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R-IDEALS OF ALMOST DISTRIBUTIVE LATTICES

N. Rafi*; N. T. Amare, M. Balaiah and T. Srinivasa Rao

ABSTRACT. The concepts have been introduced in Almost Distributive Lat-
tices(ADLs), namely, R-ideals and A-ideals. A set of conditions has been identified
that are equivalent to converting an F-ideal into an R-ideal. Moreover, it has been
derived that for any FE-ideal, there exists a homomorphism with a dual dense ker-
nel, which is itself an R-ideal. The characterization of A-ideals in terms of R-ideals
and congruences has been established. Additionally, equivalent conditions have been
established to demonstrate that the space of all prime A-ideals forms a Hausdorff
space.

1. INTRODUCTION

In [8], Swamy and Rao developed an Almost Distributive Lattice(ADL),
who established a connection between ideals in ADLs and distributive lat-
tices. They proved that an ADL’s collection of principal ideals forms a dis-
tributive lattice.

Additionally, w—filters are presented in ADLs and their properties are ex-
amined in [1]. The notion of E-ideals is given in an ADL and their properties
are explored in [3]. The purpose of this work is to investigate the properties
of dual dense elements and F-ideals within ADLs, namely R-ideals and \-
ideals. A set of equivalent conditions for an E-ideal can be transformed into
an R-ideal is established. In addition, it is shown that there is a homomor-
phism between E-ideals within ADLs such that the dual dense kernel of this
homomorphism is an R-ideal. Furthermore, a sufficient condition given for
each ADL to be regarded as relatively complemented, expressed in terms of
R-ideals. A set of equivalent conditions is established for an ADL to convert
into a Boolean algebra. Finally, some characteristics of the space of all prime
M-ideals of an ADL are studied topologically.
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2. PRELIMINARIES

The definitions and significant results from [0, 8] are gathered and given in
this part; these will be needed during the entire document.
Definition 2.1. [8] An algebraic structure (£, V, A,0) of type (2,2,0) is an
Almost Distributive Lattice (ADL) with zero if it satisfies the conditions
given below:

(1) (avb)ANc=(aNc)V (bAc);
(2) an(bVe)=(aNb)V (aAc);
(3) (aVb)Ab=Db;

(4) (aVb)ANa=aq;

(5) aV (aNb) =a;

(6) 0Na =0, for any a,b,c € L.

If (£,V,A,0)is an ADL, for any z,y € L, define < y if and only if
r = x Ay (or equivalently, x V y = y), then < is a partial ordering on L.
An element v in £ is said to be maximal if it is maximal with respect to the
partial ordering < on L. That is, for any a € £, m < a = m = a. The set of
all maximal elements of an ADL is denoted by Mz cits-

In Swamy’s work[8], it is noted that an ADL satisfies almost all properties of
a distributive lattice except the right distributivity of V over A, commutativ-
ity of V, commutativity of A. Any one of these properties make an ADL L a
distributive lattice. A nonempty subset G of L is called an ideal (respectively
a filter) of L, if aVb,a Nz € G (respectively a Ab,xVa € G) for all a,b € G
and all x € £. A proper ideal(filter) U of L is called a prime ideal(filter) if, for
any v,y € Lyx ANy eU(xVy eU)= x €U or y €U. A proper ideal(filter)
Y of L is said to be maximal if it is not properly contained in any proper
ideal(filter) of L. It can be observed that every maximal ideal(filter) of L is

a prime ideal(filter). For any subset V of £ the smallest ideal containing V is

given by (V] :={(V a;)) Az |a; € V,z € Land n € N}. If V = {a}, we write
i=1
(a] instead of (V] and such an ideal is called the principal ideal of L. In a

n

similar way, for each V C L, [V) :=={2V (A @) | a; € V,x € L and n € N}.
i=1

If V = {a}, we write [a) instead of [V) and such a filter is called the principal

filter of L.

For any a,b € L, it can be verified that (a]V(b] = (aVb] and (a]N(b] = (aNb).
Hence the set (PG(L), V,N) of all principal ideals of £ is a sublattice of the
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distributive lattice (& (L), Vv,N) of all ideals of £. Also, we have that the set
(§(L),V,N) of all filters of L is a bounded distributive lattice. In an ADLI[7],
observe that the prime ideal U of £ can only exist if £\ U is a prime filter of
L.
For each non-void subset V of L, the set

Vi={reLl]aVre Myaxats, forall a € V}
is a filter of £. Generally, for every a € £, {a}" = (a)*, where (a) = [a).
The dual annihilator of an element a € L is defined as the set

(@)t ={x e L]|xVae€ Muyaxelts}-

If (p)* = Mysaz.eits, then an element p € L is considered dual dense. Within
L, the set E is the set of dual dense elements. An ideal of an ADL L can be
obtained by the set E. According to [3], an ideal H of an ADL L is called an
E-ideal it E C H. The smallest E-ideal is E. For any subset V of £, define
V,E)={x € L|aNz € Eforalla € V}. It is noted that (£,F) = F
and (E,E) = L. Furthermore, for any subset V of £, E C (V, E). For
every a € L, ({a}, E) is denoted as (a, E'). Therefore, (v, E) = E for any
vV € Mitaxets: (V, E) is an E-ideal in £ for each subset V of L.

