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APPLICATIONS OF ROUGH SET THEORY TO POWER MAPPINGS
AND THEIR RELATED SPACES

S. M. Musavi Ahmadabadi, S. M. Anvariyeh* and S. Mirvakili

ABSTRACT. In this paper, we first introduce the concept of a power mapping and
demonstrate the existence of a natural one-to-one correspondence between all rela-
tions from A to B and all power mappings from A to P(B). Then, we define several
binary operations on a power mapping and investigate their fundamental properties.
Next, we investigate the power space (U,W | K = S) and prove that it admits a
unique basis. Finally, we define several important subsets of a power mapping, prove
fundamental results and provide a variety of examples.

1. INTRODUCTION

The development of rough set theory has expanded significantly over the
years covering a variety of disciplines and applications. In 2007, Pawlak and
Skowron provided a comprehensive overview of the rudiments of rough sets,
summarizing both theoretical advancements and practical implementations
of this versatile mathematical tool [17].

Past studies made a great contribution to the theory of rough sets and their
applications to various algebraic structures. Notable works include Kuroki’s

investigation (1997) of rough ideals in semigroups [13], and Mordeson’s appli-
cation of rough set theory to (fuzzy) ideal theory [141]. Davvaz has extensively
examined roughness in rings [0], roughness based on fuzzy ideals [5], algebraic

T-rough sets [1] and approximations in hyperrings [3].

Further contributions by Kazanci and Davvaz (2008) delved into the struc-
ture of rough prime and primary ideals, and their fuzzy counterparts in com-
mutative rings [12]. Estaji et al. (2011) discussed rough set and fuzzy sub-
lattice [9], while Estaji, Hooshmandasl, and Davvaz (2012) applied rough set
theory to lattice theory [3].

In the same year, Hosseini and colleagues (2012) explored T-rough ideals
and T-rough fuzzy ideals in semigroups [10], as well as results on T-rough
prime and primary ideals and T-rough fuzzy prime and primary ideals in
commutative rings [I1]. Bagirmaz’s (2015) study on rough semigroups [!]
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and Biswas and Nanda’s exploration of rough groups [2] further enrich the
literature.

The concepts of relations and mappings are fundamental in disciplines
such as mathematics and computer science. Let S be a set and denote
o(S) ={L|L C S} and p*(S) = {L|L C S, and L # 0}. If U and
W are nonempty sets and 7" is a mapping from U to p(W), then T is called a
power mapping from U to p(W). In this paper, we demonstrate the existence
of a natural one-to-one correspondence between all relations from U to W
and all power mappings from U to p(W). We denote the set of all power
mappings from U to o*(W) by (U, W) and the set of all power mappings
from U to p(W) by (U, W)y.

Let T : U — @(W) be a power mapping and let S C W and define
Spi={xcU | T(x)NS#0}and S;:={x cU | T(x) C S} (see [4]). The
concepts St and Sy are studied in T-rough sets theory [4]. For a subset K of
U, we define T'(K) as T'(K) := J,cx T'(z). Also, we denote K as a proper
subset of U by K C U if K C U and K # U. Additionally, K C,, U signifies
that K is a nontrivial subset of U.

Lemma 1.1. Let U and W be sets, then

(1) (U W)] = (2 — 1),
(2) (U, W),| = 2011,

Proof. 1t is straightforward. ]

Lemma 1.2. Let U and W be nonempty sets. Let S CW and T € (U, W).

Then
()T'Sn)= |J T
zelU
T(z)NSAD
(2)T'(Sy) = |J T(@).
zeU
T(z)CS
Proof. 1t is straightforward. ]

Lemma 1.3. Let U and W be nonempty sets and 2 < |U|. Let Si,5; be
nonempty subsets of W and S C,, W. Then there exists T" € (U, W) such
that T'(St) = Sy and T'(Sy) = Sy if and only if S1 C SN Ss.
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Proof. (=) Suppose that T : U — *(W) such that T'(Sy) = S and
T'(S7) = S2. By Lemma 1.2, we have

$=TEn= | T 2 U T@="T() =5,

zeU zeU
T(z)NSAD T(z)CS
and
S22 |J T() =8
zelU
T(x)CS
So S; € SN Sy.

