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ON THE SPECTRA OF TENSOR JOIN OF HYPERGRAPHS
R. Vishnupriya and R. Rajkumar*

ABSTRACT. In this paper, we consider certain classes of hypergraphs constructed
from the tensor join of hypergraphs, specifically the tensor join of hypergraphs con-
strained by vertex subsets and the (H, 7s)-join of hypergraphs constrained by S. We
determine some eigenvalues of the adjacency tensor of these classes of hypergraphs by
establishing corresponding eigenvectors. We demonstrate that the eigenvalues of the
adjacency tensor of the constituting hypergraphs are also eigenvalues of the adjacency
tensor of the join of a set of hypergraphs. Furthermore, as a special case of our results,
we provide some eigenvalues and eigenvectors of the adjacency tensor for the join of
non-uniform hypergraphs on a backbone hypergraph H (and, similarly, for the join
of m-uniform hypergraphs on a backbone hypergraph H). Additionally, we establish
a relationship between the eigenvalues of the adjacency tensor of a hypergraph H
and certain eigenvalues of the adjacency tensor of the (H,7s)-join of hypergraphs
constrained by S. Using this relationship, we determine some eigenvalues and their
corresponding eigenvectors for the adjacency tensor of the lexicographic product of
two hypergraphs.

1. INTRODUCTION

Spectral hypergraph theory involves associating various tensors and con-
nectivity matrices with a hypergraph and studying the properties of the hy-
pergraph through the spectra of these tensors and matrices. The adjacency
tensor for an m-uniform hypergraph was introduced by Bulo and Pelillo [12].
Later, Cooper and Dutle defined a degree-normalized mm-adjacency tensor
for m-uniform hypergraphs [3]. Hu and Qi introduced the Laplacian ten-
sor for a uniform hypergraph [5], followed by an alternative definition of the
Laplacian tensor by Li et al. [7]. Xie and Chang introduced the signless Lapla-
cian tensor for a uniform hypergraph [15]. Subsequently, in [10], Qi proposed
simple and natural definitions for both the Laplacian tensor and the signless
Laplacian tensor for a uniform hypergraph. For additional details, we refer
the reader to [11].

Recently, Anirban Banerjee et al. [2] introduced the adjacency tensor,
Laplacian tensor, and signless Laplacian tensor for general hypergraphs. In
their work, they studied several properties of general hypergraphs using the
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spectra of these tensors. Further properties of these tensors on general hyper-
graphs have been explored by various researchers; see, for instance, [3, 6, 10].
In [1], Anirban Banerjee introduced the adjacency matrix, Laplacian ma-
trix, and normalized Laplacian matrix for hypergraphs, investigating several
structural properties of hypergraphs through the spectral properties of these
matrices.

On the other hand, over the past decades, several hypergraph products have
been defined, and their structural properties extensively studied. For a com-
prehensive overview, we refer the reader to the survey [1]. A natural question
that arises in spectral hypergraph theory is: “how far the spectrum of a hyper-
graph be related to the spectrum of some hypergraphs or its subhypergraphs?”
In this context, the spectra of hypergraphs constructed through various hy-
pergraph products have been investigated by numerous authors. Cooper and
Dutle [3] studied the spectra of a degree-normalized m-adjacency tensor on
hypergraphs formed through certain operations, where the constituent graphs
are m-uniform. Pearson and Zhang analyzed the spectra of the adjacency ten-
sor for the Cartesian and tensor products of two hypergraphs [9]. Amitesh
Sarkar and Anirban Banerjee defined several types of hypergraph joins and
studied the spectra of the adjacency matrix of weighted hypergraphs formed
by these operations [13]. More recently, in [14], the authors introduced three
families of operations on hypergraphs, showed their equivalence, and collec-
tively referred to them as the tensor join. Furthermore, it was noted that
any hypergraph can be viewed as a tensor join of some of its subhypergraphs.
In that work, the spectra of the adjacency matrix, Laplacian matrix, signless
Laplacian matrix, and normalized Laplacian matrix (as defined in [I]) were
studied for weighted hypergraphs obtained via various tensor join operations.

In this paper, we focus on specific operations on hypergraphs as particular
cases of the tensor join. We derive certain eigenvalues and their corresponding
eigenvectors of the adjacency tensor, as defined in [2], for the hypergraphs
constructed through these operations, expressed in terms of the eigenvalues
and eigenvectors of the constituting hypergraphs.

The rest of the paper is organized as follows. Section 2 provides basic
definitions and preliminary notations. In Section 3, we introduce the tensor
join of hypergraphs constrained by vertex subsets as a specific case of the
tensor join of hypergraphs, and compute the eigenvalues and eigenvectors
of the adjacency tensor for hypergraphs constructed through these opera-
tions. Additionally, we derive eigenvalues and eigenvectors of the adjacency
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tensor for hypergraphs formed by the join of a set of hypergraphs or uni-
form hypergraphs, as defined in [13]. Section 4 introduces the (H, 7s)-join
of hypergraphs as a particular case of the (H, 7T )-join and presents the cou-
ple join of hypergraphs in G, constrained by &, as a specific instance of the
(H,7Ts)-join. We compute certain eigenvalues and corresponding eigenvec-
tors of the adjacency tensor for hypergraphs constructed by these operations
and determine eigenvalues and eigenvectors for the adjacency tensor of the
lexicographic product of two hypergraphs.