Lemma 2.2. [3] Given two subsets V, S of an ADL L, the following holds
(HVCS=(S,E)C(V,E);
(2) VC(V,E),E);
(3) (VvE) - (((Vv E)aE)vE);
4 VCFE<(V,E)=L.
Proposition 2.3. [3] Any ideals H,G of L can have the following:
(1) E=((H,E),E)N(H, E);
2) HNGCE=HC(G,E);
3)(HVG),E)=(H,E)N (G, E);
(4) (KNG),E),E) C (M E),E)N((G,E),E).

The idea that ((x], F) = (x, F) is obvious. It follows that (0, E) = £. The
previously noted observations directly lead to the corollary that follows.

Corollary 2.4. [3] Given any a,b,c € L, the following holds
(1) a < b implies (b, E) C (a, E);
2) ((aVb), E) = (a, E) N (b, E);

(2)
(3) (((anD), E), E) = ((a, E), E) N ((b, E), E);
(4) (a, E) = L if and only ifa € E.
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Proposition 2.5. [3] Any E-ideal H of L can have the following:

(1) (H7 E) NH=E;

(2) (H,E) =N{U | U is a prime E-ideal, H L U};

(3) Given any ideal G of L where HNG = (), there is a prime E-ideal U of
L such that UNG =0 and H C U.

Consider x not being an element of the E-ideal H of L. Then, there is a
prime F-ideal U such that x ¢ U and H C U. A prime E-ideal U is called
minimal if there is no other prime E-ideal W such that W C U. It is noted
that a prime E-ideal U of L is minimal if and only if for every x € U, there
exists y ¢ U such that v Ay € E.

3. R-IDEALS OF ADLS

The notion of R-ideals in ADLs is presented in this section. A set of
equivalent conditions is established for an F-ideal in an ADL to become an
R-ideal.

Definition 3.1. An ideal H of L is said to be an R-ideal it H = ((H, E), E).

It is evident that (V, F) is an R-ideal for every subset V of L. Clearly, both
E and L are R-ideals as well. For any ideal H, we have that every R-ideal is
also an F-ideal. Additionally, for any G C F, it holds that

L= (E,FE)C(G,E).
Consequently, ((G, F), E) = (L, F) = E, demonstrating that F is the small-
est R-ideal in £. The set Zz (L) indicate the set of all R-ideals of £. The
following proof establishes that the set Zr (L) constitutes a complete Boolean
algebra.

Theorem 3.2. In an ADL L, Tr(L) forms a complete Boolean algebra.

Proof. Clearly, that (Zg (L), C) forms a poset, where C denotes set inclusion.
Let H, G € Zr(L). It follows that

(H, E), E)N (G, E),E) = (KNG),E), E)
is the infimum of H and G in Zg(L). Define the binary operation LI on Zx (L)
as:
HUG=(H,E)N(G,E),E).

It’s easy to see ((H, E) N (G, E), E) serves as the supremum for # and G
in Zr(L). Clearly, F and L are the least and greatest elements in Zg (L),
respectively. Thus, (Zg(L£),N, U, E, £) forms a bounded distributive lattice.
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Furthermore, for any H € Zz (L), we have
HN(H,E)=((H,E),E)n(H,E)=E

and HU(H,E) = ((H,E)N((H,E),E),FE) = (E,E) = L. Therefore, (H, E)
is the unique complement of H in Zr(L). Thus, (Zr(£),N,U, E, L) is a
complete Boolean algebra. [

The R-ideal is (z, F) for any x € L. Thus, in Zgz(L), the supremum of any
pair of R-ideals (x, F) and (y, F) is given by

E)
(z, E)U (y, E) = (((z, E), E) 0 ((y, E), E)), E)
= (((z Ay, E), E), E)
= (z Ay, E)
Also their infimum in Zg(£) is (z, E) N (y, E) = (v V y, E). It brings us to

the next result, which follows directly from the previous observation.

