) Q (I)(Sl) ) (I)(SQ) ) (I)(k’) Q K,,

since K’ is a hyperideal of S’. This implies that s;0sy0k C ®1(K’). Hence
®~1(K') is a left hyperideal of S. Similarly, we can show that ®1(K’) is

a lateral hyperideal and a right hyperideal of S. It remains to show that
®~1(K’) is a k-hyperideal of S. For that, let s € S and

ke d Y K') = dk) e K’
and s+ k € @ H(K'). Now ®(s) + ®(k) = (s + k) € K'. This implies that
®(s) € K'(since K’ is a hyperideal of S") = s € ®71(K’). Hence & 1(K’) is
a k-hyperideal of S. [

Definition 3.18. Let f be a homomorphism from a ternary hypersemiring
S with zero to another ternary hypersemiring S” with zero. Then the kernel

of f is denoted by ker(f) and defined by ker(f) = {s € S: f(s) = 0g}.
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Proposition 3.19. Let f be a homomorphism from a ternary hypersemiring

S with zero to a ternary hypersemiring S with zero. Then ker(f) is a k-
hyperideal of S.

Proof. 1t is obvious that ker(f) is an hyperideal of S and 0 € ker(f). We now
show that ker(f) is a k-hyperideal. Let s € S, k € ker(f)and s+k € ker(f).
Then 0sr = f(s+ k) = f(s) + f(k) = f(s). This implies that s € ker(f).
Hence ker(f) is a k-hyperideal of S. O

Proposition 3.20. Let (S, +,0) be a ternary hypersemiring with zero and I
be a k-hyperideal of S. Let S/I = {a+1 : a € S}. Then we define the addition
and ternary hyperoperation on S/I by (a+ 1)+ (b+ 1) = (a+b) + 1 and
(a+1)o(b+1I)o(c+I)={p+I:p€aoboc}. Then with respect to the above
addition and ternary hyperoperation S/I forms a ternary hypersemiring.

Proof. Let I be a k-hyperideal of (S, +,0). Then we have the quotient semi-
group (S/1,4). Obviously (S/I,+) is an additive commutative semigroup.
Now we shall show that above defined ternary hyperoperation is well de-
fined. Let a+1 =d +1,b+1 =V +1Tand c+1 =  + 1. Let
p+le(a+I)o(b+1)o(c+1I). Thenp € aoboc. Again

a+I=d+1=a+i =d + iy for some iy,io € [) = a€ad +1,

since [ is a k-hyperideal. Similarly b € b/ + 1 and ¢ € ¢ 4+ I, since [ is a
k-hyperideal of S. Now aoboc C (a'+1i1) o (b +is)o(d+1i3) Ca' obod +1.
This implies that p = ¢ + ¢ where ¢ € @’ o b’ o ¢. Therefore

p+l=qg+I1e(@+oV +1)o(d+1I).

(@a+Io(b+1I)o(c+I) C (d+1)o (b +1)o(cd+1I). Similarly
(@ + Do +DNo(d+1)C (a+1I)o(b+1I)o(c+ I). Consequently
(a+I)o(b+1I)o(c+I) = (a'+1)o(b'+1I)o(c'+1I) and ternary hyperoperation
‘o’ is well defined.

Let e+1 € ((a+1)o(b+1)o(c+1))o(d+1)o(e+1I) where a,b,c,d,e € S.
Then x € podoe where p+1 € (a+1)o(b+1)o(c+1)=p € aoboc. Then
r € (aoboc)odoe=aobo(codoe),sox+1€(a+1)o(b+1)o(y+1),
)o
(

07

where y € codoe. So,y+ 1€ (c+1)o(d+1)o(e+I). Thus
t+Ile(a+l)o(b+I)o((c+I)o(d+1)o(e+1)).
Thusx+ 1€ (a+I)o(b+1I)o((c+1)o(d+I)o(e+1)). Thus
((a+D)o(b+T)o(c+D)o(d+T)ole+])
Cla+l)o(b+I)o((c+I)o(d+1)o(e+1)).
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Similarly we can prove the converse. Hence
(a+I)o(b+I)o((c+I)o(d+1)o(e+1))
=((a+1o(b+1I)o(c+1I))o(d+I)o(e+1).

Similarly we can prove that
(a+D)o((b+1I)o(c+I)o(d+1I))o(e+1)
=(a+I)o(b+1)o((c+I)o(d+1)o(e+1)).

