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GENERALIZED SHERMAN-MORRISON-WOODBURY FORMULA FOR
THE G-DRAZIN INVERSE

A. Ghaffari*, M. Sheibani and F. Zamiri

ABSTRACT. In this paper, we present generaized Sherman-Morrison-Woodbury for-
mula for the g-Drazin inverse in a Banach algebra. New results for the g-Drazin
invertibility of a modified element a — c¢db with the generalized Schur complement
d?® — ba’c are given. The g-Drazin invertibility of an operator matrix with nonsingu-
lar generalized Schur complement under weaker restrictions is thereby established.

1. INTRODUCTION

Let A be a complex Banach algebra with an identity 1. Let
A" =fae A | 1+Xae A}

As is well known, we have
; . 1
a € A" < lim || a" ||=— 0.
n—oo

An element a € A has g-Drazin inverse (i.e., generalized Drazin inverse) if
there exists b € A such that ab = ba, b = bab, a—a’b € A" Such b is unique,
if it exists, and denote it by a?. The Drazin inverse a” of a is defined by
replacing the preceding A% into the set of all nilpotents in .A. The Drazin
and g-Drazin inverses are useful in matrix and operator theory. It has been
applied in many fields such as ordinary differential equations, statistics and
probability, Marcov chain, etc (see [2, 10, 14, 21]).

If A and D are invertible matrices and B and C' are matrices such that
D—BA-'C and A—CD™ !B are invertible, the Sherman-Morrision-Woodbury
formula is expressed as

(A-CD'By'=A"+A'C(D-BA'O) 'BATL

This formula has lots of applications in statistics, networks, structural anal-
ysis, asymptotic analysis, optimization and partial differential equations.
Recently, Sherman-Morrison-Woodbury formula was extended to Drazin (g-
Drazin) inverse, e.g., [1, 5, 13, 15, 16, 19]. In [20], Zhang and Du derived
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formulas for the Drazin inverse of A — CDPB in terms of the Drazin in-
verse of D — BAPC for complex matrices. This inspires us to further study
generalized Sherman-Morrison-Woodbury formula for the g-Drazin inverse
in a Banach algebra. Applications to an operator matrix with nonsingular
generalized Schur complement are thereby obtained.

Let a,d,z := d? + ba’c € A?. In Section 2, we investigate wider con-
ditions under which a + cdb € A? with the generalized Schur complement
d? — ba’c. New Sherman-Morrision-Woodbury formula for the g-Drazin in-
verse is established in a Banach algebra. These also give generalizations of [5,
Theorem 2.1], [20, Theorem 2.5] and [7, Theorem 2.3].
a b
c d

as d — ca’. Many authors studied the Drazin inverse of a complex matrix

( é lB) € C™" when the generalized Schur complement D — CAPB is

nonsingular (see [0, 9]). Finally, in Section 3, as applications, we generalized
these results to various conditions for the g-Drazin invertibility of the operator
matrix M over a Banach algebra. These also extend [0, Theorem 3.1] to the
wider case by a new route.

Throughout the paper, all Banach algebras are complex with an identity.
We use A1, AP and A? to denote the set of all invertible, Drazin and g-
Drazin invertible elements in A, respectively. Let ™ = 1—aa? for any a € A%
We denote by C"*™ the Banach algebra of all n x n complex matrices.

The generalized Schur complement of a in M = ( ) € Ms(A) is stated

2. MAIN RESULTS

d d d

Let a,d and z have g-Drazin inverse. Set s, = aa?saa® and zg = aa’zaa’.

We begin with

Lemma 2.1. Let a,d and s, have g-Drazin inverses. If a"cdb = 0, then
s, = saa® and

(0.0)
d_ d dyit2 i
s _Sa+§ (s5) " “sa'a”.
i=0

d d

Proof. Since a"cdb = 0, we have s, = saa”, and so s = sa”™ + saa® = sa™ + s,.
Since a™s = aa™ € A" it follows by [2, Lemma 6.4.10] that sa™ € A7, As
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(sa™)s, = 0, it follows by [ 1, Lemma 1.2] that

d

s = s, +

SIS

N
|
—_

(Sa)i—'_l(saﬂ—)i

(Sa)i-l-2$aia7r7

ISIISH

N
I
o

as asserted. ]

Let h = ba?, k = a’c. For future use, we now record the following.

d

Lemma 2.2. Let s, = aa®saa® and m = a® — kz?h. Then the following are

equivalent:

(1) sgm = aa?.