Theorem 3.3. The set Ir(L), consisting of all R-ideals of the form (x, F)
for x € L, forms a lattice (Zr(L),N,U) and is a sublattice of the distributive
lattice (Zr(L),N,U) of all R-ideals of L. Additionally, Tr(L) has a greatest
element L = (p, E) for any p € E and a smallest element (m, E) = E, where
m & MMax.elts-

Theorem 3.4. Let H be an E-ideal of an ADL L. Then HV (H,E) = L if
and only if H is an R-ideal and (H,E)V (H,E),E) = L.
Proof. Suppose H V (H, E) = L for each E-ideal H of L. Therefore
(1, E), E) = ((H,E), E)n L
= ((H, E), E)yn(H Vv (H, E))
T ((HaE)v ) ﬁH \ ((HaE)aE) A (HaE)
=HVE

Hence #H is an R-ideal. Also (H,E)V ((H,FE),E) = (H,E)VH = L. Clearly,
the converse is also true.
]

A similar set of conditions is presented in the next result for characterizing
a prime F-ideal as a minimal prime F-ideal.

Theorem 3.5. In an ADL L, the following assumptions are equivalent:

(1) each prime E-ideal is minimal;
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(2) (2] V (z,E) = L for each x € L;
3) (v, E)V ((z, E),F) =L and (z] = ((z, E), F), for each x € L.

Proof. (1) = (2) Let us assume all prime F-ideals are minimum. Suppose
x € L. There is a prime ideal U such that (z]V (z, E) CU if (z]V (x, F) # L.
U is an E-ideal since (z, F') is an E-ideal. The hypothesis states that U is
minimum. But according to Proposition 2.5(2), since (x, F') C U, we discover
that « ¢ U, which results in a contradiction. (z] V (x, F) = L as a result.

(2) = (3) It is obvious from Theorem 3.4.

(3) = (1) Assume condition (3). Let U be a prime E-ideal. Suppose there
exists another prime E-ideal W such that W C U. Choose x € U\ W. Due to
x ¢ W, which follows that (z, £) C W. Since = € U, applying the assumed
condition yields

L=(z,E),E)V (z,F)=(x]V(x,E) CUVW =U,

which leads to a contradiction. Hence, &/ must be a minimal prime FE-ideal
of L. ]

If (H,F) = FE, then an ideal H in an ADL L is called dual condensed. It
is observed that the set of all dual condensed ideal of an ADL is a sublattice
to the lattice of all ideals of L. It is clear that proper dual condensed ideal
never be an R-ideal. Furthermore, all R-ideals are E-ideals. Nevertheless,
not all E-ideals of ADLs have to be an R-ideals. However, the subsequent
theorem provides a set of equivalent conditions that allow each E-ideal of £
to become an R-ideal.

Theorem 3.6. Consider an ADL L, where each proper ideal is non-dual
condensed. Then, all of the following arguments are equivalent:

(1) each E-ideal is an R-ideal;

(2) each prime E-ideal is an R-ideal;
(3) each prime E-ideal is minimal;
(4) each prime E-ideal is maximal.

Proof. (1) = (2) It’s clear.

(2) = (3) Assume every prime E-ideal is also an R-ideal. Let U be a prime
FE-ideal in £. Then ((U,FE),FE) = U. Suppose U is not a minimal prime
FE-ideal. This implies there is a prime FE-ideal WV such that VYW C U. Choose
r e U\W. Leta € (U, E). Since x € U, we have aAz € E and thus aAz € W.
Given W is prime and = ¢ W, it follows that a € W C U. Therefore,
U, E)CUC ((U,FE), E). Consequently, (U, F)=U,E)N((U,E),E)=FE.
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This leads to U = (U, F), E) = L, which contradicts our initial assumption.
Hence, U must indeed be a minimal prime F-ideal of L.

(3) = (4) This is obvious as each maximal FE-ideal is prime.

(4) = (1) Assume (4). Let H be a non dual dense ideal. Clearly
H C (H,E),E). Let x € (H,E),E). Then we get (H,E) C (z, E).
Suppose ¢ H. Then there is a prime FE-ideal U such that H C U,
r ¢ U. According to condition (4), U being maximal means U V (z] = L.
Therefore

U, BN (2,E) = UV (2], E) = (L, E) = E.

Thus (U, F) = (U, E)N (H,E) = E, which is a contradiction. Hence = € H
and thus ((H, E), E) C H. Therefore H is an R-ideal of L. O

For any ideal H of an ADL L, let Hom/(H) denote the set of all homo-
morphisms defined on H. It is evident that Hom,(H) forms a distributive
lattice with respect to point-wise operations. The following proposition can
be straightforwardly verified.

Proposition 3.7. For any ideal H of L and n € L, define ¢, : H — H by
¢p(x) =2 A for any x € H. Then:

(1) ¢y, is a homomorphism;
(2) Gyap = Oy A G form,p € L;
(3) d)n\/u = ¢n \ CbM fOT n,une L.

