Journal of Algebraic Systems, Vol. 14(No. 4): (2026), pp 671-681.
https://doi.org/10.22044/JAS.2025.15052.1894

COMMUTATIVE DIAGRAMS OF EXACT SEQUENCES OF S-ACTS
BASED ON CONGRUENCES

R. Khosravi*, M. Roueentan and E. Rahimi

ABSTRACT. In the theory of S-acts, congruences are not generally defined by subacts.
However, as factor acts are defined by congruences, the congruences are of as great
importance in the theory of S-acts. This paper focuses on studying the generalized
notion of a (short) exact sequence for S-acts with respect to a congruence. The
behavior of chain conditions for these sequences is examined. The main purpose of this
paper is to investigate commutative diagrams of these generalized exact sequences.
Finally, we generalize the Snake Lemma for S-acts.

1. INTRODUCTION

The study of S-acts has found applications in various branches of mathe-
matics, including algebraic automata theory. In many instances, the study
of acts over monoids seeks to mirror situations encountered in the theory of
modules over rings. In 2000, Kilp et al. published a comprehensive study
on the properties of S-acts ([10]). Studying the properties of a short exact
sequence is a key tool in homological algebra. Also, there are many works on
commutative diagrams of exact sequences in module theory (see [2]). In the
category of S-acts, Rees short exact sequences of S-acts were first introduced
in [3]. Additionally, Chen and Shum, in [!], investigated split Rees short
exact sequences of S-acts, uncovering results that differ from the classical
findings for split short exact sequences of modules. Also, in [7], the authors
considered conditions under which a special property, such as various kinds
of flatness properties, can be transferred under Rees exact sequences. More
recently, the idea of Rees short exact sequences for S-posets over a pomonoid
S has been examined in [0, 8]. In [5], the authors introduced quasi-exact
sequences as a generalization of exact sequences for modules. Also, in [1], the
authors introduced the concept of quasi exact sequences as a generalization
of Rees exact sequences in the category of S-acts. In Section 2, we continue
our investigation of Rees short exact sequences based on congruences of S-
acts, and obtain properties of these sequences. Specifically, we generalize the
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behavior of chain conditions over these sequences. In Section 3, we focus on
some commutative diagrams. For instance, we generalize the Snake Lemma
for S-acts.

Throughout this paper, we denote a monoid by S and a right S-act by
Ag. First, let us recall some concepts. A non-empty set A is called a right
S-act if there exists a mapping A x S — A, (a,s) — as, satisfying the
conditions (as)t = a(st) and al = a, foralla € A and all s,t € S. A function
f: A — B of S-acts is said to be an S-morphism if f(as) = f(a)s for each
a € Aand s € S. A non-empty subset B of a right S-act Ag is called a subact
of Aif bs € B for all s € S and b € B. Also, products and coproducts of
non-empty families of S-acts are the cartesian product and disjoint unions,
respectively.

Unlike the cases of groups, rings and modules, in the category of S-acts
their congruences are not defined by special subacts, and so we have to use
congruences for the desired characterizations. Recall that a congruence on an
S-act Ag is an equivalence relation p on Ag where in addition a p a’ implies
as p a's

for any a,a’ € Ag and s € S. Also for an S-act Ag we denote the diagonal
congruence by Ag = {(a,a)| a € A}. Any subact Bg of Ag defines the Rees
congruence pg on A, by setting a pg d' if a,a’ € B or a =d.

Let f : A — B be an S-morphism, as we know f(A) is a subact of
Bg. We denote the Rees congruence pfay = (f(A) x f(A4)) U Ap by Z;.
Moreover, any subact A’ of A gives rise to a kernel congruence ker 7= which is
precisely pa where m: A — A/A’ is the canonical epimorphism. Conversely,
unlike the situation with modules, morphisms cannot be characterized by
subacts and therefore we have to use the kernel congruence for the desired
characterization. In general, for a right congruence p on A, the factor act of
A by p denoted by A/p is a right S-act. Additionally, for an S-morphism
f: A— B, the kernel congruence of f is the congruence

ker f = {(a,d’) € Ax A| f(a) = f(d')}

on A. For more information on S-acts, we refer the reader to [10].