(2) kd™z%h = kdz"h.
Proof. We compute that

aa® — akz?h + akdh — akd(z — d?)z°h = am + aa®cdh — aa®cd(z — d?)z?h
= am + aa®cd[l — (z — d?)2%h
= am + aacd[1 — ba’cz?)ba?
= am + aa®cdba’[l — cz%ba?]
= a(aa®)ym + aa®cdbla® — kz?h)
= (aa®)(a + cdb)(aa®)ym
= Sam.

Hence, s,m = aa? if and only if

ak(d™z? — dz")h = ak[z? — d + d(z — d?)2%h
= akz?h — akdh + akd(z — d%)z%h
—0,

ie., kd™2h = kdz"h. [

Likewise, we can derive

d

Lemma 2.3. Let s, = aa®saa® and m = a® — kz%h. Then the following are

equivalent:

(1) ms, = aa?.
(2) kz"dh = kz%d"h.

It is convenient at this state to prove the main result of this section.
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Theorem 2.4. Let a,d and z have g-Drazin inverses. If a"cdb = 0,
kd"2°h = kdz"h and kz"dh = kz%d"h, then s has g-Drazin inverse. In
this case,

s =q —kzdh—i—z kzthQ a'a™.

d

Proof. In view of Lemma 2.2 and Lemma 2.3, s,m = aa® = ms,. Hence, s,

has group inverse and s = m. Since a"cdb = 0, we have

S_S+Z z—|—2

Therefore s? = a? — kzh + Z(ad — kz%h)*2sa’a™, as asserted. O
i=0
Corollary 2.5. Let a,d and z have g-Drazin inverses. If a"c = 0,

cd™ = 0,d"b = 0,cz™ = 0,2"b = 0, then s has g-Drazin inverse. In this
case,

s =q —kzdh—i—z kzthQ a‘a™.

Let A,B,C,D € C™". Let S = A+ CDB,Z = D” + BAPC. Set
Sa=AAPSAAP and H = BAP, K = APC.
Corollary 2.6. I[f A"CDB =0, KD"ZPH = KDZ"H, then
m—1
P = AP —KZPH + ) (AP — KZPH)"?SA'AT,
i=0
where m = i(A).
Proof. For a complex matrix, the Drazin and g-Drazin inverses coincide with
each other. Therefore we complete the proof by Theorem 2.4. ]

Example 2.7. Let

o (3 0) o= (20 Yem (00 wmaa= (1 2) i

By a simple computing, we deduce that, 2 = d = L,k = ¢,h = b and
s = a. Since s is invertible, so s¢ = s7! = I,. Also we have, a"cdb = 0,

kd™2°h = kdz"h and kz"dh = kz?d"h. Then by Theorem 2.4,

s =q —k:zdh—i—z kzthQ a‘a™.
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As ™ = 0 and kz?h = 0, we conclude that, s’ = I,. This confirms the
correctness of the previous theorem.

Lemma 2.8. Let a,d and s, have g-Drazin inverses. If cdba™ = 0, then

s, = aa’s and

o
d _ d T i (A2
s —SQ+E a"a's(sy) .
i=0

Proof. Since cdba™ = 0, we have s, = aa’s; hence, s = a"s + aa’s = s, +a”s.

Since sa™ = aa™ € A it follows by the Cline’s formula that a™s € 49,
Since s,(a™s) = 0, by using by [11, Lemma 1.2] that

o0 . . 0 . .
1= sl 3o (a7s) (5) L = sl 3 amals(s) 2,
i=1 i=0
as required. ]
Theorem 2.9. Let a,d and z have g-Drazin inverses. If cdba™ = 0,

kd"2°h = kdz"h and kz"dh = kz%d"h, then s has g-Drazin inverse. In
this case,

o0
s =a? — k2'h + Z a"a's(a’ — kz%h)t2.
i=0

Proof. According to Lemma 2.2 and Lemma 2.3, we have s,m = aa? = ms,,

and then s¢ = m. Since cdba™ = 0, by Lemma 2.7, we have

0
st = st 4 Z a"a's(s4) "2,
i=0
w . .
Consequently, s¢ = a? — kz%h + " a"a’s(a? — kz?h)™*?, as asserted. O]
i=0