Let ‘H be an E-ideal of £L. We call a homomorphism v : H — H dual
dense-valued if v(x) is dual dense for every z € H. The collection of all
dual dense-valued homomorphisms in Homg(H) is denoted by E(H). It is
evident that the identity element of Hom(H) belongs to £(H). Specifically,
the map 1 : H — H defined by 1(x) = x for all € H is a dual dense-valued
homomorphism, hence 1 € £(H). Furthermore, it can be observed that £(H)
forms an ideal of Hom,(#). Additionally, for any p € E, the map ®, belongs
to E(H).

Definition 3.8. Consider H as an E-ideal of £, and let x : £L — Hom,(H)
be a homomorphism. We define the dual dense-kernel of the homomorphism
k, denoted by Kerf(k), as follows: Kerf(k) = {z € L | x(z) € E(H)}.
Additionally, define the map ®y : L — Homg(H) by ®y(n) = &, for every
neL.

Lemma 3.9. Suppose that H is the E-ideal of an ADL L, and that the
homomorphism k : L — Homg(H). In L, Kerf(k) is an ideal.
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Theorem 3.10. For every E-ideal H of an ADL L, we obtain
Ker?(®4) = (H, E)

Thus, (H, E) can be regarded as a homomorphism’s dual dense-kernel.

Proof. Suppose n € Kerf(®y). We get @, € E(H), thus z An = ®,(z) is
dual dense for all z € H. Hence n € (H,E). Conversely, let n € (H, E).
Then x An € E for all z € H. Thus ®, is dual dense for all x € H. Thus
Py (n) = @, € E(H). Hence n € Kerf (dy). O]

Theorem 3.11. If each E-ideal is an R-ideal, then every pair of prime E-
tdeals are incomparable.

Proof. Suppose every FE-ideal is an R-ideal. If there are two distinct prime
E-ideals U, W withtd C W. Now choose 7 € W\U. For each x € (W, E), we
have t AT € E CU. As T ¢ U and U is prime, we obtain x € U. Which gives
(W, E) C P CW. Therefore W, E) =WN(W, E)=E. As E-ideals are all
R-ideals, W is also an R-ideal. Therefore W = (W, E),E) = (E,E) = L,
it leads a contradiction. It follows that every two prime FE-ideals are not
comparable. ]

The next theorem provides a necessary condition for an ADL to become
relatively complemented in terms of R-ideals.

Theorem 3.12. Consider an ADL L, where each principal ideal is an E-
tdeal. Then L is relatively complemented if each E-ideal is an R-ideal.

Proof. Let £ be an ADL, where each principal ideal is an F-ideal. Addition-
ally, suppose that every E-ideal in £ is an R-ideal and that £ is not relatively
complemented. Consequently, there exists a,b,c € L such that b < ¢ < a
and ¢ does not have a complement within the interval [b, a]. Consider the set
G={xeL|(cVx)ANa=a}. Itisto be verified easily that G forms a filter
in £. Next we define the ideal F as G V [¢). Suppose b € E. Then, b can be
expressed as b = ¢ A j for some j € G. Now

b = aNbd
= a/(cN}j)
= cA(aNjy) — (1)
Again we get the following:
cV(ina) = (cVj)A(cVa)
= (eVj)Aha
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= a because j € G — (2)

As we can see from(1) and (2), we have j A a is a relative complement of ¢
in [b, a], which leads a contradiction. Thus b ¢ E. Hence (b] N E = (). Since
(b] is an E-ideal, by Proposition 2.5(3), there is a prime E-ideal U of £ such
that (b] CU, UNE =0. Hence U N G = (). Now

EnU=0 = {GVe)}nU=1D
= GNU=0,UN]c)=1.

Suppose ‘H = (] VU. we obtained easily that H is an E-ideal of L. If a € H,
then

a€ (VU = b=cVpforsomepecld
= ped.

Thus, if p € U NG, it leads to a contradiction. Therefore, a ¢ H, which
implies that H N [a) = 0. According to Proposition 2.5(3), there must exist
a prime FE-ideal W such that H C W and [a) N W = (). This leads to
U C H C W, indicating that & and W are distinct prime FE-ideals with
U C W. Consequently, there exist two prime E-ideals that are comparable.
By the above theorem, this implies that L is relatively complemented. ]

4. \-IDEALS OF ADLS

Here introduces A-ideals in Almost Distributive Lattices, characterizing
them through the use of R-ideals and congruences. Additionally, equivalent
conditions are provided for an ADL to become a Boolean algebra.

Definition 4.1. An ideal H of L is said to be a A-ideal if x € H implies
((z, FE), E) CH for every = € L.

For every = € FE, it is obvious that (z, £) = £ and which gives
(z,F),FE)=E.

Hence E is a A-ideal and additionally, it is the smallest A-ideal in an ADL
L. Each R-ideal is a A-ideal. For, let us consider an R-ideal H. Let x € H.
Therefore ((z, E),E) C ((H,E),FE) = H. Hence H is a Mideal. But the
converse is not true. Because ((H,FE),E) = (E,E) = L # H, a Mideal H
having the property (H, F) = E is not an R-ideal.