So, ‘o’ is associative.
Again let

z+1 e€(a+l)ob+1I)o((c+1)+ (d+1))
=(a+)o(b+1)o((c+d)+ 1),

where a,b,¢,d € S. This implies that © € aobo (¢c+d) Caoboc+aobod.
So, x =y + z where y €aobocand z € aobod. Hence

(x+D=W+2)+I1=w+I1)+(z+1)

where y+1 € (a+1)o(b+I)o(c+I)and z+ 1 € (a+1)o(b+1)o(d+1).
Thus

(a+T)o(b+T)o((c+1I)+ (d+1))

Cla+I)o(b+I)o(c+I)+(a+I)o(b+1I)o(d+1).
Similarly we can prove that

((a+ 1)+ @+ 1)o(ct+I)o(d+1)

Cla+I)o(c+I)o(d+1I)+(b+I)o(c+1I)o(d+1)
and

(a+1)o((b+1)+(ct+1))o(d+1)

Cla+l)ob+I)o(d+I)+(a+I)o(c+1I)o(d+1)
for all a,b,c,d € R. Now,

(a+I)o(b+1)o(0+I)={z+1:x€a0bo0={0g}}
= {0+ I}
Similarly we can prove that
(a+I)o(04+1)o(b+I)=(0+1)o(a+I)o(b+1)={0+1}.

Therefore (R/I,+,0) is a ternary hypersemiring. O]
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Theorem 3.21. Let S be a ternary hypersemiring with zero and I be a
hyperideal of S, then T is a k-hyperideal of S/I if and only if T = J/I such
that J s a k-hyperideal of S and I C J.

Proof. Let T is a k-hyperideal of S/I. Consider J = {x € S: 2z +1 € T}.
Obviously T'= J/I. Suppose i € [ then i+ =1€ T = J/I =i € J.
Therefore I C J. We shall show that J is a hyperideal of S. Let z,y € J,
then (z+ 1)+ (y+1)=(x+y)+1e€T=J/I=x+yecJ. Also

(si+1)o(se+I)o(x+I)={p+Il:pEsjosox} CT=J/I.

Thus p € sjos90x = p+I1 € T = J/I = p € J. Hence sjosy0x C J. Similarly
we can show that sjoxosy C J and xosjosy C J. Hence J is a hyperideal of S.
Now we prove that J is a k-hyperideal of S. Let x € J, s € S and s+x € J.
Then (r+1)+(z+I1)=(r+z)+1 €T =J/I=(r+1)eT =J/I(since T
is a k-hyperideal of S/I) = r € J. Hence J is a k-hyperideal of S and I C J.

Conversely, let J is a k-hyperideal of S, I C J and T' = J/I is a hyperideal
of S/1, by Lemma 3.13[10]. We now show that J/I is a k-hyperideal of S/I.
Let s+ 1€ S/I,x+1€J/ITand (s+ 1)+ (x+1)€ J/I. Then

(s+1)+@x+)=(s+ax)+leJ/l=>s+rxecJ=>s€]
(since J is a k-hyperideal of S) = s+ 1 € T = J/I. This implies that
T = J/I is a k-hyperideal of S/I. O

Theorem 3.22. Let S be a ternary hypersemiring and K be a k-hyperideal
of S. Then the quotient ternary hypersemiring S/K is a prime ternary
hypersemiring if and only if K is a prime k-hyperideal of S.

Proof. Let K be a k-hyperideal of S. Suppose that a+ K, b+ K,c+ K € S/K
and (a+ K)o (S/K)o(b+ K)o (S/K)o(c+ K) C {0+ K}. This implies
that {t + K:t€aoSoboSoc} C{0+K}=aoSoboSocC K(as K is
a k-hyperideal of §). Similarly, we can show that

(a+ K)o (S/K)o(S/K)o(b+ K)o (S/K)o(S/K)o(c+K)C {0+ K}
=aoSoSoboSoSocCK,
(a+ K)o (S/K)o(S/K)o(b+ K)o (S/K)o(c+ K)o (S/K)C {0+ K}
=aoSo0SoboSocoSCK

and
(S/K)o(a+ K)o (S/K)o(b+ K)o (S/K)o(S/K)o(c+ K)C{0+ K}
= SoaoSoboSoSocCK.