Corollary 2.10. Let a,d and z have g-Drazin inverses. If ba™ = 0,
cd™ = 0,d"b = 0,cz™ = 0,2"b = 0, then s has g-Drazin inverse. In this
case,

s =a? — kz%h + Z a"a's(a’ — kz?h)"2,
i=0

Proof. Since cd™ = 0,d"™0 = 0,cz™ = 0 and z"b = 0, we check that
kd™2%h = 0 = kdz"h, kz"dh = 0 = kz%d"h.
According to Theorem 2.9, we complete the proof. [
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As an immediate consequence of Theorem 2.9, we now derive
Corollary 2.11. Let A, D, Z € C"" have Drazin inverses. If
CDBA™ =0,KD"ZPH = KDZ"H,
then

m—1
SP = AP —KZPH + ) ATA'S(AP — KZPH)™,
i=0
where m = i(A)

We are ready to prove:

Theorem 2.12. Let a,d,z € A¢. If
a"cdb = 0,d"ba’c = 0
and dba®a = d%dba?, then s € A“.

Proof. Clearly, we check that
a’a?  —aa’c 1 0\ [ s« —aa‘c
dd?aa®  d? —dbaa® 1 ) — \ 0 —d? )’

1 0 a’a® —aalc\ a’a? —aa’c
—dbaa® 1 ddaa?  d? — \ —dba?a? + dd%baa? dbaa’c+d? )
By hypothesis, we have

dbaa’c + d* = d%dba’c + ddd® = dd’z,
—dba?a® + dd®aa® = —dba?a® + dbaa?® = 0.

Since d"ba’c = 0, we see that d"z = d™(d?—ba’c) = 0. Since z € A?, it follows
by [8, Theorem 2.1] that zdd? € A and (zdd?)? = 2%dd?. By using Cline’s

2 d . d
formula, we have (dd’2)? = dd’(zdd")*> = dd’z". Thus, aoa d?lgzc)

has g-Drazin inverse. Then we have a y € A such that

aa® —aalc \* [ at oy
0 dd'z N0 ddiZt )
Hence, we have
Se —aa’c a
0 —d
_ a’a’  —aa‘c ad oy ? 1 0
— \ dd%aa?  d° 0 dd?z? —dbaa® 1

_( d*a?  —aalc (ah)? aly + ydd?z? 1 0
— \ dd%aa®  d? 0 dd?(z9)? —dbaa? 1
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B < a’a?  —aa‘c ) ( (a®)? — [a%y + ydd?z%]dbaa® a%y + ydd?z? )
— \ dd%aa®  d? —dd?(z%)%dbaa? dd?(z?)?
Therefore
s¢ = a + [aa’cdd®(2)*d — aa’y — a*aydd’ 2" dbaa,

Since a"cdb = 0. By virtue of Lemma 2.1, we conclude that s € A9, as

asserted. [J
Corollary 2.13. Let a,d € A?. If a"c =0 and ba® = 0, then s € A%
Proof. This is obvious by Theorem 2.12. ]

3. APPLICATIONS
a b
c d

to the matrix M with nonsingular generalized Schur complement d — ca’.
We leave the detailed formula of the g-Drazin inverse of M to the inter-
ested readers as they can be derived by some straightforward computations
according to our proof.

Lemma 3.1. Let a € A% If a™b = 0 and d — ca® is invertible, then M has
g-Drazin inverse.

Proof. We easily check that

Let M = ( ) € M5(A). We come now to apply the preceding results

a 0 —-b 0 01 c 0
M:<01>_(1 —1><1d><01>
Then
(01 d_ c 0 a 0\ (—=b 0
==\ 14 01 01 1 -1
_(-d 1\ [(c0 a? 0 b 0
- 0 01 0 1 1 -1
[ ca®b—d 1
o 0 1
Since d — ca’d € A7!, we see that z € Ms(A) is invertible. Then 2™ = 0.