Proposition 4.2. Fach minimal prime E-ideal of an ADL is a \-ideal.
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Proof. For any ADL L, let U be its minimal prime FE-ideal. Assume x € U.
We obtain that, for some y ¢ U, * Ay € E, since U is minimum. Let
d € ((z,E),E). It follows that (z,F) C (0, F). From this, y € (¢, F).
Consequently, since y ¢ U, § € ((6,F),F) C (y,E) C U. Which gives
(z,F),FE) CU. Thus U is a M-ideal of L. O

Definition 4.3. For any ideal H of an ADL L, specify an extension of H as
follows:

H={xe L] (a,F)C (x,F) for some a € H}.

It is obvious that F° = F and E C H¢. Additionally, the definition men-
tioned above directly leads to the following result.

Lemma 4.4. The following properties hold to every two ideals H,G of L:
(1) HC G=H CG;
(2) (HNG)  =H NG
(3) (H) = H".
Proposition 4.5. The smallest A-ideal containing H is HE for each ideal H
of an ADL L.

Proof. Clearly, £ C H. Let z,y € H. Therefore there is a,b € H which
satisfies (b, F) C (y, F) and (a, E) C (z, E). It gives

(aVb,E)=(a, E)yN (b, E) C (z, E)N (y, E) = (x Vy, E).

Hence x Vy € H . Now, let x € H°. Then there exists a € H such that
(a,F) C (x,F). Let y € L. Now (a, F) C (z,F) C (x Ay, E). Therefore H*
is an ideal of £. Obviously, H C H*. Let x € H  and 0 € ((z, E), E). Then
there exists a € H such that (a, F) C (z, E) C (9, E'). Therefore

((z, E), E) C H

and hence H€ is a A-ideal of L. Suppose G is a A-ideal of £ with H C (. Let
x € HC. Therefore (a, F) C (x, F) for some a € H C G. As G is a Mideal of
L, we obtain xz € ((x, F),E) C ((a, F), E) C G. Therefore H* C G. Thus H¢
is the smallest A-ideal of £ containing . ]

The following result makes it clear that H = H¢ is the only condition under
which an ideal H is a A-ideal. Therefore, in £, E' is the smallest A-ideal. It is
evident from the preceding two results that the class G*(L) of all A-ideals of
an ADL £ forms a complete distributive lattice with respect the operations
given by
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HAG=HNG and HVG = (HV G)*
for any H,G € GML) in which the smallest element is E.

Theorem 4.6. Assume that any ideal of L is H. Define a binary relation
O(H) on L, for all x,y € L, it is as follows:

(z,y) € O(H) & {EV (2]} N(a, B) = {EV (yl} N (a, E)
for some a € H. Then ©(H) is a congruence on L.

Proof. 1t is obvious that on £, ©(H) is an equivalence relation. Let us assume
(z,y) € O(H). Then, there is a € H such that

{EV (2]} 0 (e, E) = {EV (y]} N (a, E).
For every c € L, we get
{EV(xV}tn(a, E) ={EV (z]} V{EV (]} nN(a, E)
={EV{yl; v{EV (]} N (a, E)
={EV(yVv}n(a,FE)
Therefore (x V ¢,y V c) € O(H). Again,
{EV(xAd}n(a, E) ={EV{(z]n(]}}N(a, E)
={{EV (]} N (e, E)} n{(c]N(a, E)}
={EV Wi n(a, E)}n{(dn (e E)}
={EV (yANc}n(aF)
Hence (z A ¢,y A c) € O(H). Therefore ©(H) is a congruence on L. O

Lemma 4.7. Let £ be an ADL. For any x € L, the following properties hold:
(1) {EV (]} N (z, B) = B;
2){EV (=], E), E)} = (z, E), E).
Proof. (1)
{EV (z]}nN(z,E) ={EV (2]} n{LN(x,E)}
={EV (]} n{(E,E) N (2, E)}
={EV (z]} N(EV (2], F)
=F
as E'V (z] is an E-ideal.
(2)
({EV (]}, E), E) = {(E, E)N (2, E)}, E)
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={LN(z,E)}, E)
= ((z, F), E).
L]

Proposition 4.8. Define the dual dense-kernel KerP©(H) of the congruence
O(H) for every ideal H of an ADL L as follows:

KerPO(H)={zx e L | {EV (2]} N (a, E) = E for some a € H}.
Then KerEO(H) is an ideal in L such that H C KerPO(H).