Now, let us recall the definition of Rees exact sequences from [1]. Let
Ag, Bs and Cs be S-acts. Also, suppose f : A — B and g : B — C are
homomorphisms. Then the sequence

ALy B 9 ¢
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is called a Rees exact sequence at B if 1; = ker g, and this Rees exact sequence
is called a Rees short exact sequence if f is a monomorphism and ¢ is an
epimorphism.

2. p-EXACT SEQUENCE

In [1], for a sequence A SN N C, the trivial congruence A¢, in the
definition of Rees exact sequence is substituted by a congruence p on Cg.
Thus the notion of p-exact sequence is defined for a congruence p on C, as
follows. Recall that K,(p) = {(b,b') € Bx B | g(b) p g(t')} where g : B—C
is an S-morphism. Clearly, K,(A¢,) = ker g which is denoted by K,. In fact
the concept of p-exact sequences generalizes the idea of exact sequences in
the category of S-acts by incorporating congruences. The key condition is
that the image of the first morphism must coincide with the kernel of the
second morphism with respect to the congruence p.

Definition 2.1. Let Ag, Bg and Cg be S-acts, and p be a congruence on C.
Also, suppose that f : A — B and g : B — (' are homomorphisms. Then
the sequence

A-Lp2c
is called p-exact sequence at B if Ty = K4(p), and this p-exact sequence is
called a short p-ezxact if f is a monomorphism and ¢ is an epimorphism.

In [I, Example 1] there are two examples of p-exact sequences. We give
another example.

Example 2.2. Let Ag be an S-act, and define f : A — AJ[A by
f(a) = (a,a) and ¢ : A][A—AJ] A the identity map. Clearly, B = Ay
is a subact of AJ]JA. Take pp the Rees congruence on AJ] A. Then the
sequence

ALy ATTA -5 ATTA
is pp-exact. Indeed, Ty = K;(pp) = ps.

The following lemma presents the relation between p-exact sequence and
Rees exact sequence.

Lemma 2.3. Let Ag, Bs and Cg be S-acts, and p be a congruence on Clg.
Then A -5 B %5 Cisa p-exact sequence at Bg if and only if

AL BT 0/
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is a Rees exact sequence at Bg, where m : C — C/p is the natural epimor-
phism.

Proof. We have
(b,b) € Kry = mg(b) = mg(b') < (g(b),g(b)) € p & (b,V) € Ky(p).
Then K., = Ky(p), and the result follows. O

The following two remarks illustrate how p-exact sequences occur naturally.

Remark 2.4. Let A;, B;, C; be S-acts, for ¢ € I, and p; a congruence on C;. It
is easily checked that

p=[]r = {{ci}ier. {di}icr)| (ci,d) € pi, for all i € T}

i€l

is a congruence on []..; C;. Suppose that the sequences

1€l
A; LN B; L ¢
are p-exact at B; for all ¢ € I. Define [[,o; fi : [Lic; 4 — [l,e; Bi by
[Lic; fil{ai}ier) = {fi(ai)}iel The Sequence
zE fL ze Gi
Hz’e[ A : Hze[ B, : Hie] C;
B;, because
Iﬂia fi = Hié] Ifi - Hie[ ICgi - ICHiejgi'

If p is a congruence on Cg, and h : C' — D is an S-morphism, then it is
easily checked that h(p) = {(h(a), h(b))| (a,b) € p} U Ap is a congruence on
Ds.

is p-exact at [[,;

Remark 2.5. Let p and o be congruences on S-acts Cg and Eg, respectively.

Suppose A SN N Cand C 5 D 5 F are p-exact and o-exact at B

and D, respectively. If ¢g is an epimorphism and h is a monomorphism, then
A-Lp p b E

is h(p)-exact and o-exact at B and D, respectively.

Proposition 2.6. Let A L) B-L5C bea p-exact sequence at Bg, and g is
an epimorphism. If Ag is generated by a set A" and Cg is generated by a set

C', then By is generated by f(A") U g 1(C").