(<) Conversely, there are nonempty subsets S, S; and Sy of W such that
S;1 CSNSy and 2 < |U]. Assume that z,y € U and define

Sh if u=rmx,
T(u) =4S ifu=y,
T(u) € p"(W\S) if u e U\{z,y},
then 7' € (U, W). By Lemma 1.2, we have
T'(St)=T(x)UT(y) =S USy = Ss,

and T'(Sy;) = T'(z) = S1. O]
Lemma 1.4. If T € (U, W)y, then
(1) Oy = 0.

(2) Oy =0 if and only if T € (U,W).
(3) Oy C Sy for every S CW.
(4) T'(0y) = T'(0r) = 0.
Proof. 1t is obvious. ]

Lemma 1.5. Let T € (U, W)y, then
(1) T € {U,W) if and only if for every S € W, we have Sy C Sr.
(2) If S C W, then T'(Sy) € T'(S7).
Proof. (1) It is obvious.
(2) It follows from Lemma 1.2. O

Now, we show that there exists a natural one to one correspondence between

(U, W)y and R(U, W), where R(U,W) ={R | RC U x W}.

Theorem 1.6 (The fundamental theorem of power mappings). If U and
W are sets, then there exists a natural one to one correspondence between

(U, W)y and R(U,W).
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Proof. The mapping

p: (U W)y — R(UW)
T — {(u,w) eUxW | weT(u)}

is a natural one to one correspondence, and p : R(U, W) — (U, W), is a
natural inverse such that R — T», where for any u € U,

Tr(u) ={weW | uRw}.

Example 1.7. Let U = {z,y, 2z} and W = {a,b,c,d}. If

R = {(:C, a)v (:C, b)? (Za C)}7
then p(R) = Tg, where

{a,b} u=ux,
Tr(u) =40 u =y,
(@ u==
and if
{b,d} u=ux,
AMu) = q{a} u=y,
{c,d} wu=-z

Then p(A) - {(I, b)’ (Cli,d), (yva)a (Z,C), (Zad)}

2. SOME BINARY OPERATIONS OVER SETS (U, W) AND (U, W),

In this section, first we introduce several binary operations on sets (U, W)
and (U, W), and investigate their properties.

Definition 2.1. Let 77,75 € (U, W)y and x € U. We define
(1) (TyUTs)(x) =Ti(x) UTs(x).
(2) (T1 N TQ)(ZL’) = Tl(flj) N TQ(ZL’)
(4) (h = T)(x) = Th(x) — Ta(x).

Lemma 2.2. If U and W are sets, then

(1) (U, W) is closed under operations U, N and A.

(2) (U, W) is closed under the operation U.

(3) (UW) and (U W)y, are associative and commutative under the
operations U, N and A.
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(4) On (U, W)q, the operations U and N are distributive over each other
and operation N s distributive over operation A.

Proof. The proof is straightforward and follows easily from provided Lemmas.
O

Lemma 2.3. The following statements hold.
(1) The power mapping ® : U — (W) such that ®(u) =0 for any u € U,
s an identity under operations U and A.
(2) The power mapping V¥ : U — (W) such that V(u) = W foranyu € U,
s an identity under operation M.
(3) Any power mapping is its own inverse under operation A.

Proof. 1t is straightforward. ]

Theorem 2.4. Let U and W be nonempty sets, then
(1) (U, W), V) and ({(U,W)o,N) are monoids.
(2) ((U,W)o,A) is an abelian group.
(3) (U, W)y, A,N) is a commutative boolean ring with identity.

Proof. This conclusion follows from Lemma 2.2 and Lemma 2.3. ]

3. THE POWER SPACE (U, W | K = S) AND ITS UNIQUE BASIS

In this section, we define several significant subsets of (U, W) and examine
their properties in detail.

Definition 3.1. Let U and W be sets and ¥ C (U, W),.
(1) We define ¥ as a power space if, for any ¥y C X, it holds that

USo—{0tex.
(2) We define ¥’ as a sub-power space of ¥ if ¥’ C ¥ and ¥/ is itself a
power space.

Definition 3.2. Let U and W be nonempty sets, K C U and S C W. We
define

(UW |K=S8)={T:U — "(W) | T is a power mapping and Sy = K}.
(UW|K=8)={T:U— W) |T is a power mapping and S7 = K}.
Lemma 3.3. Let ¥ C (U, W) and S C W, then
(1) Sy,..v=J 9r,

TeX
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(2) §UT62T = ﬂ St

TeX

Proof. (1)

rely,., <= (D) ns#0

TeX

= |JT(x)nS) #0
TeX
AT, e X : Ty(x)NS #0

3T, eX:z2€ 87,
e gc U?T.