Proof. Clearly E C KerP?O(H). Let z,y € Ker?O(H). Then
{EV (2]} n(a, E)={EV [yl}n( E)=E
for some a,b € H. Now
{EV (zVyl}n((aVvd),E) ={EV(z]VEV(y}N(a, E)N (b E)

={(E£V (z]) N (a, E) N (b, E)}
V{(EV (y]) N (a, £) N (b, E)}
={EN (L, E)}V{EN(a,E)}
=F

Hence x Vy € KerPO(H). Again, let x € KerPO(H). Then there exists
a € H such that {F Vv (z]} N(a,F) = FE. Let y € L. Then

{EV(xAyl}n(a, E) C{EV(z]}N(a,F)=FE.

Hence z Ay € Ker?©(H). Therefore Ker?O(H) is an ideal. Now, let
v € H. From the above lemma, we get x € KerPO(H). Therefore
HC KerPO(H). O

In the following, the A-ideals are characterized.
Theorem 4.9. Let ‘H be an ideal in an ADL L. Then the following are
equivalent:
(1) H is a A-ideal;
(2) H = KerfO(H);
(3) forx,y € L,(x, F) = (y, E) and x € H imply that y € H;
4)zxeHexe ((a,F),E) for some a € H.

Proof. (1) = (2) Assume (1). Obviously, H C Ker?O(H). Let x € KerPO(H).
Then {E V (2]} N (a, E) = E for some a € H. It follows that

reFEV (| C((a,F),E)CH
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(because of H is a A-ideal). Therefore Kerf©(H) C H. Hence
H = KerPO(H).

(2) = (3) Assume (2). Let a,b € L such that (a,F) = (b, F). If a € H,
then there is 6 € H such that {E' V [a)} N (J, F) = E. Next, we get
{EV(a}n(,E)=E= ({EV(d},E),E)N (0, E)=((E E),E)=E
= (e, E), E)N (0, E) = E
= ((b,E),E)N (), E)=FE
= {EV (0]} N(,E)
C (({E\/ (b]}oE)vE) A (67 E) =LK
=bec KerPO(H) =H

(3) = (4): Assume (3). Suppose xz € H. It is evident that z € ((z, E), E).
Once again let = € ((a, E), E) for some a € H. Thus,

((z, E), E) € ((a, B), E),

which leads that ((z, FE),E) = ((z, F),E) N ((a, FE),E) = (((x AN a), E), E).
Thus x Aa € H and (z, F) = ((z A a) E). Hence x € H, as by condition (3).
(4) = (1): Assume (4) Suppose © € H. There is a € H such that
r € ((a,F), E). € ((z,FE),E). So, for this a € H, we obtain that
d € ((x,F),E) C ((a E), E) Thus, § € H is obtained by condition (4).
Hence (z, E), E) C H. Thus H is a A-ideal of L. O

The following theorem is a direct consequence.

Theorem 4.10. There are some equivalent statements in an ADL L:

(1) £ is a Boolean algebra;
(2) each ideal is an E-ideal;

(3) each ideal is a \-ideal;

(4)

Every minimal prime FE-ideal is a prime A-ideal, as previously noted. It

is not true in reverse. However, a sufficient criterion for a prime A-ideal to
become a minimal prime FE-ideal can be established.

each prime ideal is a \-ideal.

Proposition 4.11. Every prime A-ideal is a minimal prime E-ideal if each
(x, FE),z € L is a principal ideal.
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Proof. Assume that (z,E),z € L is a principal ideal and U is any prime
M-ideal of L. Let x € U. Then by the hypothesis, there exists y € L such
that (z, ) = (y]. Therefore z Ay € E. Hence

((Vy),E)=(z,E)N(y, E) = (z, E) N ((z, E), E) = E.
Thus zVy ¢ U, it gives that y ¢ U. Hence U is a minimal prime F-ideal. [
Theorem 4.12. An ADL L has the following equivalent conditions:
(1) every A-ideal is a principal ideal;
(2) each (x, E) is a principal ideal and every minimal prime E-ideal is dual
non-condensed;
(3) every prime A-ideal is a principal ideal.

Proof. (1) = (2) It is sufficient to prove that any minimal prime E-ideal
is non-dual condensed since each (z, E) is a A-ideal. Consider a minimal
prime F-ideal, U. It is observed by Proposition 4.2, that U is a A-ideal. By
our assumption, we get that & = (a] for some a € L. Let us assume that
(U,E) = E. Therefore L = ((a, E), E) C U, which is contradictory, since
(a, E) =E. Thus (U,FE) # E.

(2) = (3) Assume condition (2). Let U be a prime A-ideal of £. Given
that each (x, F) is a principal ideal, by the earlier proposition, & must be
a minimal prime FE-ideal with the property that (U, E) # E. Therefore,
there exists some x ¢ F such that x € (U, E). Consequently, we have
UC(U,E),E) C (z, FE). Conversely, consider any ¢ € (z, E). This implies
that t Ax € E C U. Given that U is prime and = ¢ (z,E) = U, which
gives that 6 € U. Hence, U = (x, E). Therefore, according to condition (2),
U = (z, F) is a principal ideal.