2. PRELIMINARIES

A hypergraph H = (V(H), E(H)) consists of a non-empty set V(H) and
a multiset E(H) of subsets of V. The elements of V(H) are called vertices,

and the elements of F(H) are called hyperedges, or simply edges of H. The
rank of H, denoted by rank(H), is defined as r%%ﬁ)ﬂe\}, it E(H) # ®; 0,
ec

otherwise. H is said to be uniform if all of it’s edges have the same cardinality.
A uniform hypergraph in which all of its edges have cardinality m is said to
be m-uniform. The degree of a vertex v in a hypergraph H, denoted by
degp(v), is the number of edges in H that contains v. H is said to be r-
regular if each vertex of H is of degree r. Throughout this paper, we consider
only the hypergraphs having finite number of vertices.

An r order n dimensional hypermatrix A := (a;,;,..; ) is an r dimensional ar-
ray of n” entries from the field C, where a;,4, ;. € C; i; € [n] :={1,2,...,n}.
Let z = (x1,29,...,2,) € C" and let 2" be an r order n dimensional hyper-
matrix with (i1, 4o, . ..,,)-th entry as @; @, ... x;, . Then A2"~! denotes an n
tuple whose j-th component is

n
Z Qjiy...i. LigLiz = L,
i2ig,eir=1
A pair (A\,z) € Cx (C"—{0}) is said to be an eigenvalue and eigenvector (or
simply eigenpair) of the hypermatrix A if it satisfies the following equation

Az = \glr—11,

Here 2" is a vector in C" whose i-th entry is 2. We call (A, x) an H-eigenpair
(i.e., A and z are called H-eigenvalue and H-eigenvector, respectively) if
A€ Rand z € R" —{0}.

A pair (A, z) € C x (C" — {0}) is said to be an E-eigenpair (i.e., A and =
are called E-eigenvalue and F-eigenvector, respectively) of the hypermatrix
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A if it satisfies the following equations

Az = Az,

n

2 _
ga:i = 1.
i=1

We call (A, z) an Z-eigenpair (i.e., A and x are called Z-eigenvalue and Z-
eigenvector, respectively) if A € R and z € R" — {0}.

Definition 2.1. ([2]) Let H be the hypergraph with vertex set

V(H) ={v1,va,...,0,}
and edge set F(H) = {ej,es,...,er}. Let rank(H) = r. Then the adjacency
hypermatrix of H, denoted by A(H), is defined as

A(H) = (ailig...ir)) 1 S /1:1,/1:2, . e 72"7’ S n.
For each edge e = {v,, v, ..., v} € E(H) of cardinality s <7, ay,p,..p, = =,
where

— .
a= > R
kl;kQa"'akszla

S ki=r
and pi,pe,...,p, are chosen in all possible way from {ly,ls,...,ls} with at
least once for each element of the set. The other positions of the hypermatrix
are zero. The eigenvalue and eigenvector of the hypermatrix A(H) are called
the eigenvalue and eigenvector of the hypergraph H, respectively. Also, we
call the eigenpair (resp. H-eigenpair, E-eigenpair and Z-eigenpair) of A(H)
as the eigenpair (resp. H-eigenpair, F-eigenpair and Z-eigenpair) of H.

Notation 2.2. Let R(ay,as,...,a,) denote the range set of the sequence
(a;),. Let

R(ay,ag,...,a,)\{V}, if ¥e{a,as ... 5an};
Ray,as, ..., an), otherwise.

Rv(al,ag, . ,am) = {

Definition 2.3. ([11]) For i € [k], let A; be mutually disjoint sets of n;

elements. Let A be the sequence (A;)%_,. An indicating tensor corresponding
k
to A, denoted by T'[A] := (T[A]p,p..pn)s is @ 0 — 1 tensor of order N := > "n;
i=1
and dimension

(m+1,....nm+1Lno+1,...ono+1,... o0+ 1,...,np+ 1),
N A o/ N S
Vo Vv Vo
ni times ng times ng times
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where b1,DP2, .-, Pn, € A1U{V}, Prytngtdni+1s - - oy Pngtng+4ni € Ai+1U{v}
for i € [k — 1]; ¥ is an arbitrary element that is not an element of any A;,

i € [k — 1]; and is satisfying the following:
(i) If there exists p1,po, ..., py such that RY(p1,po,...,pn) C A; for some
i € [k], then T[A]p,p,. oy = 0.

(ii) If there exists p1,pa, ..., pn such that T[A], ., ,y = 1, then
T Alpyph..py =1
whenever RY (p, ph, ..., ply) = RY(p1,p2,-..,pN).
Notice that if py = py = -+ = py = V¥, then RY(p1,p2,...,pn) = @ C A

and so T[Alp,p,..pn = 0.

In the rest of the paper, whenever we consider a sequence of hypergraphs
(G;)F_,, without loss of generality, we assume that the vertex sets of Gs are
mutually disjoint for i € [k].