TeX

x € ﬂ§T<:>VT€Z:x€§T
TeX
—=VI'eX:Tx)CS

¢>UT33 CcS

Tex
= r ey T

]

Example 3.4. Assume that U = {z,y,z,u,v},W = {a,b,c,d,e} and
S ={a,b,c}. Let

({a}) t=u, ((d} t=aq,

bd} t=y, By t=y,
Ti(t)=q{e} t=2z and Ty(t)=<{c e} t=z,
{c} t = u, {b,c} t=u,

{e}  t=v, {dy  t=nv.
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Then
({a,d} t=1, () t=u
{b.d} t=uy, {o} t=y,
(Tl U TQ)(t) = < {C, 6} t= Z, and (Tl N Tg)(t) = 9 {6} t= Z,
{b,c} t=u, {c} t=u,
\{dve} t=wv, \(Z) t=nw.
So,
(1) Sy, = {z,u} and Sp, = {y,u}.
(2) S7, = {x,y,u} and S, = {y, 2z, u}.
(3) Stur, = {u} and Stun, = {z,y,z,u}.
(1) S, = {9, 0, v} and Sy, = {y, 0},
(5) Sy, NSy, = {u} and S7, U St, = {x,y, z, u}.
(6) S, USt, ={x,y,z,u} and Sy, U Sy, = {z,y,u}.
(7) QTl = QTQ = {0} and QTmT2 = {z,v}.

If Ty =Ty N Ty, then Sy, ¢ St,. Hence T ¢ (U, W), by Lemma 1.5.
Lemma 3.5. (U, W | K = S) is a power space.
Proof. Let ) # % C (U, W|K = S). Then
UTeE UTeZ UTGZ K=K
by Lemma 3.3. So | J¥ € (UW | K = 5). O

Lemma 3.6. Suppose that U and W are nonempty sets. Let K C U and
S CW and let 0 € (U W)y such that

(1) for any x € K, we have |#(x) NS| =1 and |0(x) NS < 1,
(2) for any «' € K¢, we have |§(x') N'S| =0 and |6(z") N S| = 1.

Then 6 € (UW | K =5).
Proof. 1t is straightforward. ]

The power mapping 6 introduced in Lemma 3.6 is called a g — mapping.
We denote the set of all g — mapping by gr 5. For S C W, set

Pn(S) = {So ’ S() C S, |S()‘ = Tl} and Pgn(S) = {S() ‘ So - S, ’SO‘ < n}
Lemma 3.7. Let T € (U, W | K = S), then x € K¢ if and only if T'(z) C S°.
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Proof. Let x € K. So
D£T(x)=T@)NW =T(x)N(SUS°
= (T(z)NS)U(T(x) NS

L]

Theorem 3.8. T ¢ (U W | K = S) if and only if there exists a nonempty
subset of gi s such as gr, such that T' = U 6.
Oegr

Proof. (<) It follows from Lemma 3.5 and Lemma 3.6.

(=) Forany T € (UW | K = S). Let A is a set with the following
properties:

(1) |T"(K)Nn S| +1 < A],

(2) [T"(U) NS5[+ 1 < |A]

For example, if |A| = |W| + 1, then A satisfies conditions (1) and (2).
Next, we proceed with the following steps.

(1) For any x € K we consider the surjective mappings:
Ay : AL P(T(z2)NS) and A : AL P (T(x)NS°).
(2) For any = € K¢, we consider the surjective mappings:
Ay A DY and A : AZ P(T(x)NS°).
Now for any a« € A and = € U, set
0a() = (Ar U A (@) = Au(a) U A ().