(3) = (1) Consider each prime A-ideal is a principle ideal. Consider H is a
M-ideal of L. Let H not be principle. Consider the collection

Y. = {G | G is a M-ideal which is not a principal ideal }.

obviously ‘H € . Assume for some ¢ € A that a € G;. Thus, for some i € A,
(a] € G;. Alternatively, G; C |JG; = (a]. Thus, for some i € A, G; = (al,
which is contradictory. Therefore, an upper bound for {G;}ea in ¥ is | G;.
Because of Zorn’s Lemma, let ) be a maximal element of ¥ containing H.
Assume that x ¢ ), y ¢ ). Consequently we obtained Y C {Y V (2]}
and Y C {Y V (y]}e. Therefore, for some b,c € L, {Y V (x]}* = (b] and
V() = (d): Thus, {DV(zAyl} = V@EFNV Y = (N = (bAd
Suppose z Ay € Y. Then Y = Y = (b A ¢], which is in conflict with (3).
Hence H a principal ideal. [
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5. TOPOLOGICAL CHARACTERIZATION OF THE SPACE OF PRIME A-IDEALS

In this section, we study the topological properties of the set all prime
A-ideals in an Almost Distributive Lattice and establish a collection of equiva-
lent conditions for the space of all prime A-ideals in an ADL forms a Hausdorff

space.
In an ADL L, represent the class of all M-ideals of £ by Spec*(L).

Theorem 5.1. Given a \-ideal H, let F be a filter of L with HNF = ¢.
Then there is U € Spec*(L) such that H CU, UNF = ¢.

Proof. Take

§={G | G is an M\ideal, GNF = ¢ and H C G}.
It is clear that H € §, and § achieves Zorn’s Lemma’s hypothesis. Hence
choose a maximal element U in §. Let x,y € £ with x ¢ U, y ¢ U. Then
UCUV @y ={UV (]} UCUV (Y] ={UV (y]}. As U is maximal,

UV (@]} NF #£ ¢, FN{UV (y]}¢ # ¢. Choose a € {U V (x]} N F and
be{UV (y]}NF. It follows that a A b € F,

aNbe{UV (z]} N {UV (y]}* = {UV («]f n{U Vv (y]}}
={UV (x Ny|}.
IfxAy elU, thena Abe U =U and aANb € F. Which gives that FNU # ¢.

It leads a contradiction. Therefore x Ay ¢ U. Thus U is prime.
]

Corollary 5.2. Let H be a M-ideal of L and © ¢ H. Then there is
U € Spec*(L) such that x ¢ U and H CU.

Corollary 5.3. For every A-ideal H,H = N{U | U € Spec*(L) and H C U}.
Corollary 5.4. E is equal to the intersection of all the members of Spec*(L).

For every V C L, K'(V) = {U € Spec'(L) | V € U}. In specific, for
xv € L,K'(z)={U € Spec*(L) | x ¢ U}.

Lemma 5.5. Fvery z,y € L gives us
(i) Spec*(£) = U K'(z);

el
i) K'(z Ay) = K'(z) N K'(y);
K'(zVy)=K(z) UK (y);
K(x)=¢p&xeFE;
K'(r) = SPGCA(LZ) & T € Mirazelts
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It is simple to see from the above lemma that a topology on Spec*(£) has as
its basis {K'(x)}, z € L. This topology is referred to as a hull-kernel topology
and it produces the following topological property:

Theorem 5.6. In Spec*(L), the basis {K'(z) | x € L} is the set of all
compact open sets.

Proof. Let ® € L and let V be a subset of £ with K'(z) C U, K'(y),
forming an open cover of K'(z). Let H represent the ideal generated by
V. Suppose x ¢ H. According to Corollary 5.2, there is a prime A-ideal
U such that H* C U and = ¢ U. Hence, U € K'(z) C J,cp K'(y). This
implies there exists some y € V such that y ¢ U, contradicting H C H C U.
Therefore, x € H. Hence, there exists a € H such that z € ((a, F), E).
Since H is generated by V, we can express a = a1 V as V...V a, for some
ai,as,...,a, € V. Therefore, z € ((a,F),E) = ((a1 Vay V...Va, E),E).
Clearly, K'(x) C U, K'(a;), which is a finite subcover of K'(z). Thus, K'(z)
is compact in Spec*(L).

To prove that every compact open subset of Spec*(L£) is of the form K'(z)
for some o € £, let G be a compact open subset of Spec*(£). As G is open,
we can write § = |, K'(a) for some V C L. Given that G is compact,

there exist ay,as,...,a, € V such that
G=UK(a:)=K'(V ai)
i=1 i=1
Thus, G = K'(x) for some x € L. O

A maximal A-ideal refers to the maximal element within the collection of
all proper A-ideals of an ADL. Since the set of all A-ideals constitutes a
distributive lattice, it follows that every maximal A-ideal is also a prime \-
ideal. In the subsequent discussion, we derive a set of equivalent conditions
for a prime A-ideal to qualify as a minimal prime F-ideal.