Notation 2.4. Let E(T[A]) = {(p1,p2,.--,pn): T[Alpps.pn = 1}

Definition 2.5. ([11]) Let G = (G;(V;, E;))"_, be a sequence of k hyper-
graphs. Let V = (V;)%_,. Consider an indicating tensor T'[V]. Then the T[V]-

join of hypergraphs in G, denoted by \/ G, is the hypergraph constructed as
Ty
follows:

e Take one copy of G, i € [k];
k
e For each D C (JV}, join the vertices in D as an edge in \/ G if and

i=1 (V]
only if D € E(T[V)).

Definition 2.6. ([I1]) Let H be a hypergraph with V(H) = [k]. Let
G = (Gi(Vi, E;))¥_, be a sequence of hypergraphs with |V;| = n; for all i € [k].
For each e € E(H), let V. = (Vi)ice, Ne := > n; and G, = {G;: i € e}.
1€e
Let T = {TV.]: e € E(H)}, where for each e € E(H), T[V,] is a non-zero
indicating tensor with
TWVelpips..pw, = 0 if RY(p1,p2,...,pn,) NV; = ® for some i € e.

Then we construct the hypergraph by taking a copy of each G; and applying
the T'[V,]-join of hypergraphs in G, for each edge e € E(H). This hypergraph
is denoted by G(H,T) and is called the (H,T)-join of hypergraphs in G.

Notation 2.7. Let A = {A4;}% |, where each A is a set whose elements are
sets. We define 4 := Z{m1n\5|} and 4 := Z{maX\S\} Clearly 84 < v4.
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Notation 2.8. Let H be a hypergraph and let i1, 1s,...,i, € V(H). When-
ever we write (i1, 49,13, ...,1,) € E(H), we mean the ordered set

{il,ig,ig, R ,Zn} - E(H)

3. TENSOR JOIN OF HYPERGRAPHS CONSTRAINED BY VERTEX SUBSETS

In this section, we consider a particular case of T'[V]-join of hypergraphs in
G as given in Definition 2.5. Let P(S) denote the power set of the set S. Let
PH(S) :=P(S) — {P}.

Definition 3.1. For i € [k], let H; be a hypergraph with n; vertices. Let
S; CP(V(H;)) for all i € [k]. Let S = {51, 52,...,Sk} and

Bg{68768+17"'778}-

Let H = (H;)%_, and V = (V(H;))%_,. Then we consider \/ H, the zTs[V]-
BTs[V]
join of hypergraphs in H, where gTs[V] is an indicating tensor of order

k
i=1

I, RY(p1,p2,...,pn) NV (H;) € S; for all i € [k]
0, otherwise.

We call this hypergraph as the pTs[V]|-join of the hypergraphs in H con-
strained by S.

The hypergraph defined above can be described as follows: \/ H is the

BTs[V]
k k

hypergraph with V < V ’H) = U(V(HZ)) and E ( \V; ) = U(E(HZ)),
BTs[V] i=1 BTs[V] i=0

where

E(H)=<1eCV | \/ H|:lel€eB, enV(H) e S;ande¢ S; Vi
BTs[V]

Note 3.2. For each i € [k], if we take S; = P*(V(H;)) in Definition 3.1,
then we get B C {k,k+ 1,..., N}. In this case, the operation defined in

Definition 3.1 becomes the join of a set H = {H;}}_, of hypergraphs as
defined in [13, p. §].
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Example 3.3. Let H = (Hy, Hs, H3), where Hy, Hy and Hj are shown
in Figure 3.3(a), (b) and (c), respectively. Let & = {S1,S52,S53}, where
St = {{1,2},{1,2,3}}, So = {{7},{5,6,7}} and S3 = {{10},®}. Observe
that s =3 and vs = 7. Let B ={3,4} C {3,4,5,6,7}. Take the indicating
tensor

1, RY(p1,po2,..., ={1,2,7,10} or {1,2,7};
BLs[Vpips..pro = {07 Oth((azl?\lzvizz, p10) = A }or{ }

Then the hypergraph \/ H is as shown in Figure 3.3(d).
BTs[V]

FIGURE 1. (a) The hypergraph Hy, (b) The hypergraph Hs, (¢) The hyper-
graph Hjs, (d) gTs[V]-join of the hypergraphs in H constrained by S.

Definition 3.4. Taking H; as a m-uniform hypergraph for each i € [k] and

B = {m} in Definition 3.1 we get the (,,,Ts[V]-join of the hypergraphs in H.

We simply denote it by \/ H and refer to this hypergraph as the ,,Ts[V]-
mTS[V]

uniform join of the hypergraphs in H constrained by S.

Note 3.5. For each i € [k], if we take S; = P*(V(H;)) in Definition 3.4, we
get the join of a set H = {H;}¥_; of m-uniform hypergraphs as defined in [13,

p. 4].

Theorem 3.6. For each i € k|, let H; be a hypergraph on n; vertices with
rank(H;) =r. Let H = (H)¥,, V = (V(H,))¥, and S; C P(V(H;)) be such
that |W| > 1 for any W € S;, for alli € [k]. Let S = {S1,S59,...,S5k} and
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B C {Bs,Bs +1,...,7s} be such that max B < r. Then any eigenvalue of

H; is an eigenvalue of \/ H.
BTs[V]

Furthermore, if (\,x) is an H-eigenpair (resp. E-eigenpair, Z-eigenpair)
of H; for i € [k], then (A, X) is an H-eigenpair (resp. E-eigenpair and Z-
eigenpair) of \/ H, where X = (0,,,...,0,,_,,7, 0y,,,,...,0,,) and 0, is

BTs[V]
an n;-tuple whose entries are zero for all j € [k].