If € A, then 0, € gxg and T = |J,c4 0. Let gr = {0, | & € A}, then
gr Cgrsand T =y , 0. O
Example 3.9. Suppose that U = {z,y,z,u}, W = {a,b,c,d,e, f} and
S ={a,b,c}. Define T : U — p*(W) such that

(@ — {a},

y — {c.d},
z — {a,b, e},
\u— {d, e}.
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So K =Sr={r,y,z} and T € (UW | K =S5). Also, T'(K)N S = {a,b,c}
and T"(U) NS¢ = {d,e}. consider A = {1,2,3,4}, then 3+ 1 = 4 < |A|.
Therefore

(1 — {a}, (1 — {c}, (1 — {a}, (1 — (),
2 — {a}, 2 — {c}, 2 — {a}, 2 — 0,
A, = A, = A, = A, =
135 {ah, 7 )35 {o), Y3 (b 130,
|4 — {a}. |4 — {c}. |4 — {a}. 4 — 0,
and
(1 — 0, (1 — 0, (1 -0, (1 — {d},
, 2—0, 2 —{d}, |, 2 —{e}, ., 2 — {e},
A = A = A = A =
z <3+@ v <3%& ? <3+@ B <3+@m
(4 — 0. (4 — 0. (4 — 0. |4 — {e}.
By Theorem 3.8, we have
(2 — {a}, (© — {a}, (© — {a}, (z — {a},
y — {c}, y — {c,d}, y — {c}, y — {c},
= Oy == 03 = 04 :=
L I PN S P O
lu — {d}. lu — {e}. lu — {d}. lu — {e}.

Therefore gr = {91, (92, 93, 04} and T = 91 U 92 U 03 U 94.

3.1. Generator and basis. In this section, we show that (U, W | K = S)
has a unique basis. Suppose that U and W are sets and X C (U, W). Set

gt() = {Ue | o C T} - {0} and gto(%) = {Uo | o C T,
Definition 3.10. Let U and W be sets, K C U, S C W and

G C(UW|K =S5).
G is called a generator for (U, W|K = S) if gt(G) = (U, W|K = S).

In the following, we define the concept of basis for (U, W|K = S).

Definition 3.11. Let B C (U, W|K = S). We call B a basis for
(U, WK = 8) if

(1) B is a generator for (U W|K = §),

(2) if By is a generator and B; C B, then B; = B.

Example 3.12 illustrates that gk s does not necessarily be a basis.
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Example 3.12. Assume that U = {z,y, 2z}, W = {a,b,¢,d, e}, K = {z,y},
S ={a,b,c} and

({a,d} uw=r1, {a,d} u=ux,
Or(u) =< {be} u=y, Oa(u) := < {b} U=y,
L {d} u=z. {d} u=z.
({0} w=r,
Os(u) :== < {b,e} u=y,
{d}  u==z

Then 61, 60-,05 € I9K,S and 07 = 6y U 05.

Definition 3.13. Let 71,1y € (U, W)y.
(1) 71 < Ty if and only if for any u € U we have T1(u) C Th(u).
(2) T < Ty if and only if T3 < T, and there exists © € U such that
Tl(l') C Tg(x)

Definition 3.14. Let U and W be sets, K CU and S C WW.
(1) X C (U, W) and § € (U, W), then ¢ is called a composite mapping in
Y., if there exists a subset o of ¥ — {d} such that § = (Jo. J is called
a simple mapping in X, if it is not composite in X.
(2) Ags = {d]dis a simple mapping in (U, W|K = S)}.

Lemma 3.15. If K C, U, S C, W and B is a basis for (U, W|K = S), then
Ags C B.

Proof. Let 0 € Ak s—B. So, there exists a subset b5 of B such that § = U 0.

0cbs
That is a contradiction. L]

Lemma 3.16. If K C,, U, S C, W and B is a basis for (U,W|K = S), then
B C Ags.

Proof. Let 3 € B — Ak, so there exists ¥ C (U, W|K = S) — {3} such
that 8 = |J,cy 0, hence for any o € 3 we have 0 < 3, and 2 < |X|. For any
o € Y, there exists b, C B, such that o = Ueebg 6, so for any 6 € b, we
have 6 < 0. So 8 = J,cx(Upes, 0). Therefore B — {3} is a generator, it is a
contradiction. O

Theorem 3.17. If U and I/V_are sets, K C,, U and S C,, W, then Ak s is a
unique basis for (U, W|K = 5).
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Proof. It follows from Lemma 3.15 and Lemma 3.16. ]

Definition 3.18. Let U and VV_be sets, K C,, U and S C,, W. We denote
the unique basis of (U, W|K = S) with B g. Also we define

dim({U,W|K = S)) := |Bgs|.
Now, we determine the number of members of the basis of (U, W|K = S).
Lemma 3.19. If G is a generator for (U, W|K = S), then Bxs C G.