Proof. Let As = U;c;aiS and Cs = (J;c;¢;5. Since g is an epimorphism,
there exists b, € B, j € J, such that g(b;) = ¢;. To show that
Bs = (Ujer f(ai)S) U(U,e s b;5), suppose that b € B. So, for some k € J
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and s € 5, g(b) = cxs = g(bgs). Then (b,brs) € Ky(p) = Zy. Thus,
b=bgs € U;c; 055 or b € f(A) =U;cs f(ai)S, and the result follows. O]

The following corollary can be similarly proved.

Corollary 2.7. Let A B 2 Cea p-exact sequence alt Bg, and g is
an epimorphism. If As and Cg are finitely generated, then so is Bg.

Recall from [9] that an S-act is called artinian (noetherian) if it satisfies
the descending (ascending) chain condition on its congruences. Moreover,
a Rees artinian (Rees noetherian) S-act is defined as one that satisfies the
descending (ascending) chain condition on its subacts. The following theorem
presents a generalization of [9, Theorem 2.3| to short p-exact sequences.

Theorem 2.8. Let the sequence A L B 25 C be a short p-exact sequence
at Bs. Then Bg is artinian (noetherian) if and only if Ag and Cs are artinian
(noetherian).

Proof. If B is artinian (noetherian), then by [9, Lemma 2.1], Ag and Cy are
artinian (noetherian).
Conversely, if Ag and Cg are artinian (noetherian), then so is C'//p. By

Lemma 2.3, A BNy - JUINYG /p is a Rees short exact sequence. Since both Ag
and C'/p are artinian (noetherian), by [9, Theorem 2.3], so is Bg. O

The previous theorem is also valid for Rees artinian and Rees noetherian.

Proposition 2.9. Let A SEANY N C be a p-exact sequence at Bg and B’ be
a subact of Bs such that B" = B'Nf(A) # 0. TakeC' = g(B"), A’ = f~1(B"),

"= fla, ¢ = glp and o = pNZL,. Then A —>f B 25 O is a o-exact
g
sequence at B’.

Proof. Let A B2 Cbea p-exact sequence at Bg and B’ be a subact
of B such that B’ N f(A) # 0. By assumption Z; = K,(p). We show that
Iy = Ky(o). Suppose that b # cand (b, ¢) € Z. The definition of Zp implies
the existence of a,d € A" with b = f(a) and ¢ = f(d). So, (b,c) € K4(p),
and then (g(b),g(c)) € p. Moreover, b,c € B’ implies that (g(b), g(c)) € o.
Hence, Zy C Ky (o).

To show the converse, let (b,c) € Ky(o) for b # ¢ in B'. Since o C p,
(b,c) € Ky(p). Now, Iy = Ky(p) implies that (b,c) € Zy. Then b = f(a)
and ¢ = f(d) for some a,d € A. So f(a), f(d) € f(A)N B = B”, and then
a,d € A" which implies that (b, c) € Iy, as required. O
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3. COMMUTATIVE DIAGRAMS OF p-EXACT SEQUENCE
In this section, we discuss some properties of commutative diagrams in the

sense that their rows are p-exact sequences.

Proposition 3.1. Let the following diagram be commutative such that the
upper row s p-exact and the lower row is o-exact, and g, v and ¢ are epimor-
phisms:

AL B9, ¢
| L
LI s M3 N

Then o = X(p).

Proof. We consider the diagram stated in the assumption. First, we show that
A(p) C 0. Suppose that (n,n’) € A(p). Then there exists (¢, ') € p such that
(n,n") = (Ac),A()). Since g is an epimorphism, (¢,c’) = (g(b), g(V')) for
some b,b" € B. So (b,0') € Ky(p) =Zs. Then b =1V or (b,V') = (f(a), f(a'))
for some a,a’ € A. If b =¥, then ¢ = ¢ and (n,n') = (A(¢),A\(c)) € o.
Otherwise, (b,0') = (f(a), f(d')) for some a,a’ € A. From ht = kf, we get

Hence,

(k(b), (V) = ((f(a)), k(f(a))) € T = K. (o).
Thus, (r(k(b)),r(k(V'))) € 0. Moreover, rx = Ag implies that

(n,n") = (A(e), A(¢)) = (Mg(b)), A(g (b)) = (r(k(b)), r(s(V))) € 0.

Therefore, A(p) C o.