Proof. For simplicity, in this proof, we denote the hypergraph \/ H by H*.
BTs[V]

Since rank(H;) = r and max B < r, by Definition 3.1, we have rank(H*) = r.
For each i € [k], let A(H;) := (af), ), where t1,ts,...,t, € V(H,). Let
A(H*) := (@i, ). For a hypergraph Hy, let (A, x) € (C,C™\{0}) be it’s

eigenpair.
k

Let X = (0,,,...,0p, ,, 2,05, ,,...,0,). Clearly, X is an ) n,;-tuple in
Cratnet-+ng =
k
For each j € {1,2,...,> n;}, we consider
i=1
ARIXTj= Y i iy T, (3.1)

(j7i277;37"'7i7“)€E(H*)

If j € V(H;), then by Definition 3.1, the above equation (3.1) becomes

AHYXT), = e o,
(J5i2503 550 ) EL(Hy)
+ Z Wjiy...i, LigLig * * * L, (3.2)

(j,ig,ig,...,ir)EE(BTS [V])

If (j,ig,ig,, c. ,ir) € E(BTS[V]), then Rv(j, 19, ... ,Z}) ¢ S; for all 7 € [k],
since by the definition of an indicating tensor that RY(j,is,...,4,) ¢ V(H;)

for all ¢ € [k]. Therefore, any one of iy, is,...,4, is in V(H,) for some ¢ # t.
Notice that the corresponding component of X is zero. So, we have
Z ajig...irxigxig R 0. (33)
(j,ig,ig,...,ir)EE(BTg[V])
Also since rank(H;) = rank(#H*), we have a;i, ; = a%mir for all

(j7 7;277;37 ce e 77:7*) € E(Ht)



ON THE SPECTRA OF TENSOR JOIN OF HYPERGRAPHS 497

Thus from (3.2) and (3.3), we have

*\ YT — 3
(A(H )X 1)j - Z a§'i)2...irxi2xi3 T, 0
(j,ig,ig,...,ir)EE(Ht)
= )\:C;*I. (3.4)
If j € V(H;) for | # t, then we have
(AHHX), = D Wi Tl T,
(Ji2+83,-.ir ) EE(H]))
+ Z ajig...irxigxig s ZCZ'T. (35)

(ja127i3a"'7i7’)€E(BTS [V])

Since [ # t, all the components of X correspond to V(H;) are zero, and so
we have
Z Ajiy..i, LigLig * * * Lj, = 0. (36)
(j,ig,i3,...,ir)€E(Hl)
Also, being |W| > 1 for all W € S;, any one of is, 13, ... ,4, is in V(H;), and
the corresponding component of X is zero. Therefore,

Z a/jZQZTxZTCCZs Tt xlr — O (37)
(j7i2,i3,...7ir)€E(BT3[V])

Substituting (3.6) and (3.7) in (3.5), we have
* r—1 _
(A(H")X )j = 0. (3.8)

Also note that since z; = 0, we have )\:c;_l = 0. Thus, from (3.4) and (3.8),
we have A(H)X"t = AXI"~U Since (), z) is an arbitrary eigenpair of H,
for each t € [k]|, we conclude that any eigenvalue of H; is an eigenvalue of

V A

BTs[V]

Furthermore, if we proceed the above arguments with the H-eigenpair (resp.
FE-eigenpair, Z-eigenpair) (A, x) of H; for i € [k], then we have (A, X) as an
H-eigenpair (resp. E-eigenpair, Z-eigenpair) (A, x;) of H*, since = is a real
unit vector. ]

The next theorem (resp. its corollary) asserts some eigenvalues and eigen-
vectors of the join of a set of hypergraphs (resp. join of a set of uniform
hypergraphs) defined in [13], by using the notations introduced in Notes 3.2
and 3.5.
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Theorem 3.7. Let H = (H,-)i-‘;l, where H; is a hypergraph on n; vertices
with rank(H;) =r. Let 3 < k < r and S; = P*(V(H;)) for alli € [k]. Let
V=V(H)E,. LetS ={S,5,...,5} and B C {k,k+1,...,7}. Then
any eigenvalue of H; is an eigenvalue of \/ H.

BTs[V]

Furthermore, if (\,x) is an H-eigenpair (resp. E-eigenpair, Z-eigenpair)
of H; for i € [k], then (X, X) is an H-eigenpair (resp. E-eigenpair and
Z-eigenpair) of \/ H, where X = (0,,,...,0,, ,,2,0,,,,,...,0,,).

sTs[V]

Proof. For simplicity, in this proof, we denote the hypergraph \/ H by H*.
BTs[V]

Since B C {k,k+ 1,...,7} and rank(H;) = r as per Definition 3.1, we

conclude that rank(H*) = r. Let

A(H) = (al)), ),

where tq,ts,...,t, € V(H;) for all i € [k] and A(H*) := (ai,i,..i,). For any
eigenpair (A, z) € (C,C™ — {0}) of H;, we consider

X =(0,,....0, ,,%,04.,,...,0,).
k
For every j € {1,2,...,> n;}, we consider the j-th component of the vector