Proof. Let B € Bgk,s — G, since G is a generator, there exists a subset Gg of
G such that 8 = U%Gﬁ 7, and for every v € Gg we have v < 3, so |G| > 2.
Since B g is a basis, hence for every v € Gg, there exists the subset b, of
B such that v = Ueebw 0. Thus for every ¢ € b, we have 6 < 7. Hence
B =U,eq,(Upey, 0) and Br.s — {5} is a generator. This is a contradiction.

O

Corollary 3.20. Bx s C gk 5.
Proof. 1t follows from Theorem 3.8 and Lemma 3.19. ]

Lemma 3.21. Assume that U and W are nonempty sets, K ,, U, S C,, W
and T is the family of all mappings v : U — @ x (W) such that satisfy in
the following conditions:

(1) there exists x1 € K such that |y(z1) (S| =1 and |y(x )ﬂSC\ <1

(2) for any u € K —{a1}, [y(w) (S| =1 and |y(u) (5] =

(3) for any v’ € K¢, |y(u') (S| =0 and |y(u') (157 = 1.

Then I' = Ags.

Proof. 1t is clear that I' C gk g. Let v € I' — Ak g, there exist
o, B € (UW|K =15)

such that @ < v, 8 < v and v = a|J . We proceed with the proof step by
step

(1) If for any u € K, y(u) = a(u) = B(u), then there exists v’ € K¢ such
that a(u’) C ~(u'), this is a contradiction.
(2) Let € K such that a(z) C v(x).
(a) If v(z) = P(x), then there exists ' € U — {z} such that
B(x') C ('), this is a contradiction.
(b) If B(x) C (), this is a contradiction.
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Therefore I' C Ak g.
Now assume that 6 € gx 5. For any x € U, we define:

0(x) if u=u,
Yo(u) =< 0(u)S ifue K—{z}
O(u) NS¢ ifue K°—{z}.
For any v € U, we have v, € I' and 0 = |,y Yu.- Thus I is a generator for

gr.s, hence I is a generator for (U, W|K = S) by Theorem 3.8. Therefore
Ags CI' by Lemma 3.19 and Theorem 3.17. ]

Definition 3.22. (1) Let T : Uy C U — p(W) be a power mapping. We
define T': U — (W) such that

) = T(u) ifuely,
YN ifueU -1,

and for (z,t) € U x P<1(W) we define

~ _Jt ifu=u,
(x,t)(u){q) if u # x.

(2) For ¥ C{T : Uy — (W) | T is a power mapping}, define
> ={T|Tex}.

Theorem 3.23. IfU and W are nonempty finite sets, K C, U and S C, W,
then

Br.s| = |K| - (W] =S| +1) - [SI'ET. (W] — |5 W=D,

Proof. Let’s prove the theorem step by step.
(1) We define

Yrs=4T: K — Pi(S)|Tis a mapping},
Ygege ={T : K — P;(5¢) | T is a mapping}

and X g = {(x,t) | (z,t) € K x P<1(S°)}.
(2) v € I' if and only if there exist T} € Xk g, Th € Yge ge and (x,t) € Xk ge
such that v = Ty U Ta U (2, 1).
(3) EK,S N EKC’SC = EK,S N EK,SC = ZK,SC N EKC’SC = 0.
(4) We have ‘Fl = |ZK,S‘ . |ZKG7S’C . ‘ZK7SC
(5) Use Lemma 3.21 and Theorem 3.17. O
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4. THE UNIQUENESS OF THE SET (U,W | K = S)

In this section, we prove that (U, W | K = S) is a unique subset of (U, W).
In other words we show that (U, W|K; = 5;) = (U, W|K, = S5} if and only
if Kl = K2 and Sl = SQ.

Suppose that U and W are sets. Let

sub(U W) :={(K,S) | K CU and S C W}
and
nsub(U, W) = {(K,S) | K ¢, U and S C, W}.
It is clear that sub(U, W) = p(U) x p(W) and |sub(U, W)| = 2VFWI Let
K CUand S CW and (K,S)yw = (UW | K = S). If there is no
ambiguity, we denote ((K,S))vw by ((K,S)).