To prove the inclusion o C A(p), suppose that (n,n’) € o. Since r is
an epimorphism, there exist m,m’ € M such that n = r(m) and
n’ = r(m’). Then (r(m),r(m’)) € o which implies that (m,m') is an el-
ement of IC.(0) = Z,. Then m = m’ or (m,m’) = (h(l),h(l')) for some
[,Il'€e L. If m = m/, then n = n/. By the definition of A(p), Ay C A(p)
and so (n,n’) € A(p). Otherwise, (m,m') = (h(l), h(l')) for some [,I' € L.
Since ¢ is an epimorphism, [ = ((a) and ' = ¢(a’) for some a,a’ € A. Now,
take b = f(a), b' = f(d'), we get (b,0') € Zy = Ky(p). Thus (g(b), g(b")) € p.



p-EXACT SEQUENCES OF S-ACTS 677

Hence, from A\g = rx and kf = hi, we get

(n,n') = (r(m),r(m’)) = (r(h(l)),r((I'))) = (r(h(c(a)

Therefore, 0 = A(p). ]

Definition 3.2. Let the sequence A B2 Che p-exact at Bg and the
sequence L s M -5 N be o-exact at Mg, where p and o are congruences
on Cg and Ng, respectively. These two sequences are said to be isomorphic
if there exist isomorphisms ¢, A and x such that the following diagram of
S-morphisms is commutative:

Af>B Ny

Lo )

L " s pM—_—"3 N

It is routine to check that the isomorphism of p-exact sequences forms an
equivalence relation. Next, we generalize [3, Lemma 3.2] to p-exact sequences.

Theorem 3.3. Suppose that the two sequences A B 4 C and

L M5 N are isomorphic by the following diagram:

AL .p_* . ¢
|
LIy N

Then the following hold.

(i) The upper row is p-exact at B if and only if the lower row is A(p)-exact
at M.

(ii) The upper row is a short p-exact sequence if and only if the lower row
is a short A(p)-exact sequence.

Proof. (i) Necessity. Let the upper row be p-exact at Bg. Then Z; = KCy(p).
To show that Z;, C KC.(A(p)), let m # m' and (m,m’) € Zj,. Then m = h(l)
and m' = h(l") for some [,I" € L. Since ¢ is an isomorphism, [ = ¢(a) and
' = 1(a’) for some a,a’ € A. Now, from ht = kf, we have m = k(f(a)). Also,
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m = k(b) for some b € B. Since k is a monomorphism, b = f(a). Similarly,
m' = k(V') for some b’ = f(a’) € B. Hence, (b,0') € Z; C Ky(p), and so

(9(b), g(¥')) € p. Thus,
r(m) =rr(b) = A(g(b)) A(p) Ag(¥)) = ra(b)) = r(m'),
and (m,m') € K.(A(p)). Therefore, Z;, C K,(A(p)). To show the converse,

let (m,m’) € IC,(A(p)) for some m # m’ € M. So (r(m),r(m’)) is in A(p).
Let m = k(b) and m' = k(') for some b, in B. Then
Ay Alp) r(m') = rw(b’) = Ag(V)),

(b)) = r&(b) = r(m
)

)
and so (g(b),g(t')) € p. Now, K,(p) C Z; 1mphes that (b,b) is a member of
Zy. Hence, b= f(a) and b’ = f(a’) for some a,a’ € A. We get k(b) = k(f(a)),
R(f(a)) = K(b'), and so m = r(f(a)) = h((a)) and h(e(d')) = r(f(a)) = .
Thus, (m, m') € Z,, and the result follows.

Sufficiency can be proved similarly.

(ii) Let the upper row be a short p-exact sequence. By utilizing the fact
that the diagram is commutative, it can be easily verified that r is an epimor-
phism. Now, by part (i) it is enough to show that h is a monomorphism. Let

h(l) = h(l") for some [,I' € L. The surjectivity of ¢ implies the existence of
a,a’ € A with [ = 1(a) and I'=1(d"). So

rf(a) = hu(a) = h(l) = h(l') = hu(d) = £ f(d).

From the fact that x and f are monomorphisms, it follows that a = a’ and so h
is a monomorphism. Using a dual argument, the converse can be proved. [

Let C,N be S-acts, and A\ : ' — N be an S-morphism. Define
coker(\) = C/Z,. If o is a congruence on N, then it is straightforward
to verify that

p=A(lmlz,, [nalz,)| (n1,n2) € 0V Iy}
is a congruence on coker(\).