1=1

A(H*) X", Suppose that j € V(H;). Then we have

(AHHX"™); = Z Ajiy...iyTiyTig  * * T,

(j7i27i37~'~air)€E(H*)

= E Ajiy...i LigLig *** Li,,

(jai27i3;---ai'r’)€E(Ht)

+ Z Qjiy...iy LigLiz * * * L. (3.9)
(Jsiasizsesir) EE(BTs[V])

Since j € V(H;) and rank(H;) = rank(H*), we have

Z _ (t)
Qjiz...iyLigliz * * * iy = E Wjiy. i, LigLig * " Ti,

(j7i2,i37...,7;r)€E(Ht) (j,ig,i37...,ir)€E(Ht)
=zl (3.10)
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Furthermore, since RY(j,42,...,4.) N V(H;) € S; for each i, any one of

i9,%3, ..., is in V(H,) for some g # t. Notice that the corresponding com-
ponent of X is zero. Therefore, we have
Z amm”xh:% s LI?Z'T = 0. (311)

(j7i2,i3,...7ir)€E(BT3 [V])

Substituting (3.10) and (3.11) in (3.9), we have

(AR X1 = Mt (3.12)
Suppose that j € V(H;) for [ # t. Then,
(AAX), = Y G T,
(j7i2,i3,...,ir)€E(Hl)
+ Z Ajiy...inTiyTig * * * Ti,.- (3.13)

(j,iz,ig,...,ir)EE(BTS [V])

Since [ # t, all the components of X correspond to V(H;) are zero and so

we have
Z ajig...irxigxig cee CI?Z'T = 0. (314)
(j7i2,i37...,ir)€E(Hl)

Since 3 < k <r, RY(j,is,...,4,) NV (H;) € S; for each i, the cardinality
of a new edge must be atleast three. So, it belongs to a hypergraph other
than H; and H;. Thus any one of iy, i3, ...,4, is in V(Hy) for s # i,[. So the
corresponding component of X is zero. So, from (3.13) and (3.14), we have

(A(H*)Xr_l)j - Z jiy.. i, TigLiy -+ - T = 0. (3.15)

(Jyi2yi5,.ir ) EE(BTSs[V])

Since x; = 0 for all j € V(H;) for | # t, we have )\:C;_l = 0. Thus
from (3.12) and (3.15), we have A(H*)X ™' = AXI=. Since (), z) is an
arbitrary eigenpair of H; for each t € [k], it follows that any eigenvalue of H;
is an eigenvalue of \/ H.

BTs[V]

Furthermore, if we proceed the above arguments with the H-eigenpair (resp.
FE-eigenpair, Z-eigenpair) (A, z) of H;, then we have (A, X) as an H-eigenpair
(resp. E-eigenpair, Z-eigenpair) (A, z) of H*, since z is a real unit vector. [
Corollary 3.8. Let H = (H;)Y_,, where H; is an m-uniform hypergraph

7::]_7

with 3 < k < m. S; = PV (H,)) for all i € [k]. Let V = (V(H;))k,.
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Let § = {S51,5,...,5k} and B = {m}. Then any eigenvalue of H; is an
eigenvalue of \/ H.
mTs[V]

Furthermore, if (\,x) is an H-eigenpair (resp. E-eigenpair, Z-eigenpair)
of H; for i € [k], then (A, X) is an H-eigenpair (resp. E-eigenpair and
Z-eigenpair) of \/ H, where X = (0,,,...,0,, ,,2,0,. ,,...,05,).

mTs[V]
Proof. Since H; is m-uniform, it follows that rank(H;) = m for each i € [k].
Thus by taking r = m and B = {m} in the above theorem, we get the
result. ]

4. (H,7s)-JOIN OF THE HYPERGRAPHS CONSTRAINED BY &

In this section, we consider a particular case of (H,T)-join of hypergraphs
in G given in Definition 2.6.

Definition 4.1. Let H be a hypergraph with vertex set V(H) = [k]. Let
G = {G;}¥_, be family of k hypergraphs. For each e € E(H), we take
Se = {Si}ice, where S; is a nonempty subset of P*(V (G;)),

Be g {6857 686 + 17 S 7756}7
Ve = Vi)ice, Ne := Y _|V(G))|, and G = {G;: i € e}. Let S = {Sc}ecrm)-

i€e
Then we consider G(H, 7s), the (H, Ts)-join of the hypergraphs in G, where
Ts = {B.T5,[Vel}ecppr) in which

1, R'(pl,pg,...,pNe)ﬂV(Gi> € S;foralliee
BeTSe [V@]plpsze == With ‘Rv (p17p27 te 7pNe) 6 B@?
0, otherwise.

We refer to this hypergraph as the (H, 7Ts)-join of the hypergraphs in G con-
strained by S.

The hypergraph defined above can be described as follows: G(H, Ts) is the
k

hypergraph with V(G(H,7s)) = U(V(Gl)) and

1=1

E(GH,Ts)) = | J(EG)) | (BG.))
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FNV(G) =dVi¢eand |F| € B.}

Note 4.2. (i) For each i € [k], if we take S; = P*(V(G;)) in Definition 4.1,
then we get B, C {lel,|e] + 1,...,> |V(G;)|}. In this case, the operation
defined in Definition 4.1 correspondseto the join of non-uniform hypergraphs
on a backbone hypergraph, as defined in [13, p. §].