Let K1, Ky C U and S1,5 C W, we write (K1,S51)) =, ((K3,Ss) if and

only if ((Kl,Sl)) = ((KQ, SQ)), K, Ky C, U and 51,5, C, W.

Lemma 4.1. [f K CU and S C W, then

(1) B
(U W |0=25)=(U,S8.
(2)
—_ 0 — <U7W> ifK:(ba
<U’WK®>{® if K 0.
(3)
. Jwow) ifk =1
<U’W|KW>{@ if K+ U.
(4) B
(U,S) C(U,W |U=75) C(U,S".
Proof. (1)

({UW | 0=8)={T:U — o*(W) | Sy =0}
={T:U—poW)|{uveU|TunNS#£0}=0}
={T:U— o"(W)|T(U)NS =0}
={T:U— (W) |T(U) C S
={T :U — P*(5°) | T'is a mapping}
= (U, 5°).

(2) Follows from Lemma 1.4.
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(3) f T : U — p*(W) is an arbitrary power mapping, then W = U.
Therefore the proof is complete

(4) If S is a trivial subset of W, then the proof is complete. Now, Let
S C, W, then

Te(US) =VYueU : @#T(u)@SQW:TE(U,W\U:§>
and

TeUWI|U=S8)=VYuelU : T(u)NnS+#0=T¢(U,S.

Lemma 4.2. If2 < |U| and S C,, W, then
(U,S) c(UW |U=S)c(U,S)e.

Proof. We have (U, S) C (U,W | U = S) by Lemma 4.1. Let a € S, a’ € S°

and x € U. Define
 JHa,d} ifu=a,
Tlw):= {{a} ifueU—{z}.

Then Sy =U andso T € (UW | U =S). Also T ¢ (U, S).
Now, let z, 2" € U, a € S and a’ € S¢. Define

() ifu=u
Alu) =< {d'} ifu=2,
{d} ifuelU—{x2'}.

Then A ¢ (U;W |U = S) and A ¢ (U, S°). O
Lemma 4.3. If U and W are nonempty sets and S C, W, then

(UW|U=8)={T,uT, | T, € (U,S)and Ty € (U, S}
Proof. Let Ty(z) =T (x) NS and Ty(x) = T(x) N S for any x € U. Then

Tx)=T)N(SUS) =(T(x)NS)U(T(x)NS) =Ts(x)UTy(x).
]
Corollary 4.4. If U and W are nonempty sets and S C, W, then
(WU =5)] = (2%~ 1" "

Example 4.5. Assume that |U| =5, |W| =4 and |S| = 3. We have
(1) KU W)| = (2 = 1) =15°.
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(2) (U, W)o| =215 =220 = 16°.
(3) (U, W | U =5 = ((2° = 1)(21%))" = (T-2)° = 14°.
(4) (U, W | U =5)] = (2" = 1)(2"])" = 8.
Lemma 4.6. If U and W are sets and S1,So C W, then
(UW\@ S1) = (U W | ) =55)
if and only if S1 =
Proof. It follows from Lemma 4.1. Il

Lemma 4.7._Let U and W be_nonempty sets and 51,5 € W. Then
(UW | U=5)=(UW|U=S,) if and only if S; = S5

Proof. (=) If S C,, W, then
UWIU=0)=0Cc(UW|U=S8)c(UW)=(UW|U=W).

(<) Suppose that Sy, Sy C,, W and S1 # Sa. Let a € Sy — S1. Define
T ={a} (onU). Then T € (U,W |U = S5) — (U,W | U = 5§}). 0

Lemma 4.8. Let ((K1,51)) =, ((K3,52)) and Ky # Ks, then S; NSy = 0.
Proof. Let a € S1 NSy, Ko — Ky # () and b € S§. Define
T(u) _ {CL} qu € Ko,
{b} ifueKS.
Hence T € (UW | Ky = S5) = (U, W | Ky = S;). Therefore S;p = K7, this

is a contradiction. ]
Example 4.9. If K, Ky C U, then ((K1,W)) = ((K2,W)) and

(K1, W) #5 (Ko, W)).
Lemma 4.10. If ((K1,S51)) = ((K2,S2)) and Sy # Sy, then K1 N Ky = 0.