K-HYPERIDEALS 449

Since K is a prime hyperideal of S, by Theorem 3.4[10], we obtain a € K or
be K or c € K. This shows that a + K € {0+ K} orb+ K € {0+ K} or
c+ K € {0+ K}. Thus {0+ K} is a prime hyperideal of S/K and S/K is a
prime ternary hypersemiring.

Converse follows by reversing the above arguments. ]

Definition 3.23. A ternary hypersemiring (7', +, o) is said to be semiprime
ternary hypersemiring if (0) is a semiprime hyperideal of T

Theorem 3.24. A k-hyperideal K of a ternary hypersemiring (T,+,0) is
semiprime k-hyperideal if and only if T/K is a semiprime ternary hyper-
semiring.

Proof. The proof is comparable to the application of Theorem 3.6 [14] and
Theorem 3.22. O

Proposition 3.25. Let K be a k-hyperideal of a commutative ternary hy-
persemiring (S, +,0) with an identity set, then the quotient ternary hyper-
semiring S/K is also a commutative ternary hypersemiring with an identity
set.

Definition 3.26. A commutative ternary hypersemiring (S, +,0) with an
identity set € is said to be ternary hypersemifield if every element of (R\{0}, o)
is invertible.

Example 3.27. Let R~ denote the set of all negative real numbers and
R, = R™ U {0}. Suppose n € Z is arbitrarily choosen but fixed integer.
Define a ternary hyperoperation ‘o’ on R, by

aoboc={abc+nk:k € Z and for all a,b,c € R™}.

Then with respect to the usual addition of non-positive real numbers and
defined ternary hyperoperation, the system (R, +, o) forms a ternary hyper-
semifield.

Theorem 3.28. Let S be a commutative ternary hypersemiring with an iden-
tity set and K be a proper k-hyperideal of S. Then K is maximal if and only
if S/K s a ternary hypersemifield.

Proof. Let S be a commutative ternary hypersemiring with an identity set
{(e;, fi) : (i = 1,2,---m)} and K be a k-hyperideal of S. By Proposition
3.25, S/K is a commutative ternary hypersemiring with identity set. Let
a/K #0/K. Then a ¢ K. Now K + (a) is an hyperideal properly containing
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K. Since K is maximal hyperideal, by Theorem 3.14[10], we get K +(a) = S.
This implies there exists k; € K and s;;,t;; € S such that

n
€1 E{/ﬁ}—l—ZSletUOa

j=1

n
62€{k2}+282j0t2j0a

j=1
n

€; € {k?z} +Zsij Otij oa
j=1

From above we get

n
6loflo.7;§/<:1oflox—i—Z(Sljotljofl)oaox
j=1

n
egonOajgkgofgoa:—f—Z(ngotgjofz)oaox
j=1

n
eiofioxgkiofi0$+2(8ijotijOfi)oaox
=1

This implies that

m m m
a:EZeiofioxgZkiofiox—k(ZZsmotwofz Joaoxw
=1 =1

1=1 j=1

3

=zep+ K,

where Zk’iofiox CK,peboaoxand b = (Zz.sijotijofi) es.
i=1 i=1 j=1

Hencez + K e {p+ K:p€boaoz}=(b+ K)o (a+ K)o (z+ K) for all

r+ K € S/K. Hence S/K is a ternary hypersemifield.
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Conversely, suppose that for a proper k-hyperideal K of S, the quotient
ternary hypersemiring S/K is ternary hypersemifield. Let M be another k-
hyperideal of S such that K € M C S. Then there exists an element m € M
such that m ¢ K. So, m + K # 0+ K and hence there exists k+ K € S/K
such that z + K € (m+ K)o (k+ K) o (x + k) for all

r+KeS/K=x+Kemokox+ K

forall z+K € S/K. This implies that x+k; = y+ks for some k1, ky € K C M
and y € mokox C M(since m € M and M is a hyperideal of S). Hence
y+ko=x+k € M forall z € S. Since M is a k-hyperideal, v+ k1 € M and
k1 € M implies that x € M. Consequntly M = S. Hence K is a maximal
k-hyperideal of S. [

Let v* be an equivalence relation on a non-empty set S and P(S) denote
the power set of S. Let P*(S) = P(S) — {¢}. Then, we define two relations
7% and 7* on P*(S) as follows:

(i): For any A, B € P*(S), AvxB holds if and only if for each a € A
there exists b € B such that av * b holds and also for each ' € B there
exists @’ € A such that a/v * b holds.

(ii): AT%B holds if and only if av x b holds for all a € A and b € B.