(ii) For each i € [k], if we take G; as a m~-uniform hypergraph and B, = {m}
in Definition 4.1, we obtain the join of uniform hypergraphs on a backbone
hypergraph, as defined in [13, p. 5].

Theorem 4.3. Let H be a hypergraph with k vertices and |e| > 3 for every
e € E(H). Let G = {G;}F |, where G; is a hypergraph on n; vertices with
rank(G;) = r for alli € [k]. For each edge e € E(H), we take S, = {S;}ice,
where S; is a nonempty subset of P*(V(G;)) and
Be - {‘6’7 |€| + 17 SR Ze:|SZ|}

such that maxB, < r. Let Vo = (Vi)ice, S = {Sctecpm) and let
Ts = {B.Ts.[Veltecpm). Then any eigenvalue of G; is an eigenvalue of
G(H,Ts).

Furthermore, if (\,x) is an H-eigenpair (resp. E-eigenpair, Z-eigenpair)
of H; for i € [k], then (X, X) is an H-eigenpair (resp. E-eigenpair and
Z-eigenpair) of G(H,Ts), where X = (0y,,,...,0p, ,, @, 0p,,,...,0y,).

Proof. Since max B, < r for each e € E(H) and rank(G;) = r, we have
rank(G(H,Ts)) = r. Let A(G;) := (agi)t?._tr), where tq,ts,...,t, € V(H;)
for all i« € [k] and A(G(H,Ts)) = (ai,i,..i.)- We consider an eigenpair
(A, z) € (C,C™ —{0}) of G;.

k
Let X = (0,,,...0,, ,,2,0,,.,,...,0,). Clearly, X is a ) n;-tuple in

) MMN41
1=1

Cratnet-+ng

k
For every j € {1,2,...,> n;}, we have
i=1

(A(G(H, Ts))X"™1); = > Wjig,.eriy LigTig * * * T - (4.1)

(j7i27i3 7777 ZT)GE(g(H;]ts))

If j € V(Gy), then (4.1) can be written as

(A(G(H, Ts)X"); = Z a§§i...irxi2$i3 T T,

(jigis...ir)€ E(Gy)
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+ Z Z Qjiy...ip LigLijg =" " L. (42)
EGE(H) (jviQ;iBw"vir)eE(BeTSe[Ve])
If (442,43, ...,1,) € E(g.Ts.[V.]) for some e € E(H), then
Rv(ja i27 S 77:7") ¢ SZ
for any i € [k], since by the definition of an indicating tensor that
Rv(j7 7:27 cee 77:7”) ¢ V(HZ)

for all ¢ € [k]. Therefore, any one of is, i3, ..., is in V(Gy) for s # t. Thus
(4.2) becomes,

(A(G(H, Ts)X™); = Aa ! +0

=zt (4.3)
If j € V(G)) for [ # ¢, then (4.1) can be written as
(A(G(H, Ts)X™ ), = > aﬁilzw% ST,

(]ZQ’LgZT)GE(Gl)

T Z Z Qjig...iy LigLiy =+ " T, (4.4)

€€E(H) (jyizigysir)€E (. Ts,[Ve])
Since x; = 0 for all j € V/(H;) for [ # t, we have

S al s mm e, = 0. (4.5)
(]ZQZ3Z7~)€E(G1)

Since |e| > 3 for every e € E(H), any one of iy, i3, ..., i, is in V(G;), where
s # t,l. Therefore, the corresponding component of X is zero. Thus, from
(4.4) and (4.5), we have

(AGH, TNX"N; = > > jiy...i, Ti iy~ ** i,
cCE(H) (Gyinsizsmmin)€E (5, Ts,[V.])
= 0. (4.6)

Since z; = 0 for all j € V(H;) for [ # t, we have )\xg_l = 0. Thus,
from (4.3) and (4.6), we have A(H)X" ' = AXI. Since (), z) is an
arbitrary eigenpair of G; for each t € [k], it follows that any eigenvalue of G;
is an eigenvalue of G(H, Ts).

Furthermore, if we proceed the above arguments with the H-eigenpair (resp.
FE-eigenpair, Z-eigenpair) (A, z) of G;, then we have (A, X) as an H-eigenpair
(resp. FE-eigenpair, Z-eigenpair) (A, z) of G(H,7Ts), since x is a real unit
vector. H
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For each i € [k], if we take S; = P*(V(G;)) (resp. B = {m}) in the
above theorem, we obtain some eigenvalues and eigenvectors of the join of
non-uniform hypergraphs on a backbone hypergraph H (resp. the join of m-
uniform hypergraphs on a backbone hypergraph H), as defined in [13], when
each edge of H is of cardinality greater than or equal to 3.

The next theorem reveals a relation between the eigenvalues of an m-
uniform hypergraph H, and the eigenvalues of a hypergraph G(H, Ts).