Proof. Let x € K1 N Ky. If K§ # (), then there exists b € S§ by Lemma 3.7.
Let a € Sy — S;. Define

B {a} 1f u € Ko,
Tlw) = {{b} if ue KS.

We have T' € (U, W | Ky = S5) = (U, W | K; = S1). This is a contradiction.
[

Lemma 4.11. If U and W are nonempty sets and ((K1,51)) =, ((K2,52)),
then the following statements are equivalent:



664 MUSAVI AHMADABADI, ANVARIYEH AND MIRVAKILI

(1) K1 # Ko,
(2) S1 # S,
(8) KiN Ky =10,
(4) S10 Sy =10.

Proof. Tt follows from Lemma 4.8 and Lemma 4.10. [
Lemma 4.12. If ((K1,51)) =n ((K3,52)) and K1 # Ks, then S U Sy = W.
Proof. Since K; # K, hence S; N Sy = () by Lemma 4.11. Suppose that
51USQ7£W, be W—(SlUSQ), r € Ky and a € Sy. Define
' K
() = {a} zfu € K,
{b} ifueK;S.

Then Sop = Ky and hence T € (U, W | Ky = Sop) = (U W | Ky = Sy).
Since Sir = 0 and K; # (), therefore T ¢ (U,W | K; = S), this is a
contradiction. O

Lemma 4.13. If ((K1,51)) =n ((K2,52)) and Sy # Ss, then K1 U Ko = U.
Proof. Let u € U — (K7 U Ks). Since S; # Ss, hence K1 N Ky =51 NS, =10
by Lemma 4.11. Suppose that as € Sy and a; € S;. Define
T(u) _ {CLQ} Zf U € KQ,
{CLl} 1fu e K5.
Then Syp = Ky, hence T € (U, W | Ky = S;) and Sip = K§. Therefore
(I U—(K1UK2) = (K1UK2)CQ KQCZETZKl C Ky UK,,

this is a contradiction. L]
Lemma 4.14. If ((K1,S51)) =, ((K2,52)), then the following statements are
equivalent:

(1) K # Ko,

(2) S1 # S,

(8) KiN Ky =10,

(4) S1 NSy =10,

(5) KUK, =U,

(6) S1USy =W,

(7) Sy = Sf?

(8) K, = K.

Proof. It follows from Lemma 4.11, Lemma 4.12 and Lemma 4.13. [
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Lemma 4.15. If U and W are nonempty sets and S C, W, then
(UW | K=2S5)#(UW]| K= 5°.

Proof. It K =0 (K =U), then K¢ =U (K° = () and the proof follows from
Lemma 4.1.

Now, assume that K C,, U, x € K, a € S and d’ € S°. Define
{a,d'} ifu=zx,
T(w) =< {a}  ifuek—{s}.
{da'} if ue K°.
Then Sz = K and S¢7 = K¢ U {z}. Therefore
Te(UW|K=35)—(UW|K=35°.

Lemma 4.16. Suppose that |U1| =1 and Sy, Sy C, W. Then
(K71, 51)) = ((K2,52))
if and only if (K1,51) = (K3, 5%).
Proof. (1) For S C W, we have ((0,5)) # ((Ui,S)) by Lemma 4.1.
(2) We have ((0,51)) = ((0,5%)) if and only if S; = Sy by Lemma 4.1.

(3) We have ((Uy,.51)) = ((Uy,.57)) if and only if S; = Ss, by Lemma 4.1.
Therefore the proof is complete. [

Lemma 4.17. If U and W are nonempty sets, 2 < |U|, K C, U and
S, 51,9 C, W, then

(1) ((0,51)) = ((0,52)) if and only if S; = S

(2) ((0,9)) # (U, 5)).

(3) (U, 1)) = (U, S2)) if and only if Sy =S
(5) ((0,9)) # (K, S5)).

(6) ((0,51)) # ((K,52)).

(7) (K, 51)) # (U, S2)).

Proof. (1) Follow from Lemma 4.1.

(2)Ifae Sand T ={a} (onU), then T € ((U,S)) — ((0,9)).

(3) Follow from Lemma 4.1.