Recall that the join p V o is the congruence defined by = (p V o) y if there
exist 21, 29,...,2, € N such that x = 2z, y = 2, and (z;,2;41) in {p,c},
i € {1,....,m — 1}. In fact, using the definition of Z,, it can be seen that an
arbitrary length n can be reduced to n = 1. Hence,

([n1]zy, [n2lz,) € p < (na,t), (t,n2) € {Z),0}, for some t € N.

Finally, we present a generalization of the Snake Lemma, as the following
theorem.
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Theorem 3.4. Let the sequence L Do M 5 N be o-exact at Mg, where o
is a congruence on Ng. Suppose the following diagram is commutative:

ALl ,p_% ¢

O

LI sy N

where g is an epimorphism, and ¢, k, \, f are S-morphisms. Then the sequence
coker(t) — coker(k) — coker(\) is p-exact at coker(k) where

p=A(lmlz,, [n2lz,) (n1,n9) € 0 V I}

Proof. Take ¢ : coker(1) — coker(k) by ¢([l]z) = [h(])]z, and

X : coker(k) — coker(\) by x([m]z,) = [r(m)]z,.
First we show that ¢ is well-defined. If [[|z = [l'|z, then ({,I") € Z,. Sol =1’
or [,I' € Ime. If I =1, then ¢([l]lz) = ¢([l']z,). Now, let t(a) =1, t(a) =1
for some a,a’ € A. Then h(l) = h(i(a)) = k(f(a)) € kK(B) and

h(l') = h(e(d)) = K(f(d)) € K(B).

These imply that [h(1)]z, = [h(I")]z,, and ¢ is well-defined. Similarly, one can

prove that y is well-defined. Clearly, ¢ and y are S-morphisms.
To prove that K, (1) C Zy, let ([ma]z,, [ma]z.) € Ky (1t). So

(x([malz,), x(Imalz,)) = ([r(ma)lz,, [r(me)]z,) € 1.

(m
We deduce, without loss of generality, (r(mq),n) € Zy,(n,r(ms)) € o for
some n € N, and so r(my) = n or r(my),n € ImA. Thus the following two
cases occur.
(i). If r(mi) = n, then (my,mq) € K.(0) = Z. Then m; = my or
m1 = h(ly), h(ly) = my for some ly,ly € L. If my; = my, then

([mu]z,., [malz,) € Zs.
If mi = h(ll), h(lg) = Ma, then

(Imalz,., [malz,) = ([h()]z,, [h(2)]z,) € Zs.

Therefore, K\ (1) C Zy.

(ii). If r(mq),n € ImA, then r(mq) = (
As g is an epimorphism, we have ¢ = g(b),d = g('), for some b, b’ € B. Thus
r(my) = Ac) = Ag(b) = rk(b) and n=Ac) = Ag(b\) =rk(l).

Then (rx(b'),r(ms2)) € o, and so (k(b'), ms), (k(b), my) € I,. We get

([malz,, [£(D)]z,), (I£(V)]z,, [ma]z,) € Lo,

, M) = n, for some ¢, € C.
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and therefore ([mi]z,, [m2]z,) is a member of Z,, and we have done.

Now, we show that Z, C K, (n). Let ([mu]z,,[melz.) € Zs. So
[mu]z, = [me]z, or [mi]z, = [h(l)]z,, [h(l2)]z. = [malz, for some [,y in
L.

If [ma]z. = [ma]z,, then my = mg or my = k(b1), k(b2) = my for some
b1,by € B. If my = my, then ([ma]z,, [ma]z.) € K\ ().

If [malz, = [h(l)]z., [R(l2)]z, = [m2]z, for some [,y € L, then

(h(ly),h(le)) € T, = K, (o).
Now,

(r(ma),7(m2)) = (r(h(lr)),r(h(l2))) € 0.

Hence,

(x(Imalz), x(Imalz,)) = ([r(m1)]z,; [r(ma)lz,) € 1

which implies that ([mi]z,, [ma]z,) € K\ (1). Therefore, Z, = K, (1), and the
result follows. L]
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