(
Since 0 ) is invertible, we have 0 cli = 0. We easily check that

1 1

d
—a™b 0 .
( > ( ) = ( 0 0 ) = 0. In light of Corollary 2.5, M has

g- Drazm inverse. [
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Theorem 3.2. Let a € A?. If
aa"bc = 0,ca"bc = 0,aa"bd = 0, ca"bd = 0
and d — ca® is invertible, then M has g-Drazin inverse.

Proof. Write M = P + (), where

a aa®b 0 a™b
P ) = (50)
Obviously, a™(aa’) = 0 and d — ca®(aa®)b = d — ca® € A~'. Apply-

ing Lemma 3.1 to P, P has g-Drazin inverse. Clearly, Q> = 0. Since
aa™bc = 0, ca™bc = 0,aa™bd = 0 and ca™bd = 0, we have

a aa’ 0 a™b a aa’
ror = () () (0t
(0 aad™b a aa®b
A\ 0 ca™ c d
= 0.

According to [2, Corollary 15.2.4], M has g-Drazin inverse, as asserted. [
Example 3.3. Let

(2 0) oo (8 Yem (0 waa= (1 2) i

It is clear that
aa"bc = 0,ca"bc = 0,aa"bd = 0, ca”bd = 0

a b

c d
as abc = 0,abd = 0,cbc = 0 and cbd = 0, [18, Theorem 3.2] confirms the
g-Drazin invertibility of M.

Corollary 3.4. Let d € A?. If
dd™cb =0,bd"cb =0,dd"ca = 0,bd"ca = 0
and a — bd’c is invertible, then M has g-Drazin inverse.

d ¢
b a

v=(Vo) () (Vo)

and d — ca’ is invertible, so M = has g-Drazin inverse. Also

Proof. By using Theorem 3.2, N := ( ) has g-Drazin inverse. Obvi-

ously, we have
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i (0 1Y) af01
M‘<10N 10 )

hence the result. ]

and therefore

For a complex, the Drazin and g-Drazin inverses coincide with each other.
The following is a generalization of [0, Theorem 3.1].

Corollary 3.5. Let a € A%, If aa™ = 0,ca™ = 0 and d — ca® is invertible,
then M has g-Drazin inverse.

Proof. This is obvious by Theorem 3.2. [

Lemma 3.6. Let a € A% If ca™ = 0 and d — ca® is invertible, then M has
g-Dra inverse.

Proof. As in the proof of Lemma 3.1, we have

a 0 -0 0 0 1 c 0

MZ(O 1)‘( 1 —1><1 d)(O 1>’
[ eca'h—d 1
z:= 0 E

By hypothesis, we check that

c 0 a 0" [ca 0\ _ 0

01 01 a o 0)
According to Corollary 2.9, M has g-Drazin inverse. ]

Theorem 3.7. Let a € A%. If bea™a = 0,bca™ = 0,dca™a = 0, dca™ = 0
and d — ca® is invertible, then M has g-Drazin inverse.

Proof. Write M = P + (), where

a b 0 O
P = (caad d>’Q_ (ccfr O)'

Clearly, Q? = 0. Since bca™a = 0,bca™ = 0,dca™a = 0 and dca™ = 0, we
have

a b 0 O a b

PQP = (caad d) <ca7r O) (caad d)
B a b 0 0
—\ caa® d ca™a ca™b
0.
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Clearly, (caa?)a™ = 0 and d — (caa?)a = d — ca® € A?. Applying Lemma
3.4 to P, P has g-Drazin inverse. In light of [2, Corollary 15.2.4], M has
g-Drazin inverse, as desired. ]

Corollary 3.8. abd™d = 0,abd™c = 0, cbd™d = 0,cbd™c = 0 and a — bd%c is
invertible, then M has g-Drazin inverse.

d c
b a ) Then the proof

is true as in the proof of Corollary 3.3. O]

Proof. Applying Theorem 3.6 to the matrix N := (

4. OPEN PROBLEMS

We end our work with the following questions of some intrest and impor-
tance.
(i) Does generalized Sherman-Morrison-Woodbury formula work for the gen-
eralized Drazin inverses of elements over rings?
(ii) How can we apply generalized Sherman-Morrison-Woodbury formula for
other generalized inverses, speccially for pseudo n-strong Drazin inverses,
which has been extensively studied in [3]7
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