Definition 3.29. [15] An equivalence relation v defined on a ternary hy-
persemiring (.S, +, o) is called

(i): regular if vx is a congruence relation on the commutative semigroup
(S,+) ie. avxb= (a+c)v* (b+c) for a,b,c € S and

avxb,cvxd,evx f = (aocoe)vx(bodo f)

for a,b,c,d,e, f € S;

(ii): strongly regular if vx is a congruence relation on the commutative
semigroup (S, 4) i.e. av*xb = (a+ c)v x (b+ ¢) for a,b,c € S and
av*b,cvxd,ev* f = (aocoe)ux(bodo f) for a,b,c,d,e, f € S.

Remark 3.30. The second condition stated in (i) and (iz) of the Definition
3.29. are equivalent to the following conditions respectively:

avxb = (aocod)vx(bocod),(coaod)v¥(cobod) and (codoa)v¥(codob)
for all a,b,c,d € S and av b= (aocod)vx(bocod),(coaod)v*(cobod)
and (codoa)vx(codob) for all a,b,c,d € S.

It is clear that the strongly regular equivalence relation is a regular equiva-
lence relation on a ternary hypersemiring.
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Proposition 3.31. [15] An equivalence relation v on a ternary hypersemir-
ing (S,4+,0) is reqular if and only if (S,«, +,0) is a ternary hypersemir-
ing, where S, = {ay« : a € S} and a,. is the equivalence class containing
a, Ay + by = (@ 4+ 0)ys and ay 0 by 0 cps = {xys 1 @ € a0 boc} for any
a,b,c € S.

Proposition 3.32. Let (S,+,0) be a ternary hypersemiring and vx be a
reqular equivalence relation on S. If K is a k-hyperideal of S then K, is a
k-hyperideal of (S,«,+,0)

Proof. Let yx, Yy« € Kys. Then z,, = k. and y,, = k], for some k, k' € K.
Now Zy + Yps = kps + kI, = (k+ k') € K4, since K is a hyperideal of S.
Again let s,4, s, € Sy, and x,, € K, then x,, = k,, for some k € K. Now
Sy 08, 0Ty = 8,08, 0k ={p:p€sos opC K}. This implies that
pus € K. Consequently s,, 0 s!, ox,, C K, Similarly we can show that
Sps 0Ty 08, C Ky and 2, 0 8408, C K,.. Hence K,, is a hyperideal
of S .. Finally, we show that K,, is a k-hyperideal of S,.. Let s,. € S,.,
Ty € Ko = 2, = k. for some k € K and

Tys + Sps € Ky = ke + Sy = (kK4 8) s € Ky

Then £k +s € K. Now s € S and k + s € K imples that s € K, since K
is a k-hyperideal of S. Therefore s,, € K,.. Hence K,, is a k-hyperideal of
S ]

Proposition 3.33. Let (K, +,0) be a k-hyperideal of a ternary hypersemir-
ing (S,+,0) and p* be a regular equivalence relation on (S,+,0). Then
K, = {a € S : there exists b € K such that ap*b} is a k-hyperideal of
(S, +,0)

Proof. Obviously K C K and hence K- # ¢. Let ai,a2 € K. Then there
exist by, by € K such that ajpu*by and agp*by. So (a1 + ag)u*(by + by). Hence
ar +ay € K. Let aj,a2,a3 € K. Then a;u*b; for ¢« = 1,2,3 for some
b1, b, b3 € K. So (ay 0 agoag)u*(by o by obs)(since pu* is a regular equivalence
relation on 5). Let x € ajoajoaz. By (1) there exists an element y € byobyobs
such that xp*y, where y € K. So z € K. Thus ajoazoas € P*(K,-). Hence
K, is a ternary subhypersemiring of (S, +, o).

Now let us consider si,s2 € S and t € K,-. Then there exists b € K such
that tu*b and holds. Hence (s1 0 sy 0 t)u*(s1 0 s9 0 b), since u* is regular.
Thus sy 0 sy 0t € K,~. Similarly we can show that s; ot o sy € K, and
tosiosy € K,-. Therefore K, is a hyperideal of S. It remains to show
that K- is a k-hyperideal. Let s € S, t € K» and s+t € K,-. Then t;u*b
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for t1 = s+t and there exists b € K. This implies that tin € K. le.
t,. = S+t € Ko = 50 € K, since K« is a k-hyperideal of S,-. Thus
s € K C K,-. Consequently K- is a k-hyperideal of S. [
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