(4) If @ € S1N Sy, define T = {a} (on U), then T € ((U,Ss)) — ((0, S1)).
Let Sy NSy =0, a; € S and ay € Sy and define T' = {ay,as} (on U). Then
T € ((U,S2) — (0, 51)).
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(5) Assume that a € S, and o’ € S°. Define
ay ifue kK
{d'} ifue K

Then T € ((K,S)) — ((0,5)).
(6) If S1NS, 75 @, a € S;NSy and a € Sg, define
) {a} ifuek,
T(u){{a’} if ue K°.

Then T € ((K,S2)) — ((0,51)). If Sy NSy = (), assume that a; € S; and
as € Sy, and define

B {CLQ} ifUGK,
Tlw) = {{al} if ue K.

Then T € ((K, 52)) = (9, 51))-
(7) Assume that a € Sy. Define T' = {a} (on U). Then

T e ((U,5)) = (K, 51)).
L]

Lemma 4.18. If U and W are nonempty sets, K C U and S C,, W, then
(K,S)) c, (UW).

Proof. 1t S C,, W, then ((0, S)) C,, (U, W) and ((U,S)) C,, (U, W) by Lemma
4.1. Now, assume that K C, U, a € S and d’ € S°. Let

T(u) = {a} ifuelk,

{d'} ifue K-
Then T € ((K,S)), therefore ((K,S)) # (0. If A = {a} (on U), then
A e (U W) - ((K,S)). ]
Theorem 4.19. Let U and W be nonempty sets, Ki,Ko C U and
Sl,SQ C, W. Then ((Kl,Sl)) = ((KQ, SQ)) ’Lf and O’Tlly Zf (Kl, Sl) = (KQ, SQ)

Proof. Assume that Sy, .9 C,, W and K7 and K are trivial subsets of U, then
the proof is obtained from Lemma 4.16 and Lemma 4.17. If Ky, Ky C,, U,
then the proof is obtained from Lemma 4.14 and Lemma 4.15. ]
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5. THE CARDINAL NUMBER OF ((K,.S5))

In this section, we determine the cardinal number of (U, W | K = S).

Theorem 5.1. If U and W are nonempty finite sets, K C U and S C,, W,
then
(K, S))| = (2151 — D)IEIUWIHISDIED (WI=IS] _ 1)[UI=IK],
Proof. If K =0, then ((0,5)) = (U, S) by Lemma 4.1. So
((0,.5))] = (U, 8] = 2" =5 = )WL,

If K =U, then ((U,S))={ThUTy | T € (U,S) and Ty € (U,S%(}. Since
(U, SYN(U, S = 0, hence |((U, S))| = (U, S)|-|{U, S)¢|. Now, according to
Lemma 1.1, the statement is proved. Now, let K C,, U. We have T' € ((K, .5))
if and only if there exist 71 € (K, S), Ty € (K,S%q and T3 € (K¢ S such
that T'=T1 UTy, UT3. Also,

(K,S)yN(K,S% = (K,S) N (K5 = (K,SN (K, S5 = 0.
Therefore |((K, S))| = [(K,S)|-[(K, S| [(K€, S|. Therefore, the assertion
is proved by Lemma 1.1. ]

Corollary 5.2. If U and W are nonempty finite sets, K1, Ky C U and
51,9 C W, |Ki| = |Ky| and |S1| = |53, then |((K1, 51))| = |[((K2,52))].

Corollary 5.3. If U and W are nonemptyre finite sets, K C U and S C, W,
then
(K¢, 59)| = 2WSHPEIEHWDI((K, 5).

Example 5.4. Assume that |[U| =5, |W| =4, |K| = 3 and |S| = 2. We
have

(1) (U, WY = (2% = 1)% = 15°.,

(2) (U, W)o| =204 =220 — 16,

(3) [((K,9))] = (22 —=1)%- 2023, (2172 —1)573 = 33.20.3% = 39.20 = 2.6".
(4) |((K°,8%)] = 235734 . (K, S)) =272 (3°-26) =37 . 24 = L . 6",

(5) dim((K,S)) = |Bg.s| =3-3-2%-22 = 2%.6%

6. CONCLUSION

This paper has demonstrated that mappings are as comprehensive as all
relations. In particular, It has been verified that there exists a natural one-
to-one correspondence between all relations from A to B and all mappings
from A to p(B). These mappings have been termed as “power mappings”.
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Given that the concept of relations is fundamental in disciplines such as
mathematics and computer science. As a result, it is an important and
foundational subject. This paper explored some of the key properties of
this concept.
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