Theorem 4.4. Let H be an m-uniform hypergraph on k wvertices. Let
G = {G;}r,, where G; is a r— regular, m-uniform hypergraph with
\V(G;)| =n for alli € [k]. Let

S = {S;: S; is the set of all singleton subsets of V(G;) for alli € [k]}.
For each e € E(H), let S, = {S;}ice and Ve = (V(G}))ice. Let

Ts = {nTs. [Ve]}eeE(H)-

Then for any eigenpair (resp. H-eigenpair) (\,y) of H, (r +n™ X\, y @ J,,)
is an eigenpair (resp. H-eigenpair) of G(H,Ts), where J,, is a 1 X n vector
with all of its entries equal to 1.

Proof. For simplicity, in this proof, we denote the hypergraph G(H, Ts) by H*.
Let V(G;) = {vi,v},... v’} for all i € [k] and let A(H*) := (ai,i,..q, ). We
consider an eigenpair (\,y) € (C,C* — {0}) of H, where y := (y1,v2, ..., Ys)-
We consider the vector X =y ® J,, € C"*. We denote X as

(ylla Y125 - - -5 Yin> Y21, Y225 - - -5 Y2ny - - - 5 YKL, Yk2, - - - 7ykn)-

For a fixed p € [k] and ¢ € [n], the component of A(H*) corresponds to the
vertex vl is

(A(H*)Xm_l)vg = Z ppyprop2  obm=1YprarYpage - - Ypm—1dm—

VqUqq Vgg -+ Vqy, _

—_ m
B Z APlQlPQQ2pm—1Qm—1’ (4‘7)

P Pl P2 Pm—1
(vq 30q1 3Vq3 3++30qp, 1 )eE(fH*)

where A = ﬁyplqupm e Ypram1> a0 p; € [k], ¢ € [n] for
all i € [m —1].

Since v# is fixed and each {vf, vP1, vP2, ... vyl } € E(H*) contributes (m—
1)! ordered tuples (vg, (AN ,vgn=!) € E(H*) in the summation in (4.7).
Therefore, we obtain

(A(H*)Xm_l)vfj - Z Y Ypagz + - - Ypm-1gm—1- (48)

P Pl P2 Pm—1 *
{vq Vgt Vgs Vg }EE('H )
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Now by Definition 4.1, the above equation (4.8) can be written as
(A(H*)Xmil)vg

- E : yplQlyPQQQ . 'ypmf1qu1

P=P1=""=Pm-1;

P oP1 P2 Pm—1
{’Uq Vg1 505 5+ Vq, 1 }EE

+ Z Z Azz%pﬂhpm—qun—l’ (49)

(P,p1,--sPm—1)EE(H) (1}5 Uh Vh2 0T %)EE(nge[Ve])

where e = {p,p1,...,pm-1}. Observe that in X, y;; =y, for alli € [k], j € [n]
and so (4.9) becomes

(AH)X™ ),

= Z (yp)m_l

P=p1=""=Pm-1;

p,Pl P2 Pm-—1
{vq Vgy Vg3 e Vg1 }GE(GP)

1
+ m Z Z Yp1Yps -+ - Ypps- (4.10)

{pprpm-1 }EEH) (of wgh vi2 ... v =) ) €B(mTs, [Ve])

Since the vertex v is fixed, and .5; is a set of all singleton subsets of V(G;)
for all ¢ € [k], it follows that (v2,vP1,vP2 ... vgr=)) € E(,Ts.[Ve]) for each

g1’ "q2°
vhi € V(G;). Thus,

{0 et ate) € BIs DY = [T V@1 =t (1)

q1’ 7q2? qm—1

Therefore, from (4.10) and (4.11), we have
(AH)X™ D)y = (yp)™ " x dege, (v))

m—1

n
. (p7p17“'7pm71)€E(H)

— rypm—l T nm—lAypm—l

= (r+n"" Ny, (4.12)
Since y, = ypy, from (4.12), we have r +n™ 1) is an eigenvalue of A(H*).
Furthermore, if we proceed the above arguments with the H-eigenpair (A, y)

of H, then we have (r +n™ 1)\, X) as an H-eigenpair of G(H, Ts), since z is
a real vector. O
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Definition 4.5. ([1]) Let H; = (V4, Ey) and Hy = (V2, Ey) be two hyper-
graphs. The lexicographic product H = Hy°H> has vertex set V(H) = Vi x V4
and edge set

E(H) ={e CV(H): pi(e) € Ev, |pi(e)] = le[}
U {{z} xey: x € V,e9 € Es},

where p;(e) denotes the set of all first co-ordinate in each two tuples in e.

Note 4.6. Let H and H' be two hypergraphs and let |V(H)| = k. Let
G={G;: Gi=H'}_|. Let S ={S;: S; is the set of all singleton subsets of
V(G;) for all i € [k]}F_,. Then the lexicographic product of H and H' can be
viewed as a (H, 7s)-join of the hypergraphs in G constrained by S (c.f. [14,
S. No. 5 in Table 4, p.130]).

As a direct consequence of Note 4.6 and Theorem (4.4), we have the fol-
lowing result.

Corollary 4.7. Let Hy and Hy be m-uniform hypergraphs with Hy is r—

reqular. If (X, y) is an eigenpair (resp. H-eigenpair) of Hy, then
(r+n"""Ny®J,)

is an eigenpair (resp. H-eigenpair) of the lexicographic product of Hy and

H,.