Theorem 5.7. The following assertions are equivalent in an ADL L:

) every prime A-ideal s a minimal prime E-ideal;
2) Spec(L) is Ty-space;
3) every prime A-ideal is mazimal;
4) every prime A-ideal is minimal;
5) for each v € L, (z, E)V ((z,E),FE) = L;
6) Spec (L) is a Hausdorff space;
7) for any x,y € L, there exists z € L such that x N\ z € E and

(1
(
(
(
(
(
(
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K'(y) N {Spec* (L) \ K'(x)} = K'(y A 2).

Proof. (1) = (2) Assume (1). Let & and W be two prime A-ideals of £ with
U # W. Since U and W are minimal, it follows that W € U and U € W.
Choose z € U\ W and y € W\ U. Consequently, W € K'(x) \ K'(y) and
Uc K'(y)\ K'(z). Thus, Spec*(L) is Ty-space.

(2) = (3) Suppose that Spec*(L) is Ti-space. Let U be a prime A-ideal
of £. Assume there exists a maximal A-ideal W in £ such that &4 C W.
Since Spec?(L) is Ti-space, there must be two basic open sets, K'(x) and
K'(y), such that W € K'(z) \ K'(y) and U € K'(y) \ K'(x). However, since
reUd CW, weget W ¢ K'(x), which leads to a contradiction. Therefore, U
must be a maximal A-ideal.

(3) = (4) It’s obvious.

(4) = (5) Assume (4). Consequently, each prime A-ideal is a minimal prime
E-ideal. If there exists some x € £ such that (z, E)V((z, E), E) # L, there
must exist a prime A-ideal ¢ such that

(z, B), E)V((z, B), E) CU.

Hence, z € ((z,F),E) C U. Since U is a minimal prime FE-ideal and
((z,F),E) C U, it follows that © ¢ U, which is a contradiction. There-
fore, (z, E)V((z, E),E) = L.

(5) = (6) Assume condition (5). Let U and W be two distinct ele-
ments of Spec*(L£). Choose # € U such that z ¢ W. By hypothesis, we
have (z, E)V((x,F),E) = L. Therefore, there exists a maximal element
m € (z, E)V((x, E), E) = {(z, E) V ((x, E), E)}*. Hence, (a, E) € (m, E)
for some a € (:C,E) ((z, F), E). Thus, a = nV u for some n € (x, F) and
pe ((z, F), E). Therefore nAx € E. Suppose n € U. As U is a M-ideal,
we have ((n, E),F) CU. Now, (n,E)N (1, E) = ((nV ), E) = (a,E) = E
implies that (i, F) C ((n 7E),E) C U. Furthermore, p € ((z, F), E') implies
(z,FE),F) C (,u, E)CU. As x € U, we obtain L = (z, E)V((z, F),E) C U,
which leads to a contradiction. So that, n ¢ U. Therefore U € K'(n). Simi-
larly, W € K'(z). Since x An € E, we have

K'(z)NK'(n) =K'(x An) = 0.

Therefore, Spec*(L) is Hausdorff.

(6) = (7) Assume that Spec*(£) is Hausdorff. This implies that K'(a) is a
compact subset of Spec*(L) for each a € L. Consequently, K'(a) is a clopen
(both closed and open) subset of Spec*(£). Suppose z,y € £ with z # y.
Then K'(y) N (Spec? (L) \ K'(z)) is a compact subset of the compact space
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K'(y). As K'(y) is open in Spec*(L), K'(y) N (Spec* (L) \ K'(z)) is a compact
open subset of Spec*(L). According to Theorem 5.6, there is z € £ such that

K'(2) = K'(y) N {Spec*(£) \ K'(x)}
Therefore, K'(y)N(Spec*(L)\K'(z)) = K'(y)NK'(2) = K'(yAz). Additionally,
K'(xNz)= IC’( )N K'(2) = 0 because K'(x) N K'(y) = O due to = # y and
K'(z) C Spec* (L) \ K'(z). Therefore, z A z € E.
(7) = (1) Assume (7). Let U be a prime M-ideal of L. Choose x,y € L
such that z € U and y ¢ U. By (7), there is z € L such that x A z € E and

K'(y) N {Spec’ (L) \ K' ()} = K'(y A 2)
Thus, U € K'(y) N (Spec(L)\ K'(z)) =K'(yAz). ff z €U, theny Az €U,
which contradicts U € K'(y A z). Hence, z ¢ U. Therefore, for each z € U,

there exists z ¢ U such that x Az € E. This shows that ¢/ is a minimal prime
E-ideal of L. O]
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