Definition 4.8. Let H be a complete graph with vertex set [k], and let
G = {G;}%_| be a given set of k hypergraphs. For each edge

e:={i,j} € E(H),
take V. = (V;)iee, Se = {Sf, S5}, where S is a non-empty subset of P*(V (G}))
for all i € [k], and take B, C {fs.,08s.+1,...,7s.}. Let S ={S.: e € E(H)}.
Then we consider a G(H, Tg)-join of hypergraphs in G, where

Ts = {BeTSe [Ve]}eEE(H)
in which

L, RY(p1,p2,...,pn,)NV(G;) € S foralli€e
BCCZ—:S'C [Ve]plpg...pNe - with |,R/v (p17p27 SR 7pNe) € Be;
0, otherwise.

We denote this hypergraph by G*(H, 7s) and refer to it as the couple join of
the hypergraphs in G constrained by S.
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The hypergraph defined above can be described as follows: G*(H, Ts) is the

k
hypergraph with V(G*(H,Ts)) = U(V(Gl)) and
k
EG (H,Ts)) = | J(EG) | (EG.y),
r=1 1<i<j<k

where
E(Gij) ={e CV(G"(H,Ts)): enV(Gy) € Sp and e ¢ S Vp =1, j;
eNV(G,) =@ Vp#i,jand |e] € B.}
forall 1 <1< j <k.

Theorem 4.9. Let H be a complete graph on k vertices and let G = {G;}¥_;,
where G; is a hypergraph on n; vertices with rank(G;) = r. For each
edge e = {i,j} € E(H), take S. = {Sf, S5} such that |W| > 1 for any
W € S¢, where 8§ is a non-empty subset of P*(V(Gy)) for allt = 1,7 and take
B, € {Bs,,Bs,41,...,7s.} withmax B, <r. Let V. = (V;)ice, S = {Se}ecrm)
and Ts = {BTs,[Vel}ecrm)- Then any eigenvalue of G; is an eigenvalue of
G*(H, Ts).

Furthermore, if (\,x) is an H-eigenpair (resp. E-eigenpair, Z-eigenpair)
of H; for i € [k], then (A, X) is an H-eigenpair (resp. E-eigenpair and
Z-eigenpair) of G*(H,Ts), where X = (0y,,,...,0,, ,, 2, 0y, ,,...,0p,).

Proof. Since rank(G;) = r and max B, < r, as per Definition 4.8, we have
rank(G*(H,Ts)) = r. Let A(G;) = (al(g?tzmu), where tq,ts,...,t. € V(G,;) for
all © € []f] and A(Q*(H,’E)) = (aili}_.l‘r), il,ig.. . ,ir € V(Q*(H,’E)) For
any eigenpair (A, x) € (C,C™ — {0}) of G, we consider

€
X=(0,,-..,04 ,,2,0,. ,...,0,).

k
For each j € {1,2,...,> n;}, the j-th component of A(G*(H,7s))X" ' is
=1

(A(G"(H,Ts)X™1); = > jiy. i, Lin Ty~ T
(Ji24135e. i ) EE(G* (H,Ts))
If 7 € V(Gy) and by Definition 4.8, the above equation can be written as
(A(G*(H, Ts)X"™h); = Yo G T,

(j7i27i3a'--7i7‘)€E(Gt)
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+ Z Z Ajiy...i, TiyTiy - T, - (4.13)

ZG[k]\{t} (jai27i3a"'air)€E(Gt,z)

Since j € V(G¢), we have

E _ E : (t)
CL]ZQZ,'CEZQ‘I.’L:J, o xlr - a]ZQZTxZQ'SUZ?) LA 'SUZT

(j7i2ai37~--7ir)€E(Gt) (j,ig,ig,...,iT)EE(Gt)
= L (4.14)

If (j, 49,13, .. .,4,) € E(G;.) for some z € [k]\{t}, then any one of iy, i3, . .., 4,
is in V(G,) and since the corresponding component of X is zero, we have

> > Wji...i, TigTiy * +* Ti,, = 0. (4.15)

ZE[k]\{t} (jaiQaiBa-nair)eE(Gt,z)
Substituting (4.14) and (4.15) in (4.13), we get
(A(G*(H, Ts)) X" 1), = Al (4.16)

Suppose that j € V(G) for | # t. If (j,i9,13,...,4,) € E(G;,) for some
z € [k]\{t}, then by the assumption that |[WW| > 1 for all W € S¢ for any
e € E(H), it follows that any one of iy,1s,...,4, must belong to V(G,) for
those z. Notice that the components of X corresponding to V(G,) are zero.
Therefore, (4.13) becomes

(A(G"(H, Ts))X"™); = 0. (4.17)

Since z; = 0 for all j € V(Gy), | #t )\:1:;_1 = 0. Thus from (4.16) and
(4.17), we have A(H*) X"t = AXI""U_ Since (X, x) is an arbitrary eigenpair
of Gy for each t € [k], it follows that any eigenvalue of G; is an eigenvalue of
G*(H,Ts).

Furthermore, if we proceed the above arguments with the H-eigenpair (resp.
FE-eigenpair, Z-eigenpair) (A, z) of G;, then we have (A, X) as an H-eigenpair
(resp. F-eigenpair, Z-eigenpair) (A, x) of G*(H,Ts), since x is a real unit
vector. [
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